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Abstract. This course is a short introduction to the mathematical theory of the
motion of viscous fluids. We introduce the concept of weak solution to the Navier-
Stokes-Fourier system and discuss its basic properties. In particular, we construct
the weak solutions as a suitable limit of a mixed numerical scheme based on a combi-
nation of the finite volume and finite elements method. The question of stability and
robustness of various classes of solutions is addressed with the help of the relative
(modulated) energy functional. Related results concerning weak-strong uniqueness
and conditional regularity of weak solutions are presented. Finally, we discuss the
asymptotic limit when viscosity of the fluid tends to zero. Several examples of ill-
posedness for the limit Euler system are given and an admissibility criterion based
on the viscous approximation is proposed.

Motto: Die Energie der Welt ist constant; Die Entropie der Welt strebt einem
Maximum zu.

Rudolph Clausius (1822–1888)

1 Fluids in continuum mechanics

We start by introducing a mathematical structure of the theory of fluids in
the framework of continuum mechanics.

1.1 Fluids in equilibrium

A fluid in equilibrium is characterized by two basic state variables: the mass
density % and the (specific) internal energy e. Following Callen [5] we intro-
duce the specific entropy s, which is a function of %, e enjoying the following
properties:
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1. The entropy s is an increasing function of the internal energy,

∂s

∂e
=

1
ϑ

, ϑ > 0,

where ϑ is the absolute temperature.
2. For a thermally and mechanically insulated fluid occupying a physical

domain Ω, maximization of the total entropy

S =
∫

Ω

%s dx

yields the equilibrium state of the system.
3. Third law of thermodynamics:

s → 0 as ϑ → 0.

In what follows, it will be convenient to consider % and ϑ as the basic vari-
ables characterizing the state of a fluid, the other thermodynamic quantities
e, s are interrelated by means of Gibbs’equation:

ϑDs = De + pD

(
1
%

)
, (1)

where p is the pressure.

1.2 Fluids in motion

Suppose a fluid occupies a part of the physical space R3 represented by a do-
main Ω. We adopt the Eulerian description of motion taking the coordinate
system attached to Ω rather than to the fluid itself. The motion is character-
ized by the macroscopic velocity u = u(t, x) - a function of the time t ∈ (0, T )
and x ∈ Ω. The streamlines X are determined by the system of ordinary
differential equations

dX
dt

= u(t,X), X(0) = x ∈ Ω. (2)

1.3 Field equations

A suitable mathematical description of fluids in continuum mechanics is given
by a system of field equations expressing the basic physical principles.

Mass conservation

Mass conservation in fluid dynamics is formulated through equation of conti-
nuity
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∂t% + divx(%u) = 0, (3)

or, if the velocity field is smooth,

∂t% + u · ∇x% = −%divxu, (4)

where the left-hand side

∂t% + u · ∇x% =
d
dt

%(t,X(t))

describes the mass transport along the stream-lines while the “source” term
represents its changes due to compressibility.

Momentum balance

Momentum balance is enforced through Newton’s second law. Introducing the
Cauchy stress tensor T we get

∂t(%u) + divx(%u⊗ u) = divxT + %f , (5)

where f is the mass density of the external volume forces that may be acting
on the fluid.

Fluids as materials in continuum mechanics are characterized by Stokes
law :

T = S− pI, (6)

where S is the viscous stress tensor, the basic properties of which will be
discussed below.

Energy and entropy

The kinetic energy balance is obtained by taking the scalar product of the
velocity with the momentum equation (5):

∂t

(
1
2
%|u|2

)
+ divx

[(
1
2
%|u|2 + p

)
u
]

+ divx (S · u) (7)

= pdivxu− S : ∇xu + %f · u.

Accordingly, the internal energy equation takes the form

∂t%e + divx (%eu) + divxq = S : ∇xu− pdivxu, (8)

where q denotes the heat flux, whereas the total energy balance expressing
the First law of thermodynamics reads

∂t

(
1
2
%|u|2 + %e

)
+ divx

[(
1
2
%|u|2 + %e + p

)
u
]

+ divx (S · u + q) = %f · u.

(9)
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Here, we have deliberately omitted the effect of external heat (energy) sources,
and, hereafter, we shall also ignore the external force f unless specified other-
wise.

There several alternative ways how to express the total energy balance, all
of the equivalent to (9) within the class of smooth solutions. Introducing the
thermal pressure pϑ and the specific heat at constant volume cv,

pϑ =
∂p(%, ϑ)

∂ϑ
, cv =

∂e(%, ϑ)
∂ϑ

,

we may use Gibss’ relation (1) to deduce an alternative formulation of (8)
frequently used in the literature:

%cv (∂tϑ + u · ∇xϑ) + divxq = S : ∇xu− ϑpϑdivxu. (10)

Another consequence of (1) is the entropy balance

∂t(%s) + divx(%su) + divx

(q
ϑ

)
= σ, σ =

1
ϑ

(
S : ∇xu−

q · ∇xϑ

ϑ

)
(11)

that may be seen as a mathematical formulation of the Second law of thermo-
dynamics. Accordingly, the entropy production rate σ must be non-negative
for any physically admissible process yielding the restriction

S : ∇xu ≥ 0, −q · ∇xϑ ≥ 0. (12)

1.4 Boundary behavior

Any real physical domain Ω is bounded although some problems may be
conveniently posed on unbounded domains. In both cases, the boundary be-
havior of the fluid is relevant for determining the motion inside Ω. We focus
on very simple boundary conditions yielding energetically insulated fluid sys-
tems. Specifically, we impose the impermeability of the boundary

u · n|∂Ω = 0, n -the outer normal vector to ∂Ω, (13)

supplemented, in the case of viscous fluids, with either the no-slip

u× n|∂Ω = 0, (14)

or the complete slip
[S · n]× n|∂Ω = 0. (15)

In addition, the no-flux boundary conditions will be imposed on the heat
flux

q · n|∂Ω = 0. (16)

Accordingly, in the absence of external forces, the total mass as well as
the total energy energy are conserved quantities:

d
dt

∫
Ω

% dx = 0,
d
dt

∫
Ω

[
1
2
%|u|2 + %e(%, ϑ)

]
dx = 0. (17)
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2 Mathematics of viscous compressible fluids

In this section, we introduce the concept of weak solution to the system of
fields equations. To begin, the initial state of the system will be prescribed:

%(0, ·) = %0, ϑ(0, ·) = ϑ0, u(0, ·) = u0, %0 > 0, ϑ0 > 0. (18)

2.1 Equation of continuity

We say that %, u satisfy equation (5) in a weak sense if∫ τ2

τ1

∫
Ω

[%∂tϕ + %u · ∇xϕ] dxdt =
[∫

Ω

%ϕ dx

]t=τ2

t=τ1

(19)

for any 0 ≤ τ1 ≤ τ2 ≤ T and any ϕ ∈ C∞([0, T ]×Ω).
We also introduce the renormalized solutions satisfying∫ τ2

τ1

∫
Ω

[b(%)∂tϕ + b(%)u · ∇xϕ + (b(%)− b′(%)%) divxu] dxdt (20)

=
[∫

Ω

b(%)ϕ dx

]t=τ2

t=τ1

for any smooth function b satisfying suitable growth conditions. Renormalized
solutions to transport equations were introduced in the seminal paper by
DiPerna and Lions [15].

Note that (19) can be seen as a special case of (20) with b(%) = %. Both
(19) and (20) require certain continuity of % as a function of the time.

2.2 Momentum equation

A weak formulation of the momentum balance (5), (6) (with f = 0) reads∫ τ2

τ1

∫
Ω

[%u · ϕ + %u⊗ u : ∇xϕ + pdivxϕ− S : ∇xϕ] dx dt (21)

[∫
Ω

%u · ϕ dx

]t=τ2

t=τ1

for any 0 ≤ τ1 ≤ τ2 ≤ T and any test function ϕ ∈ C∞([0, T ] × Ω;R3). In
addition, we require ϕ ∈ C∞

c ([0, T ] × Ω) in the case of the no-slip boundary
conditions (13), (14), and ϕ · n|∂Ω = 0 for the complete slip (13), (15).

