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Abstract

We give a concise overview of the theory of regularity structures as first exposed in [Hai14]. In
order to allow to focus on the conceptual aspects of the theory, many proofs are omitted and
statements are simplified. In order to provide both motivation and focus, we concentrate on the
study of solutions to the stochastic quantisation equations for the EuclideanΦ4

3
quantum field

theory which can be obtained with the help of this theory. In particular, we sketch the proofs of
how one can show that this model arises quite naturally as an idealised limiting object for several
classes of smooth models.
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1 Introduction

The purpose of these notes is to give a short informal introduction to the main concepts of the
theory of regularity structures, focusing as an example on the construction and approximation
of the dynamicalΦ4

3 model. They expand and complement the notes [Hai15] which focus more
on the general theory and the ideas of the proofs of the main abstract results. Here, we instead
focus mainly on the construction of the dynamicalΦ4

3 model, as well as on the way in which the
abstract theory can be used to obtain a number of rather non-obvious approximation results for
this model.

The theory of “regularity structures”, introduced in [Hai14], unifies various flavours of the the-
ory of (controlled) rough paths (including Gubinelli’s theory of controlled rough paths [Gub04],
as well as his branched rough paths [Gub10]), as well as the usual Taylor expansions. While it
has its conceptual roots in Lyons’s theory of rough paths [Lyo98], its main advantage is that it is

http://arxiv.org/abs/1508.05261v1


2 INTRODUCTION

no longer tied to the one-dimensionality of the time parameter, which makes it also suitable for
the description of solutions to stochasticpartial differential equations, rather than just stochastic
ordinary differential equations. This broader scope requires a theory that admits more flexibility
than the theory of rough paths, so we will see that the underlying algebraic structure (which in
the case of the theory of rough paths is always given by the tensor algebra endowed with the
concatenation and shuffle products) is problem-dependent and enters as a parameter of the theory.
While the exposition of these notes aims to be mostly self-contained, none of the proofs will be
given in detail, instead we will only sketch the main arguments.

The main achievement of the theory of regularity structuresis that it allows to give a mean-
ing, as well as a robust approximation theory, to ill-posed stochastic PDEs that arise naturally
when trying to describe the crossover regime between two universality classes for various sys-
tem of statistical mechanics. One example of such an equation is the KPZ equation arising as a
natural model for one-dimensional interface motion in the crossover regime between the Edwards-
Wilkinson and the KPZ universality classes [KPZ86, BG97, Qua11, Hai13]:

∂th = ∂2
xh+ (∂xh)2 + ξ − C . (KPZ)

Another example is the dynamicalΦ4
3 model arising for example in the stochastic quantisation of

Euclidean quantum field theory [PW81, JLM85, AR91, DPD03, Hai14]. However, it also arises
as a description of the crossover regime for the dynamic of phase coexistence models near their
critical point between the mean-field theory and the “Wilson-Fisher” renormalisation fixed point
[GLP99, MW14]. This model can be written formally as

∂tΦ = ∆Φ+ CΦ− Φ3 + ξ . (Φ4)

In both of these examples,ξ denotes space-time white noise, namely the generalised Gaussian
random field such that

Eξ(t, x)ξ(s, y) = δ(t− s)δ(y − x) . (1.1)

Furthermore,C is a constant (which will actually turn out to be infinite in some sense!), and
we consider these equations on bounded tori. In the case of the dynamicalΦ4

3 model, the spatial
variable has dimension3, while it has dimension1 in the case of the KPZ equation. Why are these
equations problematic? As one can guess from (1.1), typicalrealisations of the noiseξ are not
functions, but rather irregular space-time distributions. As a matter of fact, it follows immediately
from (1.1) that the law ofξ is invariant under the substitutionξ(t, x) 7→ λ

d
2
+1ξ(λ2t, λx), which

correctly suggests that its samples typically belong to theparabolicCα spaces only forα < −1− d
2
.

(We writeCα as a shorthand for the parabolic Besov spaceBα
∞,∞,loc, which coincides with the

usual parabolicCα spaces for positive non-integer values ofα. It is in some sense the largest
space of distributions that is invariant under the scalingϕ(·) 7→ λ−αϕ(λ−1·), see for example
[BP08].)

As a consequence, even the solutionu to the simplest parabolic stochastic PDE, the stochastic
heat equation∂tu = ∆u + ξ, is quite irregular. As a consequence of the above, combinedwith
classical parabolic Schauder estimates, one can show that if the spatial variable has dimensiond,
then the solutionu belongs toCα (again in the parabolic sense) for everyα < 2−d

2
, but not for
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α = 2−d
2

. In particular, one expects solutionsh to (KPZ) to be of class “just about not” Hölder-1

2
.

