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1 Courses

1.1 Extremal problems for quasiconformal mappings in space.
Luca Capogna, University of Arkansas, USA.

A quasiconformal (qc) mapping is a homeomorphism, u : Ω ⊂ Rn
→ Rn whose

components are in the Sobolev space W1,n
loc and such that there exists a constant K ≥

√
n

for which |du|n ≤ K det du a.e. in Ω. Here we have denoted by |A|2 =
∑n

i, j=1 a2
i j the

Hilbert-Schmidt norm of a matrix and by du the differential matrix of u = (u1, ...,un),
whose entries are dui j = ∂ jui. If u is C1 then its differential at a point du(x) maps
spheres into ellipsoids and the smallest possible K in the inequality above, roughly
provides a bound for the ratio of the largest and smallest axis of such ellipsoids. In this
sense qc mappings distort the geometry of the ambient space in a controlled fashion.
Quoting Fred Gehring “(qc mappings) constitute a closed class of mapping interpolating
between homeomorphisms and diffeomorphisms for which many results of geometric topology
hold regardless of dimension”. The paper by Ahlfors (1954) quoted below and the classical
book of Vaisala provide a good historical introduction on this subject.

Quasiconformality can be measured in terms of several dilation functions. Here we
will focus on the so called trace dilation

K(u,Ω) = ‖Ku(x)‖L∞(Ω) withKu(x) =
|du(x)|

(det du(x)) 1
n

. (1.1)

Other dilation functionals used in the literature are the outer, inner and linear dilation
as well as mean dilations for mappings with finite distortion.

There are a variety of extremal mapping problems in the theory of qc mappings, in
fact qc mappings were introduced in just such a context. Extremal problems typically
involve two domains Ω,Ω′ ⊂ Rn, (or two Riemann surfaces) for which there exists a
quasiconformal mapping f : Ω → Ω′, and ask for a quasiconformal map u : Ω → Ω′

which minimizes one or more of the dilation functions in a given class of competitors
which are usually other quasiconformal mappings with same boundary data as f on
a portion (or all) of ∂Ω or in the same homotopy class as the given map f . Existence
and uniqueness of extremals depend strongly on the dilation function used. Typically
existence follows from compactness and lower-semicontinuity arguments applied to
the particular dilation function in play, in general uniqueness does not hold, unless the
class of competitors is suitably restricted (for instance to Teichmüller mappings).

These extremal problem arose first in the work of Grötzsch in 1928 and were later
studied in the two dimensional case both for open sets and for Riemann surfaces, see for
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instance the work of Teichmüller, Bers, Strebel and the articles of Ahlfors and Hamilton
cited below. A celebrated result of Teichmüller, which was subsequently proved using
two very different methods by Ahlfors and by Bers, states that given any orientation
preserving homeomorphism f : S → S′ between two closed Riemann surfaces of
genus g > 1 there exists among all mapping homotopic to f , a unique extremal which
minimizes the L∞ norm of the complex dilation (the dilation here is K f =

|∂z f |+|∂z̄ f |
|∂z f |−|∂z̄ f | )

K( f ,S) = ‖K f ‖L∞(S). Moreover the extremal mapping is real analytic, except at isolated
points, it is a so-called Teichmüller map and has constant dilation K f = const. In 1969
Richard Hamilton studied the extremal problem with a boundary data constraint, and
among other results established a maximum principle of sorts stating that if f is extremal
than the maximum of its Beltrami coefficient in S is the same as the maximum on ∂S.

In higher dimension the problem becomes even more difficult and the references
in the literature more sparse. The extremality problem without imposing boundary
condition is studied in the landmark paper of Gehring and Vaisala. Existence and
uniqueness for the analogue of Grötzsch problem in higher dimension is established
in the work of Fehlmann and a maximum principle for C2 qc mappings is proved by
Asadchii. More recently, in a series of papers Astala, Iwaniec, Martin and Onninen
study extremal problems for mappings of finite distortion, considering, for p < ∞, Lp

norms (and more general means) of the dilation functions rather than the L∞ norm.

In these lectures I will first go over basic definitions and results for quasiconformal
mappings and their applications. I will then describe some of the results in the literature
concerning the extremal problem in the plane. I will go over the work of Ahlfors who
contributed a proof of the Teichmüller theorem based on real analysis techniques and
describe some of the features of the classical case (lack of uniqueness, question of
existence and regularity of minimizers). I will also recall some results from the recent
work of Astala, Iwaniec and Martin on a related variational problem concerning average
norms of the distortion.