2.3 Energy-entropy

In order to close the system of field equations a weak formulation of the
energy and/or entropy is needed. Accordingly, we have to choose one among
the equations (9–11) as a suitable “representative” keeping in mind they are
not equivalent in the weak setting.



6 Eduard Feireisl

Entropy based weak formulation

Of course, the most natural candidate would be the total energy balance (9)
expressing the First law. In view of the technical difficulties discussed later
in this text, however, we opted for the Second law encoded in (11), where, in
addition, we allow the entropy production rate σ to be a non-negative measure
satisfying

σ ≥ 1
ϑ

(
S : ∇xu−

q · ∇xϑ

ϑ

)
. (22)

Accordingly, a weak formulation of (11), (22) reads∫ τ2

τ1

∫
Ω

[
%s∂tϕ + %su · ∇xϕ +

q
ϑ
· ∇xϕ

]
dxdt (23)

+
∫ τ2

τ1

∫
Ω

1
ϑ

[
S : ∇xu−

q · ∇xϑ

ϑ

]
ϕ dx dt ≤

[∫
Ω

%sϕ dx

]t=τ2

t=τ1

for a.a. 0 ≤ τ1 ≤ τ2 ≤ T including τ1 = 0, and any ϕ ∈ C∞([0, T ]×Ω), ϕ ≥ 0.
Replacing equation by inequality may result in a lost of information that

must be compensated by adding and extra constraint. Here, we supplement
(23) with the total energy balance[∫

Ω

[
1
2
%|u|2 + %e(%, ϑ)

]
dx

]t=τ2

t=τ1

= 0 (24)

for a.a. 0 ≤ τ1 ≤ τ2 ≤ T , including τ1 = 0.
Although the entropy formulation may seem rather awkward and unnec-

essarily complicated, it turns out to be quite convenient to deal with in the
framework of weak solutions. In particular, it gives rise to the relative energy
inequality with the associated concept of dissipative solution discussed below.

Thermal energy weak formulation

If cv is constant, we may replace (23) by the thermal energy balance (10)
written again as an inequality∫ τ2

τ1

∫
Ω

[cv%ϑ∂tϕ + cv%ϑu · ∇xϕ + q · ∇xϕ] dxdt (25)

+
∫ τ2

τ1

∫
Ω

[S : ∇xu− %pϑdivxu]ϕ dx dt ≤
[∫

Ω

cv%ϑϕ dx

]t=τ2

t=τ1

for a.a. 0 ≤ τ1 ≤ τ2 ≤ T including τ1 = 0, and any ϕ ∈ C∞([0, T ]×Ω), ϕ ≥ 0.
Similarly to the preceding section, the inequality (25) is supplemented by the
total energy balance
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Ω

[
1
2
%|u|2 + %e(%, ϑ)

]
dx

]t=τ2

t=τ1

= 0 (26)

for a.a. 0 ≤ τ1 ≤ τ2 ≤ T , including τ1 = 0.
The weak formulation based on the thermal energy balance is simpler than

(23), (24) and can be used in the analysis of the associated numerical schemes.

2.4 Constitutive relations, Navier-Stokes-Fourier system

In order to obtain, at least formally, a mathematically well-posed problem,
the constitutive relations for the viscous stress tensor S as well as the heat
flux q must be specified. They must obey the general principle (12) in order
to comply with the Second law of thermodynamics.

We consider the simplest possible situation when S is a linear function of
the velocity gradient ∇xu, while q depends linearly on ∇xϑ. More specifically,
we impose Newton’s rheological law

S(ϑ,∇xu) = µ(ϑ)
[
∇xu +∇t

xu−
2
3
divxuI

]
+ η(ϑ)divxuI, (27)

where µ(ϑ), η(ϑ) are non-negative scalar functions representing the shear and
bulk viscosity coefficient, respectively.

Similarly, the heat flux will obey Fourier’s law

q(ϑ,∇xϑ) = −κ(ϑ)∇xϑ, (28)

with the heat conductivity coefficient κ.
The system of field equations supplemented with the constitutive relations

(27), (28) will be referred to as Navier-Stokes-Fourier system.

3 Well-posedness, approximation scheme

The question of well-posedness of a system of equations, including the problem
of existence, uniqueness, and stability with respect to the data, is crucial in
the mathematical theory. As is well known, well posedness for the equations
and systems arising in fluid mechanics features sofar unsurmountable mathe-
matical difficulties due to the occurrence of possible singularities, in particular
in the velocity field (cf. Fefferman [19]). From this point of view, the concept
of weak solution offers a suitable framework to attack the problem. Moreover,
the weak solutions seem indispensable in the theory of inviscid fluids where
the singularities are known to occur in finite time no matter how smooth the
initial data are.

Although the question of mere existence of solutions to problems like the
Navier-Stokes-Fourier system seems extremely difficult, a more ambitious task
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is to design a suitable approximation scheme usable in effective numerical im-
plementations. In accordance with the philosophy proposed in the nowadays
classical monograph by J.-L.Lions [33], solutions should be obtained as lim-
its of a finite number of algebraic equations solvable by means of a suitable
numerical method.

3.1 An approximation scheme for the Navier-Stokes-Fourier
system

We propose a discrete approximation scheme for solving the Navier-Stokes-
Fourie system. To this end, we employ the thermal energy formulation based
on the relations (19), (21), (25), and (26).

Hypotheses

Several mostly technical restrictions must be imposed on the constitutive
equations to make the problem tractable by means of the available analyt-
ical tools. Specifically, we suppose that:

• The internal energy e(%, ϑ) can be written in the form e(%, ϑ) = cvϑ +
P (%), where the specific heat at constant volume cv is a positive constant.
Accordingly, we suppose that the pressure takes the form

p(%, ϑ) = a%γ + b% + %ϑ, a, b > 0, γ > 3, (29)

therefore the (specific) internal energy reads

e(%, ϑ) = cvϑ + P (%), cv > 0, P (%) =
a

γ − 1
%γ + b% log(%). (30)

• The viscosity coefficients in (27) are constant, in particular, we may write

divxS(∇xu) = µ∆u + λ∇xdivxu, λ =
1
3
µ + η > 0. (31)

• The heat flux q obeys Fourier’s law (28) where the heat conductivity
coefficient κ is a continuously differentiable function of the temperature
satisfying

κ = κ(ϑ), κ(1 + ϑ2) ≤ κ(ϑ) ≤ κ(1 + ϑ2), κ > 0. (32)

3.2 Time discretization

We propose to approach the Navier-Stokes-Fourier by Rothe’s method or the
method of time discretization. We fix the time step ∆t > 0, and, supposing
the approximate solutions [%j , ϑj ,uj ] at the times j∆t, j = 0, . . . k−1 already
determined by previous steps, we define [%k, ϑk,uk] as a solution of the system
of “stationary” problems
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Dt%
k ≡ %k−%k−1

∆t = C(%k, ϑk,uk),

Dt(%kuk) ≡ %kuk−%k−1uk−1

∆t = M(%k, ϑk,uk),

cvDt(%kϑk) ≡ cv
%kϑk−%k−1ϑk−1

∆t = T (%k, ϑk,uk),

(33)

for certain operators C, M, and T . Such a scheme is called implicit as we
have to solve a system of (non-linear) equations to determine [%k, ϑk,uk] at
each time step.

3.3 Space discretization

Our goal is to approximate each equation in (33) by a finite system of algebraic
equations. This is usually done by applying a suitable projection onto a finite
dimensional space. Accordingly, we replace %k ≈ %k

h, ϑ ≈ ϑk
h, u ≈ uk

h by
finite vectors, where the parameter h > 0 characterizes the degree of space
discretization.

Similarly to the weak formulation discussed in Section 2, we multiply the
corresponding equations by a test function belonging to a suitable finite-
dimensional space and perform the by-parts integration. In such a way, we
may for instance replace the differential operator

−divxS(∇xuk) ≈ µ

∫
Ω

∇xuk : ∇xφ dx + λ

∫
Ω

divxuk
hdivxφ dx.

In numerical analysis, such a step is usual performed via a finite element
method (FEM). The physical domain Ω is approximated by a numerical do-
main Ωh, the latter being divided into small elementary pieces by triangula-
tion. The test functions restricted to these elementary pieces (elements) are
usually polynomials of finite degree enjoying certain continuity on the faces
common to two neighboring elements. In order to specify our approximation
scheme we start by a short excursion in numerical analysis.