This begs the following question: if typical solutionsh are nowhere differentiable, what does the
nonlinearity (∂xh)2 mean? Similarly, we see that one needs to takeα < 0 in dimensions2 or
higher, which means that in these dimensions the solutions to the stochastic heat equation are no
longer functions themselves, but only make sense as space-time distributions. As a consequence,
it is not clear at all what the meaning of the nonlinearityΦ3 is in the dynamicalΦ4

3 model.
This is the type of question that will be addressed in this article. It is hopeless to try to build

a consistent theory allowing to multiply any two Schwartz distributions, as already pointed out
by Schwartz himself [Sch54]. It is possible to extend the space of Schwartz distributions to some
larger class of objects that do form an algebra (and such thatthe product of a Schwartz distribution
with a smooth function has its usual meaning), and this has been explored by Colombeau [Col83].
However, while this frameworks does allow one to treat stochastic PDEs [AHR01], it is not clear
at all what the meaning of the resulting solutions are. In fact, there are very strong hints that
solutions built using such a theory are not “physically relevant”: in the case of the sine-Gordon
model they fail to “see” the Kosterlitz-Thouless transition [FS81, Fal12], while the theory of
regularity structures does break down precisely at that transition [HS14], as expected for a theory
designed to treat “subcritical” models.

Instead, the direction pursued here is to exploit as much as possible a priori information on the
model at hand. Instead of building a general theory allowingto multiply any two distributions, we
are only interested in multiplying those distributions that could potentially arise in the right hand
side of the equation under consideration. The theory of regularity structures provides the tools
and techniques to design such “purpose-built” spaces in a systematic way, as well as the objects
required to encode the various renormalisation proceduresarising in these problems. While a
full exposition of the theory is well beyond the scope of thisshort introduction, we aim to give
a concise overview to most of its concepts. In most cases, we will only state results in a rather
informal way and give some ideas as to how the proofs work, focusing on conceptual rather than
technical issues. For precise statements and complete proofs of most of the results exposed here,
we refer to the articles [Hai14, HS15, HQ15, HX15]. The type of well-posedness results that can
be proven using the techniques surveyed in this article include the following.

Theorem 1.1 Let ξε = ̺ε ∗ ξ denote the convolution of space-time white noise with a compactly
supported smooth mollifier̺ that is scaled byε in the spatial direction(s) and byε2 in the time
direction. Denote byΦε the solution to

∂tΦε = ∆Φε + CεΦε − Φ3
ε + ξε , (1.2)

on the three-dimensional torus. Then, there exist choices of constantsCε diverging asε → 0, as
well as a processΦ such thatΦε → Φ in probability. Furthermore, ifCε is suitable chosen, then
Φ does not depend on the mollifier̺.

Remark 1.2 Very similar results have recently been obtained by slightly different techniques. In
[CC13], the authors use the theory of paracontrolled distributions introduced in [GIP12]. This
theory is a kind of Fourier space analogue to the theory of regularity structures, but seems for
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the moment restricted to first-order expansions. In [Kup15]on the other hand, the author uses a
variant of Wilson’s renormalisation group ideas.

Remark 1.3 We made an abuse of notation, since the space-time white noise appearing in the
equation forhε is on R × T1, while the one appearing in the equation forΦε is on R × T3.
Similarly, the mollifier̺ε is of course different for the two equations.

Remark 1.4 In both cases, convergence is in probability inCα for 0 < α < 1

2
in the case of the

KPZ equation and−2

3
< α < −1

2
in the case of theΦ4

3 model. This requires the corresponding
initial conditions to also belong to the relevantCα spaces.

It is also possible to show that various natural approximation schemes converge to the dynami-
calΦ4

3 model. Take for example a functionθ 7→ Vθ taking values in the space of even polynomials
on R of some fixed degree2m and consider the equation

∂tΦε,θ = ∆Φε,θ − ε−3/2V ′
θ (
√
εΦε,θ) + ξε , (1.3)

with ξε as above. This particular scaling arises naturally when rescaling a weakly nonlinear
model, see [HX15] for more details. Denote byµ = N (0, C) the centred Gaussian measure with
covariance

C = ‖̺ ⋆ P‖2L2 , (1.4)

whereP denotes the3-dimensional heat kernel and̺is the mollifier appearing in the definition of
ξε. Note that sinced = 3, this quantity is indeed finite. (In dimensionsd ≤ 2 the heat kernel fails
to be square integrable at large scales.) We then define the “effective potential”〈Vθ〉 = µ⋆Vθ and
assume thatθ 7→ 〈Vθ〉 exhibits a pitchfork bifurcation at the origin atθ = 0. We also normalise
the solution in such a way that〈V0〉(4)(0) = 6, which guarantees that〈V0〉′(u) = u3 +O(u5) for
u ≪ 1. The main result of [HX15], which builds on the analogous results obtained in [HQ15] for
the KPZ equation then reads

Theorem 1.5 In the above setting, there exist valuesa > 0 and b ∈ R, such that if one sets
θ = aε logε + bε, then the solution to(1.3) converges asε → 0 to the processΦ built in
Theorem 1.1.

Remark 1.6 Concerning the initial condition, one needs to consider a sequenceΦ(ε)
0

of smooth
initial conditions converging toΦ0 ∈ Cα with −1

2
− 1

4m < α < −1

2
in a suitable sense. This

is because if we chose a fixed initial condition inC−1/2 say, (1.3) may fail to even possess local
solutions for fixedε > 0.