In the second part of the mini course I will mainly address the higher dimensional
setting of the extremal problem. I will start with a basic survey of some of the pertinent
results of Gehring and Vaisala and of the work of Fehlmann. Following this I will
describe some similarities between the extremal problem for QC mappings and the
theory of absolute minimizing Lipschitz extensions. In conclusion I will talk about
flows of quasiconformal mappings, as they arise from the work of Reimann (see also
the work of Ahlfors and Semenov) and from a ’gradient flow approach.’

Prerequisites: The students should be familiar with basic PDE techniques such as
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the first eight chapters of the book by Gilbarg-Trudinger and the analogue results for
parabolic equations. No background on geometric function theory is necessary.

Pertinent References:
1) Ahlfors, Lars V. On quasiconformal mappings. J. Analyse Math. 3, (1954). 1–58;

correction, 207–208.
2) Ahlfors, Lars V. Quasiconformal deformations and mappings in Rn. J. Analyse

Math. 30 (1976), 74–97.
3) Elliptic Partial Differential Equations and quasiconformal mappings in the plane,

by Astala, Iwaniec, Martin. Princeton Mathematical Series 48, 2009.
4) Fehlmann, R. Extremal problems for quasiconformal mappings in space. J. Anal-

yse Math. 48 (1987), 179215.
5) Gehring, F. W., and Vaisala, J. The coefficients of quasiconformality of domains

in space. Acta Math. 114 (1965), 170.
6) Richard S. Hamilton, Extremal Quasiconformal Mappings with Prescribed Bound-

ary Values, Transactions of the American Mathematical Society, Vol. 138 (Apr., 1969),
pp. 399-406

7) Reimann, H. M. Ordinary differential equations and quasiconformal mappings.
Invent. Math. 33 (1976), no. 3, 247–270.

8) Strebel, K. Extremal quasiconformal mappings. Results Math. 10, 1-2 (1986),
168210.

9) Vaisala, Jussi, Lectures on n-dimensional quasiconformal mappings. Lecture
Notes in Math. 229, Springer-Verlag, 1971.

1.2 Fully nonlinear equations in geometry.
Pengfei Guan, McGill University, Canada.

The course serves as an introduction to fully nonlinear differential equations in differ-
ential geometry. We will start from the classical Minkowski problem and the Monge-
Ampère equation associated to it. Then move to Hessian type fully nonlinear elliptic
equations arising in the Christoffel-Minkowski problem and address the problem of
existence and uniqueness of solutions. After that, we plan to introduce parabolic flows
related to hyper-surfaces inRn+1 and prove estimates for this type of equations. Appli-
cation to isoperimetric type inequalities will be also discussed. If time allows, we will
cover the complex Monge-Ampère equation in Kähler and Hermitian geometry.

References:
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X.X. Chen, ”The space of Kähler metrics”, J. Diff. Geom. V.56, (2000), 189-234.
C. Gerhardt, ”Flow of nonconvex hypersufaces into spheres”, J. Diff. Geom., V.32

(1990) 299-314.
B. Guan, ”The Dirichlet problem for complex Monge-Ampre equations and regu-

larity of the pluri-complex Green function. Comm. Anal. Geom. 6 (1998), no. 4,
687–703.

P. Guan and X. Ma, ”The Christoffel-Minkowski problem I: convexity of solutions
of a Hessian equation”, Inventiones Mathematicae, V.151 (2003), 553-577.

P. Guan and J. Li, ”The quermassintegral inequalities for k-convex starshaped do-
mains”, Advances in Mathematics 221 (2009) 1725-1732.

P. Guan, ”Extremal Function associated to Intrinsic Norms”, Annals of Mathematics,
156(2002), 197-211.

P. Guan and X. Zhang, ”Regularity of the geodesic equation in the space of Sasakian
metrics”, arXiv:0906.5591.

J. Urbas, ”On the expansion of star-shaped hypersurfaces by symmetric functions
of their principal curvatures”, Math. Z., 205,355-372 (1990).

1.3 Monge-Ampère type equations and geometric optics.
Cristian Gutiérrez, Temple University, USA.

We present an introduction to Monge-Ampére (MA) type equations and its applications
to geometric optics. These are, in general, equations involving the Jacobian determinant
of a map, and arise in the mathematical description of numerous optical, acoustic, and
electromagnetic applications, in particular, in lens and reflector antenna design. The
geometric optics problems considered concern refraction, reflection or both. A typical
refraction problem is the following: suppose we have two homogenous media I and II
with different indices of refraction, a light beam emanates from a point O and we seek
an interface surface separating media I and II described by {ρ(x)x : x ∈ Ω}, Ω ⊂ Sn−1,
and such that the light beam is refracted into either a set of prescribed directions
or illuminates a given object lying on a surface, say on a plane. The first type of
problem is called far field and the second near field. These two problems have different
mathematical nature: the first one is variational and the other is not. The input and
output intensities of radiation are prescribed and so the problem of finding the interface
surface is a typical inverse problem. The mini course will begin presenting basic facts
about the MA equation such us weak solutions, existence, uniqueness and describe
regularity results. We next build up on these ideas to show how to construct weak
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solutions to the far field and near field problems by means of the Minkowski method
and, in the far field case, by optimal mass transportation. We will also find the MA
type differential equations corresponding to these problems. The physical background
underlying these problems will be deduced from the Maxwell equations. We will
finally study the case when there is loss of energy.