Mesh, triangulation

The physical space Ω is approximated by a polyhedral bounded domain Ωh ⊂
R3 that admits a tetrahedral mesh Eh; the individual elements in the mesh
will be denoted by E ∈ Eh. Faces in the mesh are denoted as Γ , whereas Γh

is the set of all faces. Moreover, the set of faces Γ ⊂ ∂Ωh is denoted Γh,ext,
while Γh,int = Γh \ Γh,ext. The size ( diameter hE of its elements E in the
mesh) is proportional to a positive parameter h.

In addition, the mesh enjoys certain additional properties (cf. Eymard et
al. [17, Chapter 3]):

• The intersection E ∩F of two elements E,F ∈ Eh, E 6= F is either empty
or their common face, edge, or vertex.
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• For any E ∈ Eh, diam[E] ≈ h, r[E] ≈ h, where r denotes the radius of the
largest sphere contained in E.

• There is a family of control points xE ∈ E, E ∈ Eh such that if E and F
are two neighboring elements sharing a common face Γ , then the segment
[xE , xF ] is perpendicular to Γ . We denote

dΓ = |xE − xF | > 0.

Each face Γ ∈ Γh is associated with a normal vector n. We shall write
ΓE whenever a face ΓE ⊂ ∂E is considered as a part of the boundary of
the element E. In such a case, the normal vector to ΓE is always the outer
normal vector with respect to E. Moreover, for any function g continuous on
each element E, we set

gout|Γ = lim
δ→0+

g(·+ δn), gin|Γ = lim
δ→0+

g(· − δn),

[[g]]Γ = gout − gin, {g}Γ =
1
2

(
gout + gin

)
.

For ΓE ⊂ ∂E we simply write g for gin. We also omit the subscript Γ if no
confusion arises.

Finally, we distinguish two families of faces,

Γh,ext =
{

Γ ∈ Γh

∣∣∣ Γ ⊂ ∂Ωh

}
, Γh,int = Γh \ Γh,ext.

FEM structure

The velocity field uk will be approximated by the so-called Crouzeix-Raviart
finite elements (see for instance Brezzi and Fortin [4]) belonging to the space

Vh(Ωh) =
{

v ∈ L2(Ωh)
∣∣∣ v|E = affine function, E ∈ Eh,∫

Γ

[[v]] dSx = 0 for any Γ ∈ Γh,int

}
.

For the sake of definiteness, we focus on the no-slip boundary conditions
(13), (14). Accordingly, we introduce the space

Vh,0(Ωh) =
{

v ∈ Vh

∣∣∣ ∫
Γ

v dSx = 0 for any Γ ∈ Γh,ext

}
.

The finite element method is suitable for approximating the viscous stress,
however, the Navier-Stokes-Fourier system contains also hyperbolic like equa-
tions as (3). The convective terms, appearing in any of the field equations are
better approximated by means of the finite volume method (FVM) introduced
in the next section.
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FVM structure

Roughly speaking, the finite volume method replaces integration over the
elements by integration over faces. To this end, we introduce the space of
piece-wise constant functions

Qh(Ωh) =
{

v ∈ L2(Ωh)
∣∣∣ v|E = aE ∈ R for any E ∈ Eh

}
,

along with the associated projection operator

ΠQ
h : L1(Ωh) → Qh(Ωh), ΠQ

h [v] ≡ v̂, ΠQ
h [v]|E =

1
|E|

∫
E

v dx for any E ∈ Eh.

The convective terms are discretized by means of the so-called upwind
defined as follows:

Up[r,u] = rin[ũ · n]+ + rout[ũ · n]−,

where we have denoted

[c]+ = max{c, 0}, [c]− = min{c, 0}, ṽ =
1
|Γ |

∫
Γ

v dSx.

Such a definition makes sense as soon as r ∈ Qh(Ωh), u ∈ Vh(Ωh;R3) and
Γ ∈ Γh,int. We approximate∫

Ωh

%Zu · ∇xφ dx ≈
∑

Γ∈Γh,int

∫
Γ

Up[%Z,u] [[φ]] dSx.

3.4 Approximation scheme

We introduce the notation ∇h, divh to denote the restriction of the differential
operators ∇x, divx to any element E ∈ Eh, specifically

∇hv|E = ∇xv|E , divhv|E = divxv|E

for functions v, v differentiable on any E ∈ Eh.
The zero-th order terms [%0, ϑ0,u0] being determined by the initial data,

we define [%k
h, ϑk

h,uk
h] successively as a solution to the approximation scheme

- numerical method:∫
Ωh

Dt%
k
hφ dx−

∑
Γ∈Γh,int

∫
Γ

Up[%k
h,uk

h] [[φ]] dSx (34)

+hα
∑

Γ∈Γh,int

∫
Γ

[[
%k

h

]]
[[φ]] dSx = 0
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for all φ ∈ Qh(Ωh), with a parameter 0 < α < 1;∫
Ωh

Dt(%k
hû

k
h) · φ dx−

∑
Γ∈Γh,int

∫
Γ

Up[%k
hû

k
h,uk

h] ·
[[

φ̂
]]

dSx (35)

+
∫

Ωh

[
µ∇huk

h : ∇hφ + λdivhuk
hdivhφ

]
dx−

∫
Ωh

p(%k
h, ϑk

h)divhφ dx

+hα
∑

Γ∈Γh,int

∫
Γ

[[
%k

h

]] {
ûk

h

}
·
[[

φ̂
]]

dSx = 0

for any φ ∈ Vh,0(Ωh;R3);

cv

∫
Ωh

Dt(%k
hϑk

h)φ dx− cv

∑
Γ∈Γh,int

∫
Γ

Up[%k
hϑk

h,uk
h] [[φ]] dSx (36)

+
∑

Γ∈Γh,int

∫
Γ

1
dΓ

[[
K(ϑk

h)
]]

[[φ]] dSx

=
∫

Ωh

[
µ|∇huk

h|2 + λ|divhuk
h|2

]
φ dx−

∫
Ωh

%k
hϑk

hdivhuk
hφ dx

for any φ ∈ Qh(Ωh), where

K(ϑ) =
∫ ϑ

0

κ(z) dz.

Here, the terms proportional to hα represent numerical counterparts of the
artificial viscosity regularization used in [21, Chapter 7] and were introduced
by Eymard et al. [18] to prove convergence of the momentum method.

3.5 Existence of weak solutions via the numerical scheme

The physical domain Ω will be approximated by the polyhedral domains Ωh

so that
Ω ⊂ Ω ⊂ Ωh ⊂

{
x ∈ R3

∣∣∣ dist[x,Ω] < h
}

. (37)

The discrete solutions [%k
h, ϑk

h,uk
h] can be extended to de defined at any time

t setting
%h(t, ·) = %0

h, ϑh(t, ·) = ϑ0
h, uh(t, ·) = u0

h for t ≤ 0,

%h(t, ·) = %k
h, ϑh(t, ·) = ϑk

h, uh(t, ·) = uk
h for t ∈ [k∆t, (k+1)∆t), k = 1, 2, . . . ,

and, accordingly, the discrete time derivative of a quantity vh is

Dtvh(t, ·) =
vh(t)− vh(t−∆t)

∆t
, t > 0.

We claim the following result:
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Theorem 1. Let Ω ⊂ R3 be a bounded domain of class C1 approximated by
a family of polyhedral domains {Ωh}h>0 in the sense (37), where each Ωh

admits a tetrahedral mesh satisfying the hypotheses specified in Section 3.3.
Suppose that µ > 0, λ > 0, and that the pressure p = p(%, ϑ) and the heat
conductivity coefficient κ = κ(ϑ) comply with (29–32). Suppose that

∆t ≈ h

and
%0

h > 0, ϑ0
h > 0 for all h > 0.

Then

• the numerical scheme (34), (35), (36) admits a solution

%k
h > 0, ϑk

h > 0, uk
h > 0 for any finite k = 1, 2, . . . ;

•

%h → % weakly-(*) in L∞(0, T ;Lγ(Ω)) and strongly in L1((0, T )×Ω),

ϑh → ϑ weakly in L2(0, T ;L6(Ω)),

uh → u weakly in L2(0, T ;L6(Ω;R3)),

∇huh → ∇xu weakly in L2((0, T )×Ω;R3×3),

at least for a suitable subsequence, where [%, ϑ,u] is a weak solution of
the thermal energy formulation of the Navier-Stokes-Fourier system (19),
(21), (25), (26) in (0, T )×Ω.