We can also consider approximations of the type given in Theorem 1.1, but withξε a non-
Gaussian approximation to white noise. In this case, one typically has to add additional countert-
erms in order to obtain the same limit. Consider for example an approximation of the type

ξε(t, x) = ε−5/2η(t/ε2, x/ε) , (1.5)
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for a stationary processη onR×R3 which admits moments of all orders and has finite dependence
in the sense thatσK andσK̄ are independent whenever

inf
z∈K

z̄∈K̄

|z − z̄| ≥ 1 .

Here, we wroteσK for theσ-algebra generated by all evaluation mapsη(z) for z ∈ K.1 It is then
possible to show that there exist suitable choices of constantsC (i)

ε such that solutions to

∂tΦε = ∆Φε + C (1)
ε + C (2)

ε Φε − Φ3
ε + ξε , (1.6)

converge asε → 0 to the processΦ built in Theorem 1.1. Details of the proof can be found in
[HS15] for the case of the KPZ equation. It is shown in [HS15, Remark 6.6] that these constants
are of the type

C (1)
ε =

C (1,1)

ε3/2
+

C (1,2)

ε1/2
, C (2)

ε =
C (2,1)

ε
+ c logε+ C (2,2) , (1.7)

where theC (i,j) depend on the details of the processη, butc is universal. We will provide a short
sketch of the argument showing how these constants appear inSection 5.1 below.

Another very nice way in which the dynamicalΦ4 model appears is as the crossover regime
for the Glauber dynamic in an Ising-Kac model [MW14]. Here, one considers an Ising model,
but with the usual nearest-neighbour Hamiltonian replacedby a Hamiltonian of the type

H =
∑

x,y

Kγ(|x− y|)σxσx ,

whereKγ(r) = γ−dK(γr) for some small valueγ, andK is a positive, smooth, compactly
supported function. On is then interested in the simultaneous limit γ → 0 andN → ∞ (where
N is the side length of a discrete torus on whichσ lives) at (or sufficiently near) the critical
temperature. In dimensiond = 2, it was shown in [MW14] that by suitably choosingN and the
inverse temperature as a function ofγ and considering the Glauber dynamic on suitable long time
scales, one recovers the dynamicalΦ4

2 model in the limit. A similar result is of course conjectured
to hold for d = 3. We will not consider any discrete approximation of this type in these notes
but refer instead to [CW15] for a recent review of the techniques involved in the proof of such a
result.

One of the main insights used in the proof of the type of results mentioned in this introduction
is that while solutions to equations like (KPZ) or (Φ4) may appear to be very rough (indeed, they
are not even functions in the case of (Φ4)), they can actually be considered to be smooth, provided
that one looks at them in the right way. To understand what we mean by this, it is worth revisiting
the very notion of “regularity”. The way we usually measure regularity is by asking how well
a given function can be approximated by polynomials. More precisely, we say that a function
F : Rd → R is of classCγ with γ > 0 if, for every pointx ∈ Rd we can find a polynomialPx of

1Since we always consider equations on bounded tori, we actually need to consider a suitably periodised version
of ξε, see [HS15, Assumption 2.1] for more details.
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degree⌊γ⌋ such that|F (y)−Px(y)| . |y−x|γ for y close tox. The idea now is to consider spaces
of “regular” functions / distributions, but where “regularity” is measured by local proximity not
to polynomials, but to linear combinations of some other “basis functions” that are specific to the
problem at hand. In particular, the objects that play the role of polynomials are allowed to be
random themselves, and they are also allowed to be distributions rather than just functions. One
might now hope (and this is indeed the case) that if we are given a consistent product rule on these
basic objects and if we have two distributions that are sufficiently “smooth” in the sense that they
are locally described by linear combinations of these objects (a “local specification”), then there
exists a unique distribution, which we interpret as the product, whose local specification is given
by the products of the local specifications of each factor. This then allows to formulate equations
like (KPZ) or (Φ4) as fixed point problems in some of these spaces of “smooth” functions /
distributions, and to build a local solution theory with many nice properties very similar to those
one would have for the corresponding deterministic problems with smooth inputs.

The remainder of these notes is organised as follows. First,in Section 2, we provide a fresh
look at the definitions of the classical spacesCγ and we describe a natural generalisation, as
well as a situation where such a generalisation is useful. InSection 3, we then give the general
definition of a regularity structure and of the associated analogues to the spacesCγ . We also
formulate the reconstruction theorem which is fundamentalto the theory and we give a simple
application. We then provide some operational tools in Sections 3.2 and 3.3. Finally, we show in
Sections 4 and 4.3 how to apply the theory to stochastic PDEs in general and the dynamicalΦ4

3

model in particular.