The presentation will be basically self contained. The students should be familiar
with the basic theory of elliptic equations as in Part I of Gilbarg and Trudinger’s book.

References

[BW59] M. Born and E. Wolf. Principles of Optics, Electromagnetic theory, propagation,
interference and diffraction of light. Cambridge University Press, seventh (ex-
panded), 2006 edition, 1959.

[CGH08] L. A. Caffarelli, C. E. Gutiérrez, and Qingbo Huang. On the regularity of
reflector antennas. Ann. of Math., 167:299–323, 2008.

[GH08] C. E. Gutiérrez and Qingbo Huang. The refractor problem in reshaping light
beams. Arch. Rational Mech. Anal., 193(2):423–443, 2009.

[GH10] C. E. Gutiérrez and Qingbo Huang. The near field refractor. Preprint, 2011.

[GM10] C. E. Gutiérrez and H. Mawi. The far field refractor with loss of energy.
Preprint, 2011.

[Gut01] C. E. Gutiérrez. The Monge–Ampère equation. Birkhäuser, Boston, MA, 2001.

1.4 On the Levi Monge Ampère equation.
Annamaria Montanari, Bologna.

We are concerned with notions of curvatures associated with pseudoconvexity and the
Levi form similar to the way that classical Gauss and Mean curvatures are related to
the convexity and to the Hessian matrix. In particular, given a prescribed non negative
function k, the Levi Monge Ampère equation for the graph of a function u : R2n+1

→ R

is
det Λ = k(x,u)(1 + |Du|2)

n+1
2 ,
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where Λ is the Levi form of the graph u and Du is the Euclidean gradient of u. More
generally, we shall consider elementary symmetric functions in the eigenvalues of the
Levi form Λ and we shall first show that these curvature equations contain informa-
tion about geometric features of a closed hypersurface. Then, we shall show that the
curvature operator lead to a new class of second order fully nonlinear equations whose
characteristic form, when computed on generalized pseudoconvex functions, is non-
negative definite with kernel of dimension one. Thus, the equations are not elliptic at
any point. However, they have the following redeeming feature: the missing ellipticity
direction can be recovered by suitable commutation relations. We shall use this prop-
erty to study existence, uniqueness and regularity of viscosity solutions of the Dirichlet
problem for graphs with prescribed Levi curvature.

Basic notions and results from the theory of Several Complex Variables and from
the theory of Viscosity solutions for Fully non Linear Degenerate Elliptic Equations
will be provided during the course.

References
[1] Boggess, Albert. CR manifolds and the tangential Cauchy-Riemann complex. Studies in

Advanced Mathematics. CRC Press, Boca Raton, FL, 1991.

[2] Citti, G.; Lanconelli, E.; Montanari, A. Smoothness of Lipchitz-continuous graphs
with non vanishing Levi curvature. Acta Math. 188 (2002), no. 1, 87–128.

[3] Crandall, Michael G.; Ishii, Hitoshi; Lions, Pierre-Louis. User’s guide to viscosity
solutions of second order partial differential equations. Bull. Amer. Math. Soc. (N.S.) 27
(1992), no. 1, 1–67.

[4] Da Lio, Francesca; Montanari, Annamaria. Existence and uniqueness of Lipschitz
continuous graphs with prescribed Levi curvature. Ann. Inst. H. Poincar Anal. Non
Linaire 23 (2006), no. 1, 1–28.

[5] Della Sala, G.; Saracco, A.; Simioniuc, A.;Tomassini, G. Lectures on complex analysis
and analytic geometry. Pisa, Edizioni della Normale 2006, ISBN 88-7642-199-8, pp. 447

[6] Martino,Vittorio: Montanari, Annamaria. Integral formulas for a class of curvature
PDE’s and applications to isoperimetric inequalities and to symmetry problems. Forum
Mathematicum, Issue 22:2 (2010), 255–267

[7] Montanari, Annamaria; Lanconelli, Ermanno. Pseudoconvex fully nonlinear partial
differential operators: strong comparison theorems. J. Differential Equations 202 (2004),
no. 2, 306–331.
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