Remark 1. As a matter of fact, the thermal energy balance (25) is satisfied in
the following very weak sense:∫ τ2

τ1

∫
Ω

[
cv%ϑ∂tϕ + cv%ϑu · ∇xϕ−K(ϑ)∆ϕ

]
dxdt

+
∫ τ2

τ1

∫
Ω

[S : ∇xu− %pϑdivxu]ϕ dx dt ≤
[∫

Ω

cv%ϑϕ dx

]t=τ2

t=τ1

for a.a. 0 ≤ τ1 ≤ τ2 ≤ T including τ1 = 0, and any ϕ ∈ C∞([0, T ]×Ω), ϕ ≥ 0,
where

%K(ϑ) = %K(ϑ).

The existence part in Theorem 1 was established in [24, Section 8.1], con-
vergence of the numerical solutions was shown in [25, Theorem 3.1].

3.6 Existence for the entropy formulation

In this part we shortly recall the available existence theory for the Navier-
Stokes-Fourier system in the entropy formulation (19 – 24). Unfortunately,
to the best of our knowledge, there is only “analytical” proof without any
numerical counterpart of the approximation scheme.
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Constitutive relations

We start with a list of hypotheses imposed on the constitutive relations:

• In addition to Gibbs’ equation (1), the pressure p = p(%, ϑ) and the spe-
cific internal energy e = e(%, ϑ) satisfy the hypothesis of thermodynamic
stability

∂p(%, ϑ)
∂%

> 0, cv(%, ϑ) =
∂e(%, ϑ)

∂ϑ
> 0 (38)

for all % > 0, ϑ > 0, see [3].
• The internal energy and the pressure take the form

e(%, ϑ) = em(%, ϑ) +
a

%
ϑ4, p(%, ϑ) = pm(%, ϑ) +

a

4
ϑ4, a > 0, (39)

where em, pm represent molecular components augmented by radiation,
see [28, Chapter 1]. Moreover, pm and em satisfy the monoatomic gas
equation of state

pm(%, ϑ) =
2
3
em(%, ϑ). (40)

In this context, Gibbs’ equation (1) yields

pm(%, ϑ) = ϑ5/2P
( %

ϑ3/2

)
; whence em(%, ϑ) =

3
2
ϑ

ϑ3/2

%
P

( %

ϑ3/2

)
. (41)

• Thermodynamics stability (38) implies

P (0) = 0, P ′(Z) > 0, 0 <
5
3P (Z)− P ′(Z)Z

Z
< c for any Z > 0, (42)

where, in addition, we require the specific heat at constant volume to be
uniformly bounded.

• In accordance with (42), the function Z 7→ P (Z)
Z is non-increasing, and we

suppose

lim
Z→∞

P (Z)
Z5/3

= p∞ > 0. (43)

• The transport coefficients µ = µ(ϑ), η = η(ϑ), and κ = κ(ϑ) in (27), (28)
depend on the absolute temperature,

µ(1+ϑα) ≤ µ(ϑ) ≤ µ(1+ϑα), |µ′(ϑ)| ≤ c for all ϑ > 0,
2
5

< α ≤ 1, µ > 0,

(44)
0 ≤ µ(ϑ) ≤ η(1 + ϑα) for all ϑ > 0, (45)

and
κ(1 + ϑ3) ≤ κ(ϑ) ≤ κ(1 + ϑ3) for all ϑ > 0, κ > 0. (46)
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Global existence

We report the following existence result proved in [28, Chapter 3, Theorem
3.1]:

Theorem 2. Let Ω ⊂ R3 be a bounded domain of class C2+ν . Suppose that
the pressure p and the internal energy e are interrelated through (38–41),
where P ∈ C[0,∞) ∩ C3(0,∞) satisfies the structural hypotheses (42), (43).
Let the transport coefficients µ, η, κ be continuously differentiable functions of
the temperature ϑ satisfying (44–46). Let the initial data %0, ϑ0, u0 be given
such that

%0, ϑ0 ∈ L∞(Ω), %0 > 0, ϑ0 > 0 a.a. in Ω,u0 ∈ L2(Ω;R3).

Then the Navier-Stokes-Fourier system (19–24) admits a weak solution
%, ϑ,u in (0, T )×Ω belonging to the class:

% ≥ 0 a.a. in (0, T )×Ω,

% ∈ C([0, T ];L1(Ω)) ∩ L∞(0, T ;L5/3(Ω)) ∩ Lβ((0, T )×Ω)

for a certain β > 5
3 ;

ϑ > 0 a.a. in (0, T )×Ω, ϑ ∈ L∞(0, T ;L4(Ω)) ∩ L2(0, T ;W 1,2(Ω)),

ϑ3, log(ϑ) ∈ L2(0, T ;W 1,2(Ω));

u ∈ L2(0, T ;WΛ
0 (Ω;R3)), Λ =

8
5− α

, %u ∈ Cweak(0, T ;L5/4(Ω;R3)).

4 Relative energy, dissipative solutions, stability

In this section, we address the problem of stability of solutions to the Navier-
Stokes-Fourier system. In particular, we find a convenient way how to measure
the distance of a weak solution [%, ϑ,u] to an arbitrary trio of sufficiently
smooth functions [r, Θ,U]. The hypothesis of thermodynamics stability (38)
will play a crucial role.

4.1 Relative (modulated) energy

For an energetically isolated system, the total energy and mass

E =
∫

Ω

[
1
2
%|u|2 + %e(%, ϑ)

]
dx, M =

∫
Ω

% dx,

are constants of motion, while the total entropy
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S =
∫

Ω

%s(%, ϑ) dx

is non-decreasing in time. In particular, the ballistic free energy

HΘ(%, ϑ) = % (e(%, ϑ)−Θs(%, ϑ)) , Θ > 0 a positive constant,

augmented by the kinetic energy gives rise to a Lyapunov functional

EB =
∫

Ω

[
1
2
%|u|2 + % (e(%, ϑ)−Θs(%, ϑ))

]
dx.

As a direct consequence of the thermodynamic stability hypothesis (38),
the ballistic free energy function enjoys two remarkable properties:

% 7→ HΘ(%,Θ) is convex;

ϑ 7→ HΘ(%, ϑ) attains its global minimum at ϑ = Θ.
(47)

This motivates the following definition of the relative (modulated) energy func-
tional

E
(
%, ϑ,u

∣∣∣r, Θ,U
)

(48)

=
∫

Ω

[
1
2
%|u−U|2 + HΘ(%, ϑ)− ∂HΘ(r, Θ)

∂%
(%− r)−HΘ(r, Θ)

]
dx.

It follows from (47) that

E
(
%, ϑ,u

∣∣∣r, Θ,U
)
≥ 0, E

(
%, ϑ,u

∣∣∣r, Θ,U
)

= 0 only if % = r, ϑ = Θ, u = U.