Acknowledgements
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2 Another look at smooth functions

Before we turn to a more precise description of how this idea of replacing Taylor polynomials
by purpose-built functions / distributions is implementedin practice, let us first have a slightly
different look at the definition of the classical Hölder spaces. For the sake of this discussion, let
us fix some exponentγ ∈ (1, 2). The spaceCγ(S1) then consists of those functionsf that are
continuously differentiable and such that their derivative f ′ satisfies|f ′(t) − f ′(s)| . |t− s|γ−1.
A natural seminorm onCγ is then given by

‖f‖γ = sup
s 6=t

|f ′(t) − f ′(s)|
|t− s|γ−1

, (2.1)

wheref ′ denotes the derivative off . This definition is more complicated than it may appear
at first sight since it is given in terms off ′, rather than the functionf itself, andf ′ has to be
computed first. Instead, we would like to consider an elementof Cγ as apair of functions (f, f ′),
endowed with the norm

‖(f, f ′)‖γ = sup
s 6=t

|f ′(t) − f ′(s)|
|t− s|γ−1

∨ sup
s 6=t

|f (t) − f (s) − f ′(s)(t− s)|
|t− s|γ , (2.2)
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wherea∨ b denotes the maximum ofa andb. It is not difficult to verify that iff ′ is the derivative
of f , then as a consequence of the identity

f (t) − f (s) − f ′(s)(t− s) =
∫ t

s
(f ′(r) − f ′(s)) dr ,

the seminorm (2.2) is indeed equivalent to (2.1). Furthermore, the finiteness of the second part of
the expression (2.2)forcesf to be differentiable with derivativef ′, since otherwise that supremum
would be infinite. In this point of view, we therefore do not have to imposea priori thatf ′ is the
derivative off , this simply turns out to be a side-effect of having‖(f, f ′)‖γ < ∞. Furthermore,
viewing the pair (f, f ′) as our primary data has the advantage that we do not need to compute any
additional data (the derivative) from it in order to expressits norm. At this stage, one may worry
that the notation quickly becomes cumbersome when considering higher degrees of regularity.
Indeed, forγ ∈ (2, 3) we could come up with a similar norm, but this time we would have to
consider triples (f, f ′, f ′′), etc. Instead, we prefer to rewrite an element ofCγ as a single function,
but taking values inR ⊕ R ≈ R2, with the first component equal tof and the second component
equal tof ′. In order to be able to easily distinguish these components,we denote by1 the basis
vector corresponding to the first component and byX the basis vector for the second component,
so that our pair (f, f ′) can be written as

F (t) = f (t)1+ f ′(t)X .

At this stage, this is nothing but a change of notation. However, this notation already suggests a
very natural product rule for elements inCγ : wepostulatethat1 · 1 = 1, 1 ·X = X · 1 = X , and
X ·X = 0, and we define(F ·G)(t) = F (t) ·G(t). With this definition, one has

(F ·G)(t) = f (t)g(t)1+ (f ′(t)g(t) + f (t)g′(t))X ,

i.e. the component multiplyingX is “automatically” given by what the Leibniz rule suggests
should be its correct expression.

Each of the basis vectorsτ ∈ {1,X} also comes with a natural “degree” (or “homogeneity”)
|τ | given by |1| = 0 and |X | = 1. There is an analytical meaning to this homogeneity: the
vector1 also quite naturally represents the constant function1 and the vectorX represents the
monomial of degree1 in a Taylor expansion around some base point. In this way, we can view
F as a function taking values in the space of Taylor polynomials of degree1. This suggests
the introduction of a family of linear maps{Πs}s∈S1 which associate to each basis vector the
corresponding Taylor monomial:

(Πs1)(t) = 1 , (ΠsX)(t) = t− s . (2.3)

With this notation, givenF ∈ Cγ , the functiont 7→ (ΠsF (s))(t) is nothing but its first-order
Taylor expansion ats. Furthermore, the degree of a vectorτ ∈ {1,X} is precisely the order at
which the mapt 7→ (Πsτ)(t) vanishes neart = s. The mapsΠs yield an easy way to recover the
“actual” real-valued function described by the vector-valued functionF : setting

(RF )(t)
def
= (ΠtF (t))(t) , (2.4)
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we see that in this caseRF is nothing but the component ofF multiplying 1, which is indeed the
real-valued functionf represented byF . One crucial property of the mapsΠs is that varyings
can also be achieved by composing them with an adequate linear transformation. Indeed, setting

Γst1 = 1 , ΓstX = X + (s− t)1 , (2.5)

it is straightforward to verify that one has the identities

Πt = ΠsΓst , ΓstΓtu = Γsu . (2.6)

With this notation, and making a slight abuse of notation by also using{1,X} for the dual
basis, the norm (2.2) can be rewritten in a more concise and much more natural way as

‖F‖γ = sup
τ∈{1,X}

|〈τ, F (t) − ΓtsF (s)〉|
|t− s|γ−|τ |

. (2.7)

It is now immediate to generalise these definitions to the case of γ ∈ R+ \ N by introducing
additional basis vectorsXk, postulating thatX0 = 1 andXk · Xℓ = Xk+ℓ, and extending the
definition of the mapsΓst to these additional vectors by imposing that it satisfies themultiplicative
property

Γst(τ τ̄ ) = (Γstτ )(Γstτ̄ ) .

One can then verify that (2.6) still holds provided that one sets(ΠsX
k)(t) = (t − s)k. This is a

consequence of the fact that first changing the base points and then multiplying two monomials
is the same as first multiplying them and then changing the base point.

Note now that the definition of the seminorm (2.7) is extremely robust and does not refer
anymore to any of the details that make a Taylor polynomial a polynomial. For example, for
α ∈ (0, 1) we could fix anα-Hölder continuous (in the usual sense) functionW and, instead of
(2.3), we could set

(Πs1)(t) = 1 , (ΠsX)(t) = W (t) −W (s) .

