Lecture No. 5
e Problems under considerations:

H(x,Du) =0 in €,
S) { (z, Du)

vy-Du=g on 91,

ut + H(x,Du) =0 in Q2 X (0,00),
(E) v-Du=g on 9 x (0, 00),
u(x,0) = ug(x) for x € Q.

H(xz,Du) =c inQ,
vy-Du=g on 919,



5 Optimal controls, extremal curves

Theorem 3.1
Let u be a solution of (E) and let (x,t) € Q := Q X (0, c0).
There exists a (n,v,l) € SP(x) such that

u(z,t) = /0 [L(n(s), —v(s)) + 1(s)g(n(s))] ds + uo(n(t)).

e VA > 0, 3C4 > 0 such that
L(z,€) > Al§| = Ca V(z,€) € @ x RV,

L(z,8) > & - (A¢/[€]) — H(x, AL/[€])

> Al¢| — _max H.
QxBa(0)

e Note: V(n,v,l) € SP(x),
L(n(s), —v(s)) +1(s)g(n(s)) = L(...) — Cl(s)
> L(...) — Co(s) > (A — C)|v(s)| — Ca.



e Let
(M, vy lk) € SP(x),

/Ot[L(nk, —vg) + lkg(ne)]ds < M < oo

(a minimizing sequence, for instance.)

e VA > 0, dC4 > 0 such that

L(mks —vk) + leg(ne) > Alvk| — Ca.
e Let E C [0, t]. Then

/E[L(lea —vk) + lkg(ne)] ds
< / [L (ks —vk) + leg(me) + Co] ds
E

t
< / [L(Mkys —vk) + leg(ne) + Co] ds
0

< M + Cpt.



M + Cot > /E[L(nk, —vg) + leg(ne)] ds
> /(A|ka,| — C4)ds.
E

/ (o] ds < A=1(M + Cot) + A~1Ca|B|.
E

e {vi} is uniformly integrable. Since |1k| V l, < C|vg| a.e.,
{(Mk, )} is also unif. integrable. Thus, as k — oo along a
subsequence,

(Ms Vs Ik) — (C,v,1)  weakly in L1([0, ], R2NV+1)
(Dunford-Pettis theorem), and
ne(s) = n(s) ==z —|—/ ¢(7)dr uniformly on [0, t].
0

e Using the convexity of L,

[ 1, —o)+gm) ds < timint [ (L, —o0)-+Hrg(m)] ds.
0 —o00  Jo



Theorem 3.2
Let u be a solution of (S) and = € . There exists a
(n,v,1l) € SP(x) such that for all ¢t > 0,

u(z) = / [L(n(s), —v(s)) + L(s)g(n(5))] ds + u(n(t)).

e u is a solution of

(E#) ut + H(x,Du) =0 in 2 X (0,00),
v-Du=g on 9N x (0,00),



e By Theorem 3.1, there exists a sequence

(11, v1,11) € SP(x), (12, v2,12) € SP(N1(1)), ... such that
for all k,

1
w(m(0)) — u(ne(1)) = /0 (L (> —vk) + Leg(ni)] ds.
e Then set

(m,v,1)(8) = (M1, v1,11)(8) 0<s<1,
= (n2,v2,12)(s — 1) 1<s<2,
= (n3,v3,13)(s — 2) 2 <s<3,



6 An observation

e Let u € C1() be a classical solution of (S).

e Assume that L(x,-) € CY(RY) for all x.

e Fix £ € Q and let (n,v,1) € SP(x) be an extremal curve,
so that

t
u(n(0) = u(n(®) = [ [En,—v) +lg(m)]ds Ve >o.
Differentiate this and set p(t) := Du(n(t)), to get

—p -1 = L(n, —v) +1lg(n)-

We have:
{ H(n,p) =0,
Il(v-p—g)=0.

Hence

—v-p=—(N+ly(n))-p = L(n, —v) = H(n,p)+L(n, —v).



Thus, by the convex duality,
{DPH(n,p) =—v (= v € L™®),
D¢L(n, —v) = p.

e Let 0 < 6 << 1. Observe that

L(n, —(1 + 0)v) = L(n, —v) — 6v - D¢L(n, —v) + o(9)
=L(...) — év - p + 0o(9)
= L(...) + 6L(...) + o(9)
= (1+ 8)L(n, —v) + 0(5)-



7 Large time behavior of solutions of HJ equations
e Assume that ¢ = 0. (E) has a bounded solution w.
u € BUC(Q).

e We have the variational formula for wu:

t
u(z,t) =inf/0 (L(n(s), —v(s))+1(s)g(n(s)))ds+uo(n(t)),

where the infimum is taken over all (n,v,1l) € SP(x).
e Set

Uoo () = llm 1nf u(x,t) = tEE; l';lim u(y,t).