4.2 Dissipative solutions

The strength of the concept of relative energy lies in the fact that the time
evolution of E

(
%, ϑ,u

∣∣∣r, Θ,U
)

can be computed for any weak (entropy for-
mulation) solution to the Navier-Stokes-Fourier system provided the trio of
functions [r, Θ,U] is smooth enough to be taken as admissible test functions
in (19), (21), (23). Indeed the following relative energy inequality[

E
(
%, ϑ,u

∣∣∣r, Θ,U
)]t=τ

t=0
(49)

+
∫ τ

0

∫
Ω

Θ

ϑ

(
S(ϑ,∇xu) : ∇xu−

q(ϑ,∇xϑ) · ∇xϑ

ϑ

)
dx dt

≤
∫ τ

0

∫
Ω

%(u−U) · ∇xU · (U− u) dx dt

+
∫ τ

0

∫
Ω

%
(
s(%, ϑ)− s(r, Θ)

)(
U− u

)
· ∇xΘ dx dt
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+
∫ τ

0

∫
Ω

%
(
∂tU + U · ∇xU

)
· (U− u) dx dt

+
∫ τ

0

∫
Ω

(S(ϑ,∇xu) : ∇xU− p(%, ϑ)divxU) dx dt

−
∫ τ

0

∫
Ω

(
%
(
s(%, ϑ)− s(r, Θ)

)
∂tΘ + %

(
s(%, ϑ)− s(r, Θ)

)
U · ∇xΘ

)
dx dt

−
∫ τ

0

∫
Ω

q(ϑ,∇xϑ)
ϑ

· ∇xΘ dx dt

+
∫ τ

0

∫
Ω

((
1− %

r

)
∂tp(r, Θ)− %

r
u · ∇xp(r, Θ)

)
dx dt

holds for any weak solution of the Navier-Stokes-Fourier system (19–24) and
any trio of (smooth) test functions satisfying the compatibility conditions

r > 0, Θ > 0, U|∂Ω = 0 or U · n|∂Ω = 0 as the case may be, (50)

see [29, Section 3].
Following Lions [34], who proposed a similar definition for the incompress-

ible Euler system, we may say that [%, ϑ,u] is a dissipative solution to the
Navier-Stokes-Fourier system (3), (7), (11) if (i) [%, ϑ,u] belong to the reg-
ularity class specified in Theorem 2, (ii) [%, ϑ,u] satisfy the relative energy
inequality (49) for any trio [r, Θ,U] of sufficiently smooth (for all integrals in
(49) to be well defined) test functions satisfying the compatibility conditions
(50). As observed in [29, Section 3], any weak solution of the Navier-Stokes-
Fourier system (19–24) is a dissipative solution. An existence theory in the
framework of dissipative solutions was developed and applied to a vast class of
physical spaces, including unbounded domains in R3, see Jesslé, Jin, Novotný
[31].

4.3 Weak-strong uniqueness

An important property of the dissipative solutions is that they coincide with
the strong solution of the same problem as long as the latter exists. Since
weak solutions are dissipative, this remains true also for the weak solutions.
The proof of the following statement can be found in [22, Theorem 6.2], and
[29, Theorem 2.1]:

Theorem 3. In addition to the hypotheses of Theorem 2, suppose that

s(%, ϑ) = S
( %

ϑ3/2

)
+

4a

3
ϑ3

%
, with S(Z) → 0 as Z →∞. (51)

Let %, ϑ,u be a dissipative (weak) solution to the Navier-Stokes-Fourier system
(19–24) in the set (0, T )×Ω. Suppose that the Navier-Stokes-Fourier system
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admits a strong solution %̃, ϑ̃, ũ in the time interval (0, T ), emanating from
the same initial data and belonging to the class

∂t%̃, ∂tϑ̃, ∂tũ, ∂m
x %̃, ∂m

x ϑ̃, ∂m
x ũ ∈ L∞((0, T )×Ω), m = 0, 1, 2.

Then
% ≡ %̃, ϑ ≡ ϑ̃, u ≡ ũ.

The extra hypothesis (51) reflects the Third law of thermodynamics and
can be possibly relaxed. Whether or not the Navier-Stokes-Fourier system
admits global-in-time strong solutions is an interesting open question, for
small data results see Matsumura and Nishida [37], [38].

4.4 Weak solutions based on the thermal energy formulation

All results of this section sofar applied to the entropy weak formulation (19–
24) of the Navier-Stokes-Fourier system. A natural question to ask is to which
extent the same idea may be used to the weak solution based on the thermal
energy balance (25). As (23), (25) are apparently not equivalent in the weak
framework, this is a non-trivial issue we want to address in this section. To
this end, we consider smooth initial data, specifically,

%0, ϑ0 ∈ W 3,2(Ω), u0 ∈ W 3,2(Ω;R3), %0, ϑ0 > 0. (52)

Our first result provides necessary conditions for a weak solution of (19),
(21), (25), and (26) to satisfy the entropy balance (23), see [20, Lemmas 2.3,
2.4].

Proposition 1. Under the hypotheses of Theorem 1, let [%, ϑ,u] be a weak
solution of the Navier-Stokes-Fourier system (19), (21), (25), (26) emanating
from the initial data satisfying (52) and enjoying the extra regularity

%, ϑ, divxu ∈ L∞((0, T )×Ω), u ∈ L∞((0, T )×Ω;R3).

Then
% > 0, ϑ > 0 a.a. in (0, T )×Ω

and the entropy balance (23) holds.

With the entropy inequality (23) at hand we may use the technique based
on the relative energy functional E

(
%, ϑ,u

∣∣∣r, Θ,U
)

developed in the previous
section. In particular, we have (see [20, Lemma 3.2]):

Proposition 2. Under the hypotheses of Proposition 1, let [%̃, ϑ̃, ũ] be a strong
solution of the Navier-Stokes-Fourier system defined in (0, T )×Ω, emanating
from the initial data

%̃(0, ·) = %(0, ·), ϑ̃(0, ·) = ϑ(0, ·), ũ(0, ·) = u(0, ·),
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and belonging to the regularity class
%, ϑ ∈ C([0, T ];W 3,2(Ω)), u ∈ C([0, T ];W 3,2(Ω;R3)),

ϑ ∈ L2(0, T ;W 4,2(Ω)), u ∈ L2(0, T ;W 4,2(Ω;R3)),

∂tϑ ∈ L2(0, T ;W 2,2(Ω)), ∂tu ∈ L2(0, T ;W 2,2(Ω;R3)).


Then [%̃, ϑ̃, ũ] coincides with the weak solution [%, ϑ,u] in (0, T )×Ω.

Finally, we claim a conditional regularity result concerning the weak solu-
tions of the Navier-Stokes-Fourier system, see [20, Theorem 2.2].

Theorem 4. Under the hypotheses of Proposition 1, let [%, ϑ,u] be a weak
solution of the Navier-Stokes-Fourier system (19), (21), (25), (26), emanating
from regular initial data satisfying (52), and enjoying the extra regularity

%, ϑ, divxu ∈ L∞((0, T )×Ω), u ∈ L∞((0, T )×Ω;R3).

Then [%, ϑ,u] is a strong (classical) solution of the problem in (0, T )×Ω.

4.5 Synergy analysis-numerics

From the practical point of view, the convergence of the numerical scheme
established in Theorem 1 is not very satisfactory as it holds up to a suitable
subsequence. As the weak solutions to the Navier-Stokes-Fourier system are
not (known to be) unique, it is therefore not a priori excluded that there is
another subsequence converging to a different solution of the same problem.
However, combining Theorem 1 with Theorem 4 we may deduce the following
unconditional convergence result that can be seen as an example of “synergy”
between analysis and numerics:

Theorem 5. Under the hypotheses of Theorem 1, let [%h, ϑh,uh]h>0 be a fam-
ily of approximate solutions resulting from the numerical scheme (34 – 36),
emanating from the initial data (52), such that

%h > 0, ϑh > 0,

and, in addition,
%h, ϑh, |uh|, |divhuh| ≤ M

a.a. in (0, T )×Ω for a certain M independent of h.
Then

%h → % weakly-(*) in L∞(0, T ;Lγ(Ω)) and strongly in L1((0, T )×Ω),

ϑh → ϑ weakly in L2(0, T ;L6(Ω)),

uh → u weakly in L2(0, T ;L6(Ω;R3)),

∇huh → ∇xu weakly in L2((0, T )×Ω;R3×3),

where [%, ϑ,u] is the (strong) solution of the problem of the Navier-Stokes-
Fourier system in (0, T )×Ω.
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5 Viscosity solutions, inviscid limits

The Navier-Stokes-Fourier system describes the motion of a viscous and heat
conducting fluid; the shear viscosity coefficient µ as well as the heat conduc-
tivity coefficient κ are (strictly) positive. Accordingly, the entropy production
rate is strictly positive till the system reaches a thermodynamic equilibrium.
The inviscid fluids, described by means of the Euler system, may be seen as
the limit case of their viscous counterparts, where the viscosity and/or the
heat conductivity vanishes. Solutions of the purely hyperbolic systems of con-
servation laws describing the motion of inviscid fluids exhibit very irregular
behavior including the appearance of singularities - shock waves - in a finite
time lap.