Since(ΠsX)(t) now only vanishes at orderα neart = s, this strongly suggests that we should
set|X| = α. The identity (2.6) is still satisfied if we change the definition of Γst into

Γst1 = 1 , ΓstX = X + (W (s) −W (t))1 . (2.8)

With these definitions, the norm (2.7) is still very natural,but its meaning now is that, setting
F (t) = f (t)1 + f ′(t)X as before, the functionf ′ is Hölder continuous of orderγ − α and the
functionf is such that

f (t) = f (s) + f ′(s)(W (t) −W (s)) +O(|t− s|γ) . (2.9)

In particular, ifγ > α, it no longer implies means thatf is of classCγ , only that its increments
“look like” some multiple of those ofW , up to a remainder of orderγ. Furthermore,f ′ is now no
longer equal to the derivative off .
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Remark 2.1 Consider the interesting case0 < α < γ < 1 for the situation just described. Then
it is no longer necessarily true that the “derivative”f ′ is uniquely determined byf if all we know
is that‖F‖γ < ∞. If for example we takeW (t) = cos(t) which is certainlyα-Hölder continuous,
although it is of course much more than that, then the identity (2.9) simply forcesf to beγ-
Hölder continuous and puts no restriction whatsoever onf ′. If, on the other hand,W happens to
be “nowhereγ-Hölder” in the sense that for everys ∈ S1 one can find a sequencetn → s such
that |W (tn) −W (s)|/|tn − s|γ → ∞, then (2.9) determinesf ′ uniquely. A quantitative version
of this statement, together with an application, can be found in [HP13].

The functions of class “Cγ with respect to some functionW ” just described in (2.9) play a
prominent role in the theory of controlled rough paths [Lyo98, Gub04, LCL07], so let us see
how these definitions are useful there. The setting is the following: we want to provide a robust
solution theory for a controlled differential equation of the type

dY = f (Y ) dW (t) , (2.10)

whereW ∈ Cα is a rather rough function (say a typical sample path for anm-dimensional Brow-
nian motion). In general, we allow forW to take values inRm andY in Rn for arbitrary integers
n andm, so we cannot solve (2.10) by simply settingY (t) = Z(W (t)) with Ȳ the solution to
the ODEŻ = f (Z). It is a classical result by Young [You36] that the Riemann-Stieltjes integral
(Y,W ) 7→

∫ ·
0
Y dW makes sense as a continuous map fromCα×Cα into Cα if and only ifα > 1

2
.

As a consequence, “naı̈ve” approaches to a pathwise solution to (2.10) with
∫ ·
0
f (Y ) dW inter-

preted in Young’s sense are bound to fail ifW has the regularity of Brownian motion, since the
modulus of continuityω(h) of the latter behaves no better thanω(h) =

√

2h log1/h. A fortiori,
it will fail for example if W is a typical sample path of fractional Brownian motion with Hurst
parameterH < 1

2
.

In order to break through this barrier, the main idea is to exploit the a priori “guess” that
solutions to (2.10) should “look likeW at small scales”, i.e. in order to try to define an integral
∫ ·
0
Z dW for any two elementsZ andW of some function space, we only consider thoseZ ’s

that could plausibly arise asZ = f (Y ) for Y the solution to (2.10). More precisely, one would
naturally expect the solutionY to satisfy

Yt = Ys + Y ′
sWs,t +O(|t− s|2α) , (2.11)

for some functionY ′, where we wroteWs,t as a shorthand for the incrementWt−Ws. As a matter
of fact, one would expect to have such an expansion with the specific choiceY ′ = f (Y ). As a
consequence, one would also expect a similar bound to (2.11)for Z = f (Y ) with Z ′ = f ′(Y ). In
other words, one would make thea priori guess that solutions to (2.10) satisfy‖Y 1+Y ′X‖2α <
∞, provided that we define‖·‖2α as in (2.7) with|X | = α andΓst as in (2.8) (with the caveat that
in the multidimensional case one should now introduce symbols Xi for i ∈ {1, . . . ,m}, interpret
(2.8) as a “vector” identity, takeY ′ matrix-valued, etc).

It now remains to provide a coherent construction of the integral
∫

Z dW for such functions
(or rather pairs of functions (Z,Z ′)). The main idea is to then simplypostulatethe values of the
integrals

Ws,t =:

∫ t

s
Ws,r ⊗ dWr , (2.12)
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instead of trying to compute them fromW (which is doomed to failure). For a two-parameter
functionW to be a “reasonable” candidate for the right hand side of (2.12), one would like it to
satisfy Chen’s relations

Ws,t −Ws,u −Wu,t = Ws,u ⊗Wu,t , (2.13)

since these follow from the requirements that
∫ t
s c dWr = cWs,t for anyc, s, t ∈ R and that the

sum of two integrals with the same integrand over adjacent intervals equals the integral over the
union of these intervals. By simple scaling, it is also natural to impose the analytic bound

|Ws,t| . |t− s|2α . (2.14)

One can then exploit this additional data to give a coherent definition of expressions of the type
∫