This function u is a solution of (S).



Theorem 3.3

In addition to the above hypotheses, assume that

p — H(x,p) are strictly convex for all z € Q. Then, as
t — oo,

u(z,t) — Uoso(x) in C(0).
e Fix e > 0. Select T = T'(¢) > 0 so that
VreQ, Ir=1(z) € [0, T], u(z,7(x)) < &+ Uoo(x).

e Fix £ € Q and choose an extremal curve (n,v,l) € SP(x):

t
/0 (L(n(s); —v(s)) + U(=)g(n(s)))ds
= Uoo (X)) — U (n(t)) for all t > 0.

e Fixt > T. Set o := 7(n(t)) € [0, T| and

t
0 := ti(—>1ast—>oo)



e (Scaling) Set
no(s) = n(0s).
Observe that

ne(s) = 01)(6s)
=0(v(0s) — 1(0s)g(n(6s))).

If we set
vg(s) := OQv(0s), lo(s) = 0l(0s),

then (ng, ve,lg) € SP(x).



e Recall that 8(t — o) = t. Observe that

u(ne(t — o), o) = u(n(t), 7(n)) < e+ ux(n(t)),

u(e,t) < [ (Ln0(s). ~va(s)) +lo(s)a(na(s)) s
T u(mo(t — 0),0),
< [ B0, ~v0()) + to(e)atmo()ds
T et e ((8))-



/0 7 L(ne(s), —ve(s))ds

/0
= ;/0 L(n(0s), —0v(0s))0ds

t
=5 [ L(s). ~u()as

t
< / L(n(s), —v(s))ds +to(6@ — 1) by the strict convexity,
0

and

t—o t
| ts)atm(e)ds = [ 1s)g(n(s)ds.
0 0

Note that as t — oo,
t T
to(0—1):t0< —1> :t0< >
t—T t—T

o (%)
—p = T\t o,

i
t—7 ¢




Hence, as t — oo,

u@t) < [ (Es), () + Us)g(n(s))ds

4 € 4+ uoo(x) + o(1)
= Uoo (Z) — Uoo (11(t)) + € + uoo(n(?)) + o(1)
=Uco(x) + €+ 0(1),

and

limsup u(x,t) < Uoo(x).
t—o0

Thus,
tll)rglo u(x,t) = oo ().



8 REMARKS

e Strict convexity assumption (¢ = 0):

There exists a continuous function w : [0, 00) — [0, 00)
satisfying w(r) > 0 for » > 0 such that for any x €  and
p,q,§ € R™, if H(z,p) =0 and { € D, H(z, p), then

H(x,p+q) >&-q+ w((€-q)4).

This is equivalent to: there exists a continuous function
ws : [0,00) — [0, 00) satisfying lim,_,o4+ w1 (r) = 0 such
that for any x € Q and p,¢ € R™, if H(x,p) = 0 and

£ € D, H(z,p), then for 0 < 4§ < 1,

L(z, (1 + 8)&) < (1 + 0)L(x, &) + dw (8).



Lemma 3.4
Let ¢ € C(2) be a subsolution of (S) and n € AC(I,R"™),
where I is an interval, be such that n(s) € Q for s € I. Set

Ip ={s €I : n(s)ec o}
Then there exists a function p € L*°(I,R"™) such that
d .
£¢(U(3)) =p(t)-n(t) ae tel,

H(n(t),p(t) <0 ae tel,
Y(n(t) - p(t) < g(n(t)) ae. t € Io.

Heuristically, p(t) = D¢(n(t)).



Roughly speaking, for the proof, we approximate ¢ by a
“classical” subsolution 1) of (SP) by using sup-convolution of
¢. The desired properties for 1 to satisfy:

H(z,Dy(z)) S0 a.e. in a neighborhood of Q,
oY

T < g a.e. in a neighborhood of 9.
Y

Inequalities in the above lemma turn out to be equalities if ¢
is a solution of (S) and (n,v,1) is extremal. Then

H(Tl(s)ap(s)) =0, _U(S) € D;H("?(S)a_v(s))a
and so, as § — 0+,

L(n(s), =(1 + 8)v(s)) = (1 + ) L(n(s), —v(s)) + o(4).



e Formulas for the limit function u..: we assume that ¢ = 0.

Theorem 3.5
We have:

Uoo(z) = inf{g(z) : ¢ € S(N), ¢ > ug},
= inf{d(z,y) +ug (y) : y € A}.

and

ug (z) = sup{e(z) : ¥ € §7(R), ¥ < o},
= inf{d(z,y) + uo(y) : y € Q}.



	Dynamical approach