The concept of weak or even more general measure-valued solution is there-
fore indispensable in the mathematical theory of inviscid fluids. In the absence
of a sufficiently strong dissipative mechanism, solutions of non-linear systems
of conservation laws may develop fast oscillations and/or concentrations that
inevitably give rise to singularities of various types. As shown in the nowadays
classical work of Tartar [40], oscillations are involved in many problems, in
particular in those arising in the context of inviscid fluids.

The well know deficiency of weak solutions is that they may not be
uniquely determined in terms of the data and suitable admissibility criteria
must be imposed in order to pick up the physically relevant ones, cf. Dafer-
mos [12]. Although most of the admissibility constraints are derived from
fundamental physical principles as the Second law of thermodynamics, their
efficiency in eliminating the nonphysical solutions is still dubious, cf. Dafermos
[13]. Recently, DeLellis and Székelyhidi [14] developed the method previously
known as convex integration in the context of fluid mechanics, in particular for
the Euler system. Among other interesting results, they show the existence of
infinitely many solutions to the incompressible Euler system violating many
of the standard admissibility criteria. Later, the method was adapted to the
compressible case by Chiodaroli [9].

5.1 Euler-Fourier system

The class of weak solutions is apparently much larger than required by the
classical theory. In other words, it might be easier to establish existence but
definitely more delicate to show uniqueness among all possible weak solutions
emanating form the same initial data. Adapting the technique of DeLellis and
Székelyhidi [14] we show a rather illustrative but at the same time disturbing
example of non-uniqueness in the context of fluid thermodynamics. To this
end, consider the so-called Euler-Fourier system

∂t% + divx(%u) = 0, (53)

∂t(%u) + divx(%u⊗ u) +∇x(%ϑ) = 0, (54)
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3
2

[∂t(%ϑ) + divx(%ϑu)]−∆ϑ = −%ϑdivxu. (55)

The system (53-55) can be viewed as a “special” case of the Navier-Stokes-
Fourier system with p = %ϑ, cv = 3

2 , µ = η = 0, κ = 1. Although a correct
physical justification of an inviscid, and, at the same time heat conducting
fluid my be dubious, the system has been used as a suitable approximation in
certain models, see Wilcox [41].

Infinitely many weak solutions

For the sake of simplicity, we consider the spatially periodic boundary condi-
tions, meaning the underlying spatial domain

Ω = T 3 =
(
[−1, 1] |{−1;1}

)3

is the “flat” torus.
We report the following result, see [11, Theorem 3.1]:

Theorem 6. Let T > 0 be given. Let the initial data satisfy

%0, ϑ0 ∈ C3(T 3), u ∈ C3(T 3;R3)), %0 > 0, ϑ0 > 0 in T 3.

The the initial-value problem for the Euler-Fourier system (53–55) admits
infinitely many weak solutions in (0, T )×Ω belonging to the class

% ∈ C2([0, T ]×Ω), ∂tϑ ∈ Lp(0, T ;Lp(Ω)), ∇2
xϑ ∈ Lp(0, T ;Lp(Ω;R3×3))

for any 1 ≤ p < ∞,

u ∈ Cweak([0, T ];L2(Ω;R3)) ∩ L∞((0, T )×Ω;R3), divxu ∈ C2([0, T ]×Ω).

Infinitely many admissible weak solutions

The infinitely many solutions claimed in Theorem 6 are obtained in a non-
constructive way by applying a variant of the method of convex integration
in the spirit of DeLellis and Székelyhidi [14]. Apparently, many of them are
non-physical since they violate the First law of thermodynamics, notably

ess lim inf
t→0+

∫
Ω

[
1
2
%|u|2 + cv%ϑ

]
(t, ·) dx >

∫
Ω

[
1
2
%0|u0|2 + cv%0ϑ0

]
dx.

This fact motivates the following admissibility criterion:

We say that a weak solution [%, ϑ,u] of the Euler-Fourier system (53–
55), supplemented with the initial data [%0, ϑ0,u0], is admissible, if the energy
inequality
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Ω

[
1
2
%|u|2 + cv%ϑ

]
(t, ·) dx ≤

∫
Ω

[
1
2
%0|u0|2 + cv%0ϑ0

]
dx

holds for a.a. t ∈ [0, T ].

Similarly to the Navier-Stokes-Fourier system, it can be shown that ad-
missible solutions satisfy the relative energy inequality (49) (with S = 0) and
enjoy the weak-strong uniqueness property, cf. [11]. Still the following result
holds true, see [11, Theorem 4.2]:

Theorem 7. Let T > 0 and the initial data

%0, ϑ0 ∈ C3(T 3), %0 > 0, ϑ0 > 0 in T 3

be given.
Then there exists

u0 ∈ L∞((0, T )×Ω;R3)

such that the initial-value problem for the Euler-Fourier system (53–55) ad-
mits infinitely many admissible weak solutions in (0, T )×Ω belonging to the
class specified in Theorem 6.

5.2 Riemann problem

At first glance, the initial velocity field u0 ∈ L∞((0, T )×Ω;R3), the existence
of which is claimed in Theorem 7, may seem rather irregular and possibly never
reachable by trajectories emanating from “nice” initial data. Unfortunately,
the situation is more delicate as illustrated by the following example due
to Chiodaroli, DeLellis, and Kreml [10]. They consider the barotropic Euler
system:

∂t% + divx(%u) = 0, (56)

∂t(%u) + divx(%u⊗ u) +∇x%2 = 0 (57)

in (0, T )×R2 endowed with the 1−D Riemann initial data data

%0 =

%− for x1 < 0,

%+ for x1 > 0
(58)

u1
0 =

 v− for x1 < 0,

v+ for x1 > 0
, u2

0 = 0. (59)

It can be shown (see Chiodaroli et al. [10, Theorem 1.1]) that there are
initial data (58), (59) such that the Riemann problem (56–59) admits infinitely
many weak solutions satisfying the standard entropy admissibility criterion

∂t

(
1
2
%|u|2 + %2

)
+ divx

[(
1
2
%|u|2 + 2%2

)
u
]
≤ 0. (60)
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What is more, such solutions may be extended backward in time as Lips-
chitz functions yielding regular initial data for which system (56), (57), sup-
plemented with (60), admits infinitely many solutions, see Chiodaroli et al.
[10, Corollary 1.2]:

Theorem 8. There exist Lipschitz initial data [%0,u0] for which the barotropic
Euler system (56), (57) admits infinitely many weak solutions in R2 × Ω
satisfying (60). In addition, the initial data are independent of the x2 variable
and u2

0 = 0.

Riemann problem for the full Euler system

Motivated by the previous results we consider the Riemann problem for the
full Euler system

∂t% + divx(%u) = 0, (61)

∂t(%u) + divx(%u⊗ u) +∇x(%ϑ) = 0, (62)

∂t

[
1
2
%|u|2 + cv%ϑ

]
+ divx

[(
1
2
%|u|2 + cv%ϑ + %ϑ

)
u
]

= 0, (63)

with the associated entropy inequality

∂t(%s) + divx(%su) ≥ 0, s = s(%, ϑ) ≡ log
(

ϑcv

%

)
. (64)

Similarly to the preceding section, we consider the Cauchy problem for the
system (61 - 64) in the 2-D-case in the spatial domain

Ω = R1 × T 1, where T 1 ≡ [0, 1]
∣∣∣
{0,1}

is the “flat” sphere,

meaning all functions of (t, x1, x2) are 1-periodic with respect to the second
spatial coordinate x2.

We introduce 1-D Riemannian data

%(0, x1, x2) = R0(x1), R0 =

RL for x1 ≤ 0,

RR for x1 > 0,
(65)

ϑ(0, x1, x2) = Θ0(x1), Θ0 =

ΘL for x1 ≤ 0,

ΘR for x1 > 0,
(66)

u1(0, x1, x2) = U0(x1), U0 =

UL for x1 ≤ 0,

UR for x1 > 0,
, u2(0, x1, x2) = 0. (67)

As is well known, see for instance Chang and Hsiao [6], the Riemann
problem (61 – 67) admits a solution
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%(t, x) = R(t, x1) = R(ξ),

ϑ(t, x) = Θ(t, x) = Θ(ξ),

u(t, x) = [U(t, x), 0] = [U(ξ), 0)]

depending solely on the self-similar variable ξ = x1
t . Such a solution is unique

in the class of BV solutions of the 1-D problem, see Chen and Frid [7], [8].
We focus on the class of Riemann data producing shock-free solutions

(rarefaction waves), more specifically, solutions that are locally Lipschitz in
the open set (0, T )×Ω. We claim the following, see [27, Theorem 2.1]:

Theorem 9. Let [%, ϑ,u] be a weak solution of the Euler system (61 – 64)
in (0, T )×Ω originating from the Riemann data (65 - 67) and satisfying the
associated far field conditions. Suppose in addition that the Riemann data (65
- 67) give rise to a shock-free solution [R,Θ,U ] of the 1-D Riemann problem.