Z dW , provided that the pathW is “enhanced” with its iterated integralsW andZ is a “con-
trolled path” of the type (2.11). Indeed, it suffices to set

∫ t

0

Zs dWs
def
= lim

|P|→0

∑

[s,u]∈P

(ZsWs,u + Z ′
sWs,u) ,

whereP denotes a partition of [0, t] (interpreted as a collection of closed intervals) and|P| de-
notes the length of the longest interval inP. It is a fact that the analytical bounds given above,
together with (2.13), guarantee that this limit exists as soon asα > 1

3
and that, if we set

Yt =

∫ t

0

Zs dWs1+ ZtX ,

then one has again‖Y ‖2α < ∞, thus allowing to formulate (2.10) as a well-behaved fixed point
problem. See for example [Gub04] or the lecture notes [FH14]for a more detailed exposition.

3 The basic theory of regularity structures

Let us now set up in more detail a general framework in which one can define “Hölder-type”
spaces as above. Our first ingredient is a vector spaceT that contains the coefficients of our
“Taylor-like” expansion at each point. In the previous example, this space was given by the linear
span of1 andX. In general, it is natural to postulate thatT is an arbitrary graded vector space
T =

⊕

α∈A Tα, for some setA of possible “homogeneities”. For example, in the case of theusual
Taylor expansion, it is natural to take forA the set of natural numbers and to haveTℓ contain the
coefficients corresponding to the derivatives of orderℓ. In the case of controlled rough paths
however, we have already seen that it is natural to takeA = {0, α}, to have againT0 contain the
value of the functionY at any times, and to haveTα contain its “Gubinelli derivative”Y ′

s . This
reflects the fact that in that case the “monomial”t 7→ (ΠsX)(t) = Ws,t only vanishes at orderα
neart = s, while the usual monomialst 7→ (t− s)ℓ vanish at integer orderℓ. In general, we only
assume that eachTα is a real Banach space, although in many examples of interestthese spaces
will be finite-dimensional.
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This however isn’t the full algebraic structure describingTaylor-like expansions. Indeed, we
have already seen that a crucial characteristic of Taylor expansions is that an expansion around
some pointx0 can be re-expanded around any other pointx1, namely simply by writing

(x− x0)
m =

∑

k+ℓ=m

(

m

k

)

(x1 − x0)k · (x− x1)ℓ . (3.1)

(In the case whenx ∈ Rd, k, ℓ andm denote multi-indices andk! = k1! . . . kd!.) In general,
we have seen in both of our examples that there are linear mapsΓst transforming the coefficients
of an expansion aroundt into the coefficients of the same “polynomial”, but this timeexpanded
arounds.

What is a natural abstraction of this fact? In view of the above examples, it is natural to impose
that any such “reexpansion map”Γst has the property that ifτ ∈ Tα, thenΓstτ−τ ∈ ⊕

β<α Tβ =:
T<α. In other words, when reexpanding a homogeneous monomial around a different point, the
leading order coefficient remains the same, but lower order monomials may appear. Furthermore,
one should be able to compose reexpansions, since taking an expansion aroundt, reexpanding it
arounds and then reexpanding the result around a third pointr should be the same as reexpanding
the first expansion aroundr. In other words, it seems natural that one has the identityΓrsΓst =
Γrt, which is indeed the case for the examples we have seen so far.These considerations can
be summarised in the following definition of an algebraic structure which we call aregularity
structure:

Definition 3.1 Let A ⊂ R be bounded from below and without accumulation point, and let T =
⊕

α∈A Tα be a vector space graded byA such that eachTα is a Banach space. Let furthermore
G be a group of continuous operators onT such that, for everyα ∈ A, everyΓ ∈ G, and every
τ ∈ Tα, one hasΓτ − τ ∈ T<α. The tripleT = (A,T,G) is called aregularity structurewith
model spaceT andstructure groupG.

Remark 3.2 In principle, the setA can be infinite. By analogy with the polynomials, it is then
natural to considerT as the set of all formal series of the form

∑

α∈A τα, where only finitely
many of theτα’s are non-zero, endowed with the topology of term-wise convergence. This also
dovetails nicely with the particular form of elements inG. In practice however we will only ever
work with finite subsets ofA so that the precise topology onT does not matter.

A regularity structure as given by Definition 3.1 is just a kind of algebraic “skeleton”: it does
not require any underlying configuration space and it contains no information as to which actual
functions / distributions its elements are supposed to describe. It only becomes useful for our
purpose when endowed with amodel, which is the analytical “flesh” associating to anyτ ∈ T
andx0 ∈ Rd, the actual “Taylor polynomial based atx0” represented byτ . In order to link
the algebraic description to the corresponding analyticalobjects, we want elementsτ ∈ Tα to
represent functions (or possibly distributions!) that “vanish at orderα” around the given pointx0.

Since we would like to allow elements inT to represent distributions and not just functions,
we cannot evaluate them at points and thus need a suitable notion of “vanishing at orderα”. We
achieve this by controlling the size of our distributions when tested against test functions that are
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localised in a small region around the given pointx0. Given a test functionϕ onRd, we writeϕλ
x

as a shorthand for
ϕλ
x(y) = λ−dϕ(λ−1(y − x)) .

Givenr > 0, we also denote byBr the set of all smooth functionsϕ : Rd → R such that‖ϕ‖Cr ≤
1, and that are furthermore supported in the unit ball around the origin. With this notation, and
writing furthermoreS ′(Rd) for the space of distributions (not necessarily tempered)on Rd, our
definition of a model for a given regularity structureT is as follows.

Definition 3.3 Given a regularity structureT and an integerd ≥ 1, amodelfor T onRd consists
of maps

Π: Rd → L(T,S ′(Rd)) Γ: Rd × Rd → G

x 7→ Πx (x, y) 7→ Γxy

such thatΓxyΓyz = Γxz andΠxΓxy = Πy. Furthermore, givenr > | inf A|, for any compact set
K ⊂ Rd and constantγ > 0, we assume that there exists a constantC such that the bounds

|(Πxτ)(ϕ
λ
x)| ≤ Cλ|τ |‖τ‖α , ‖Γxyτ‖β ≤ C|x− y|α−β‖τ‖α , (3.2)

hold uniformly overϕ ∈ Br, (x, y) ∈ K, λ ∈ (0, 1], τ ∈ Tα with α ≤ γ, andβ < α. We denote
by M the space of all models for a given regularity structure.

Remark 3.4 Givenτ ∈ T , we wrote‖τ‖α for the norm of its component inTα. In other words,
if τ =

⊕

α τα with τα ∈ Tα, then‖τ‖α = ‖τα‖Tα .

Remark 3.5 The identityΠxΓxy = Πy reflects the fact thatΓxy is the linear map that takes an
expansion aroundy and turns it into an expansion aroundx. The first bound in (3.2) states what
we mean precisely when we say thatτ ∈ Tα represents a term of orderα. The second bound in
(3.2) is very natural in view of both (2.5) and (2.8). It states that when expanding a monomial of
orderα around a new point at distanceh from the old one, the coefficient appearing in front of
lower-order monomials of orderβ is of order at mosthα−β.

Remark 3.6 In many cases of interest, it is natural to scale the different directions ofRd in a
different way. This is the case for example when using the theory of regularity structures to build
solution theories for parabolic stochastic PDEs, in which case the time direction “counts double”.
To deal with such a situation, one can introduce a scalings of Rd, which is just a collection ofd
mutually prime strictly positive integers and one definesϕλ

x in such a way that theith direction
is scaled byλsi . In this case, the Euclidean distance between two points should be replaced
everywhere by the corresponding scaled distance|x|s =

∑

i |xi|1/si . See also [Hai14] for more
details.

With these definitions at hand, it is then natural to define an equivalent in this context of the
space ofγ-Hölder continuous functions in the following way, which is the natural generalisation
of (2.7).
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Definition 3.7 Given a regularity structureT equipped with a model (Π,Γ) overRd, the space
Dγ = Dγ(T ,Γ) is given by the set of functionsf : Rd → ⊕

α<γ Tα such that, for every compact
setK and everyα < γ, the exists a constantC with

‖f (x) − Γxyf (y)‖α ≤ C|x− y|γ−α (3.3)

uniformly overx, y ∈ K.

Remark 3.8 Note that, givenT and a model (Π,Γ) ∈ M , the corresponding spaceDγ is a
Fréchet space. However, as we have already seen in Remark 2.1 above, this space does in general
depend crucially on the choice of model. We thus have a “totalspace”M ⋉ Dγ containing all
triples of the form (Π,Γ, F ) with F ∈ Dγ based on the model (Π,Γ). This space is no longer
a linear space, but it still comes with a natural topology: the distance between (Π,Γ, f ) and
(Π̄, Γ̄, f̄ ) is given by the smallest constant̺ such that

‖f (x) − f̄ (x) − Γxyf (y) + Γ̄xyf̄ (y)‖α ≤ ̺|x− y|γ−α ,

|(Πxτ − Π̄xτ)(ϕ
λ
x)| ≤ ̺λα‖τ‖ ,

‖Γxyτ − Γ̄xyτ‖β ≤ ̺|x− y|α−β‖τ‖ ,

uniformly for x, y in some compact set.

At this point, we should pause and ask the following question: givenf ∈ Dγ for a given regu-
larity structure and model, what is the actual function / distribution represented byf? Recall that
we have seen previously in (2.4) that it should representRf given by (Rf )(x) = (Πxf (x))(x).
However, this definition now no longer makes sense sinceΠxf (x) is a distribution in general and
can therefore not be evaluated atx! The most fundamental result in the theory of regularity struc-
tures then states that, givenf ∈ Dγ with γ > 0, there exists auniquedistributionRf onRd such
that, for everyx ∈ Rd, Rf “looks like Πxf (x) nearx”. More precisely, one has

Theorem 3.9 LetT be a regularity structure as above and let(Π,Γ) ∈ M be a model forT on
Rd. Then, there exists a unique linear mapR : Dγ → S ′(Rd) such that

|(Rf −Πxf (x))(ϕλ
x)| . λγ , (3.4)

uniformly overϕ ∈ Br andλ as before, and locally uniformly inx.