Then
% = R, ϑ = Θ, u = [U, 0] a.a. in (0, T )×Ω.

In the light of this result, we may conjecture that the possibility of infinitely
many solutions provided by the method of convex integration occurs only if
the weak solution dissipates mechanical energy. A definitive answer to this
question, however, remains completely open.

5.3 Viscosity solutions

The aforementioned examples reopened the old problem of suitable admissi-
bility criteria to be imposed on the weak solutions to inviscid fluid systems.
A natural one, advocated by Bardos et al. [2], admits only those solutions
obtained as an inviscid limit of the associated viscous flow represented in
our framework by the Navier-Stokes-Fourier system. In certain cases, indeed,
such a selection process may eliminate the “wild” solutions constructed by
the method of convex integration.

To provide some support to this conjecture, we consider the barotropic
Navier-Stokes system:

∂t% + divx(%u) = 0, (68)

∂t(%u) + divx(%u⊗ u) +∇xp(%) = divxS(∇xu), (69)

supplemented with the constitutive relations for the pressure

p(%) = a%γ , a > 0, γ > 1, (70)

and the viscous stress

S(∇xu) = µ

(
∇xu +∇t

xu−
2
N

divxuI
)

+ ηdivxuI, µ > 0, η ≥ 0, (71)

along with its one-dimensional counterpart:
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∂tR + ∂y(RV ) = 0, (72)

∂t(RV ) + ∂y(RV 2) + ∂yp(R) =
[
2µ

(
1− 1

N

)
+ η

]
∂2

y,yV. (73)

With the obvious identification x1 = y, %(x) = R(x1), u(x) = [V (x1), 0, . . . , 0],
any solution of problem (72), (73) satisfies also the extended system (68–71).

The 1D-dimensional fluid motion is nowadays well-understood, see Antont-
sev, Kazhikhov and Monakhov [1]. In particular, problem (72), (73) considered
in the interval (0, 1), and supplemented with the boundary conditions

V (t, 0) = V (t, 1) = 0, t ∈ (0, T ), (74)

and the initial conditions

R(0, ·) = R0 > 0, V (0, ·) = V0 (75)

admits a (unique) weak solution for a fairly vast class of initial data, see
Amosov and Zlotnik [42]. Moreover, the solutions are regular provided the
initial data are smooth enough, see Kazhikhov [32].

Our goal is to show that, unlike their “Eulerian” counterparts discussed
in the previous section, solutions of the 1D-problem (72), (73) are stable in
the class of weak solutions system (68–71). To this end, we consider a domain
Ω ⊂ RN , N = 2, 3,

Ω = (0, 1)× T N−1, where T N−1 ≡
(
(0, 1)|{0,1}

)N−1 is the torus in RN−1,

specifically all functions defined in Ω are 1-periodic with respect to the vari-
ables xj , j > 1. Accordingly, any solution r, V of problem (68–71) can be
extended to be constant in xj , j > 1.

We say that a pair of functions [%,u] represent a finite energy weak solution
to the Navier-Stokes system (68–71) in the space-time cylinder (0, T ) × Ω,
supplemented with the boundary conditions

u|∂Ω = 0, (76)

and the initial conditions

%(0, ·) = %0, u(0, ·) = u0 (77)

if:

The density % is a non-negative function, % ∈ Cweak([0, T ];Lγ(Ω)), u ∈
L2(0, T ;W 1,2

0 (Ω;RN )), %u ∈ Cweak([0, T ];L2γ/(γ−1)(Ω)), and∫ τ2

τ1

∫
Ω

[%∂tϕ + %u · ∇xϕ] =
[∫

Ω

%ϕ dx

]t=τ2

t=τ1

dxdt (78)

for any 0 ≤ τ1 ≤ τ2 ≤ T and any ϕ ∈ C∞([0, T ]×Ω);
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τ1

∫
Ω

[%u · ∂tϕ + %u⊗ u : ∇xϕ + p(%)divxϕ− S(∇xu) : ∇xϕ] dx dt (79)

=
[∫

Ω

%u · ϕ dx

]t=τ2

t=τ1

for any 0 ≤ τ1 ≤ τ2 ≤ T and any ϕ ∈ C∞
c ([0, T ]×Ω;RN ).

In addition, the energy inequality∫
Ω

[
1
2
%|u|2 + P (%)

]
(τ, ·) dx ≤

∫
Ω

[
1
2
%0|u0|2 + P (%0)

]
dx, (80)

with P (%) =
a

γ − 1
%γ ,

holds for a.a. τ ∈ (0, T ).
Finite energy weak solutions to the barotropic Navier-Stokes system are

known to exist for any finite energy initial data whenever γ > N
2 , see Lions

[35] and [30].
We claim the following stability result, see [26, Theorem 2.1]:

Theorem 10. Let

γ >
N

2
, q > max {2, γ′} ,

1
γ

+
1
γ′

= 1 if N = 2,

q > max
{

3,
6γ

5γ − 6

}
if N = 3.

Let [R, V ] be a (strong) solution of the one-dimensional problem (72–75), with
the initial data belonging to the class

R0 ∈ W 1,q(0, 1), R0 > 0 in [0, 1], V0 ∈ W 1,q
0 (0, 1).

Let [%,u] be a finite energy weak solution to the Navier-Stokes system (78–80)
in (0, T )×Ω, supplemented with the conditions

%0 ∈ L∞(Ω), %0 > 0 a.a. in Ω; u0 ∈ L2(Ω;RN ).

Then ∫
Ω

[
1
2
%|u−V|2 + P (%)− P ′(R)(%−R)− P (R)

]
(τ, ·) dx (81)

≤ c(T )
∫

Ω

[
1
2
%0|u0 −V0|2 + P (%0)− P ′(R0)(%0 −R0)− P (R0)

]
dx

for a.a. τ ∈ (0, T ).

We easily recognize a variant of the relative energy functional appearing
in (81).
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5.4 Vanishing dissipation limit for the Navier-Stokes-Fourier
system

We conclude this part by a short discussion of the vanishing dissipation limit
for the complete Navier-Stokes-Fourier system discussed in Section 3.6. To
this end we suppose that the thermodynamics functions p, e, and s are given
through (38–43), where the “radiation” coefficient a > 0 will be sent to zero
in the asymptotic limit. More specifically, the target Euler system takes the
form

∂t% + divx(%u) = 0, (82)

∂t(%u) + divx(%u⊗ u) +∇xpm(%, ϑ) = 0, (83)

∂t

(
1
2
%|u|2 + %em(%, ϑ)

)
+ divx

[(
1
2
%|u|2 + %em(%, ϑ)

)
u + pm(%, ϑ)u

]
= 0,

(84)
considered on a bounded and smooth domain Ω ⊂ R3, and supplemented
with the impermeability boundary condition

u · n|∂Ω = 0. (85)

We remark that the total energy balance (84) can be equivalently refor-
mulated as the entropy balance equation

∂t(%sm(%, ϑ)) + divx(%sm(%, ϑ)u) = 0, (86)

or the thermal energy balance

cv(%, ϑ) (∂t(%ϑ) + divx(%ϑu)) + ϑ
∂pm(%, ϑ)

∂ϑ
divxu = 0, (87)

with

cv(%, ϑ) =
∂em(%, ϑ)

∂ϑ
,

as long as the solution of the Euler system remains smooth.
A suitable existence result for the Euler system with the slip boundary

condition (85) was obtained by Schochet [39, Theorem 1]. It asserts the local-
in-time existence of a classical solution [%E , ϑE ,uE ] of the Euler system (82),
(83), (85), (86) if:

• Ω ⊂ R3 is a bounded domain with a sufficiently smooth boundary, say ∂Ω
of class C∞;

• the initial data [%0,E , ϑ0,E ,u0,E ] satisfy

%0,E , ϑ0,E ∈ W 3,2(Ω), u0,E ∈ W 3,2(Ω;R3), %0,E , ϑ0,E > 0 in Ω; (88)

• the compatibility conditions

∂k
t u0,E · n|∂Ω = 0 (89)

hold for k = 0, 1, 2.
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Navier-Stokes-Fourier system

We consider a slight modification of the Navier-Stokes-Fourier system, namely

∂t% + divx(%u) = 0, (90)

∂t(%u) + divx(%u⊗ u) +∇xp(%, ϑ) = divxS(ϑ,∇xu)− λu (91)

∂t(%s(%, ϑ))+divx(%s(%, ϑ)u)+divx

(q
ϑ

)
= σ, σ =

1
ϑ

(
S(ϑ,∇xu)− q · ∇xϑ

ϑ

)
,

(92)
where S(ϑ,∇xu) is the viscous stress tensor given by Newton’s law

S(ϑ,∇xu) = ν

[
µ(ϑ)

(
∇xu +∇t

xu−
2
3
divxuI

)
+ η(ϑ)divxuI

]
, ν > 0, (93)

and q = q(ϑ,∇xϑ) is the heat flux determined by Fourier’s law

q = −ωκ(ϑ)∇xϑ, ω > 0. (94)

The scaling parameters a, ν, ω, and λ are positive quantities supposed to
vanish in the asymptotic limit. The momentum equation (91) contains an
extra “damping” term −λu.

System (90–92) is supplemented by the complete slip boundary conditions

u · n|∂Ω = 0, [S(ϑ,∇xu) · n]× n|∂Ω = 0, (95)

accompanied with the no-flux condition

q(ϑ,∇xϑ) · n|∂Ω = 0. (96)

Relative energy inequality

Because of the presence of the extra term in the momentum equation (91),
the relative energy inequality (49) takes the form[

E
(
%, ϑ,u

∣∣∣r, Θ,U
)]t=τ

t=0
(97)

+
∫ τ

0

∫
Ω

Θ

ϑ

(
S(ϑ,∇xu) : ∇xu−

q(ϑ,∇xϑ) · ∇xϑ

ϑ

)
dx dt+λ

∫ τ

0

∫
Ω

|u|2 dx dt

≤
∫ τ

0

∫
Ω

%(u−U) · ∇xU · (U− u) dx dt

+
∫ τ

0

∫
Ω

S(ϑ,∇xu) : ∇xU dx dt

−
∫ τ

0

∫
Ω

q(ϑ,∇xϑ)
ϑ

· ∇xΘ dx dt + λ

∫ τ

0

∫
Ω

u ·U dx dt
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+
∫ τ

0

∫
Ω

%
(
s(%, ϑ)− s(r, Θ)

)(
U− u

)
· ∇xΘ dx dt

+
∫ τ

0

∫
Ω

%
(
∂tU + U · ∇xU

)
· (U− u) dx dt−

∫ τ

0

∫
Ω

p(%, ϑ)divxU dx dt

−
∫ τ

0

∫
Ω

(
%
(
s(%, ϑ)− s(r, Θ)

)
∂tΘ + %

(
s(%, ϑ)− s(r, Θ)

)
U · ∇xΘ

)
dx dt

+
∫ τ

0

∫
Ω

((
1− %

r

)
∂tp(r, Θ)− %

r
u · ∇xp(r, Θ)

)
dx dt

for any trio of (smooth) test functions [r, Θ,U] such that

r, Θ > 0 in Ω, U · n|∂Ω = 0. (98)

Similarly to the above, the relative energy inequality (97) for any weak
solution [%, ϑ,u] of the Navier-Stokes-Fourier system specified through (19–
23), where the total energy balance (24) is replaced by[∫

Ω

[
1
2
%|u|2 + %e(%, ϑ)

]
dx

]t=0

t=τ

+ λ

∫ τ

0

|u|2 ≤ 0 (99)

for a.a. τ ∈ [0, T ].

Vanishing dissipation limit

The obvious idea how to compare a weak solution [%, ϑ,u] of the Navier-
Stokes-Fourier system to the strong solution %E , ϑE , uE of the Euler system
is to take the trio

r = %E , Θ = ϑE , U = uE

as test functions in the relative energy inequality (97). Here we point out
that such a step is essentially conditioned by our choice of the complete slip
boundary condition (95) for the velocity field in the Navier-Stokes-Fourier
system. Another choice of boundary behavior of u, in particular the no-slip
conditions (13), (14), would lead to the well known and sofar unsurmountable
difficulties connected with the presence of a boundary layers, see the surveys
of E [16] or Masmoudi [36].

We report the following result, see [23, Theorem 3.1]:

Theorem 11. Let the following hypotheses be satisfied:

• Ω ⊂ R3 is a bounded domain with smooth boundary.
• The thermodynamic functions p, e, and s are given by (39), (51), where

pm, em comply with (41–43), and, in addition,

P ∈ C1[0,∞) ∩ C5(0,∞), P ′(Z) > 0 for all Z ≥ 0.
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• The transport coefficients µ, η and λ are given by (44–46), with α = 1.

Let [%E , ϑE ,uE ] be the classical solution of the Euler system (82–84), (85)
in a time interval (0, T ), originating from the initial data [%0,E , ϑ0,E ,u0,E ]
satisfying (88), (89).

Finally, let [%, ϑ,u] be a weak solution of the Navier-Stokes-Fourier system
(90–94), (95), (96), where the initial data [%0, ϑ0,u0] satisfy

%0, ϑ0 > 0 a.a. in Ω,∫
Ω

%0 dx ≥ M, ‖%0‖L∞(Ω) + ‖ϑ0‖L∞(Ω) + ‖u0‖L∞(Ω;R3) ≤ D,

and where the scaling parameters a, ν, ω, and λ are positive numbers.
Then [

E
(
%, ϑ,u

∣∣∣%E , ϑE ,uE

)]t=τ

t=0

≤ c(T,M,D) max

{
a, ν, ω, λ,

ν√
a
,
ω

a
,

(
a√
ν3λ

)1/3
}

for a.a. τ ∈ (0, T ).

Corollary 1. Under the hypotheses of Theorem 11 suppose that

a, ν, ω, λ → 0, and
ω

a
→ 0,

ν√
a
→ 0,

a√
ν3λ

→ 0. (100)

Then

ess sup
τ∈(0,T )

∫
Ω

[
%|u− uE |2 + |%− %E |5/3 + %|ϑ− ϑE |

]
dx

≤ c(T,D,M)×

×Λ
(
a, ν, ω, λ, ‖%0 − %0,E‖L∞(Ω), ‖ϑ0 − ϑ0,E‖L∞(Ω), ‖u0 − u0,E‖L∞(Ω;R3)

)
,

where Λ is an explicitly computable function of its arguments,

Λ
(
a, ν, ω, λ, ‖%0 − %0,E‖L∞(Ω), ‖ϑ0 − ϑ0,E‖L∞(Ω), ‖u0 − u0,E‖L∞(Ω;R3)

)
→ 0

provided a, ν, ω, λ satisfy (100), and

‖%0 − %0,E‖L∞(Ω), ‖ϑ0 − ϑ0,E‖L∞(Ω), ‖u0 − u0,E‖L∞(Ω;R3) → 0.

The convergence result stated in Corollary 1 is path dependent, the param-
eters a, ν, ω, λ are interrelated through (100). It is easy to check that (100)
holds provided, for instance,

a → 0, ν = aα, ω = aβ , λ = aγ , where β > 1,
1
2

< α <
2
3
, 0 < γ < 1− 3

2
α.
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31. D. Jesslé, B. J. Jin, and A. Novotný. Navier-Stokes-Fourier system on un-
bounded domains: weak solutions, relative entropies, weak-strong uniqueness.
SIAM J. Math. Anal., 45(3):1907–1951, 2013.

32. A. V. Kazhikhov. Correctness “in the large” of mixed boundary value problems
for a model system of equations of a viscous gas. Dinamika Splošn. Sredy, (Vyp.
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