We do not provide a proof of this result in these notes, but a concise version can be found
in [Hai15]. It relies crucially on the fact that our assumptions guarantee that the distributions
ζx = Πxf (x) vary slowly withx:

(ζx − ζy)(ϕ
λ
x) = Πx(f (x) − Γxyf (y))(ϕλ

x) .
∑

α<γ

λα |x− y|γ−α . λγ , (3.5)

for |y − z| . λ. In particular, the value ofζy(ϕλ
x) varies by at most of the orderλγ asy varies

over the support ofϕλ
x. In fact, one can show more generally that given a functionx 7→ ζx which

is (locally) uniformly bounded inCα for someα < 0 and such that (3.5) holds for someγ > 0,
then there exists a unique distributionζ ∈ Cα such that|(ζ − ζx)(ϕλ

x)| . λγ , locally uniformly in
x, see [Hai14, Prop. 3.25].
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Remark 3.10 The spacesDγ are natural generalisations of Hölder spaces. One may wonder
whether there are also natural generalisations of other classical function spaces and whether The-
orem 3.9 still applies. In [HL15], the authors show that approximations to the multiplicative
stochastic heat equation converge even when the initial condition is taken to be a Dirac mass. For
this, it appears that weighted Hölder-type spaces are not suitable spaces to work with. Instead,
the authors work with a generalisation of a scale of inhomogeneous Besov spaces. It seems likely
that most classical function spaces admit generalisationsto the present context. The rule of thumb
regarding the reconstruction theorem is that one typicallyhas existence and uniqueness of the re-
construction operator as soon as the “regularity index” of the corresponding classical function
space is positive.

Remark 3.11 Since the spacesDγ depend on the choice of model (Π,Γ), the reconstruction
operatorR itself also depends on that choice. Since the aim of the theory is to provide robust
approximation procedures, we should really viewR as a map from the total spaceM ⋉Dγ into
S ′(Rd). It turns out that even if viewed it in this way,R is still a continuous map, although it is no
longer linear. The fact that this stronger continuity property also holds is crucial when showing
that sequences of solutions to mollified equations all converge to the same limiting object.

Remark 3.12 In the particular case whereΠxτ happens to be a continuous function for every
τ ∈ T (and everyx ∈ Rd), Rf is also a continuous function and one has the identity

(Rf)(x) = (Πxf (x))(x) . (3.6)

This can easily be seen by noting that in this case, ifϕ integrates to1, then asλ → 0, the quantity
(Πxf (x))(ϕλ

x) appearing in (3.4) converges to(Πxf (x))(x). Since the right hand side converges
to 0, this implies that(Rf)(ϕλ

x) converges to(Πxf (x))(x), whence (3.6) follows.

3.1 A classical result from harmonic analysis

It is a classical result in harmonic analysis [BCD11] that the product extends naturally toC−α×Cβ

into S ′(Rd) if and only if β > α. The reconstruction theorem yields a straightforward proof of
the “if” part of this result:

Theorem 3.13 There is a continuous bilinear mapB : C−α × Cβ → S ′(Rd) such thatB(f, g) =
fg for any two continuous functionsf andg.

Proof. Assume from now on thatξ ∈ C−α for someα > 0 and thatf ∈ Cβ for someβ > α. We
then build a regularity structureT in the following way. For the setA, we takeA = N∪ (N−α)
and forT , we setT = V ⊕W , where each one of the spacesV andW is a copy of the polynomial
structure ind commuting variables described in Section 2. We also choose the structure groupG
as in the polynomial structure, acting simultaneously on each of the two instances.

As before, we denote byXk the canonical basis vectors inV . We also use the suggestive
notation “ΞXk” for the corresponding basis vector inW , but we postulate that|ΞXk| = α+ |k|
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rather than|ΞXk| = |k| as would usually be the case. Given any distributionξ ∈ C−α, we then
define a model (Πξ,Γ), whereΓ is as in the canonical polynomial model, whileΠξ acts as

(Πξ
xX

k)(y) = (y − x)k , (Πξ
xΞX

k)(y) = (y − x)kξ(y) ,

with the obvious abuse of notation in the second expression.It is then straightforward to verify
thatΠy = Πx ◦ Γxy and that the relevant analytical bounds are satisfied, so that this is indeed a
model.

Denote now byRξ the reconstruction map associated to the model (Πξ ,Γ) and, forf ∈ Cβ ,
denote byF the element inDβ given by the local Taylor expansion off of orderβ at each point.
Note that even though the spaceDβ does in principle depend on the choice of model, in our
situationF ∈ Dβ for any choice ofξ sinceΓxy is independent ofξ. It follows immediately from
the definitions that the mapx 7→ ΞF (x) belongs toDβ−α so that, provided thatβ > α, one
can apply the reconstruction operator to it. This suggests that the multiplication operator we are
looking for can be defined as

B(f, ξ) = Rξ(ΞF ) .

By Theorem 3.9, this is a jointly continuous map fromCβ × C−α into S ′(Rd), provided that
β > α. If ξ happens to be a smooth function, then it follows immediatelyfrom Remark 3.12 that
B(f, ξ) = f (x)ξ(x), so thatB is indeed the requested continuous extension of the usual product.

Remark 3.14 As a consequence of (3.4), it follows thatB : C−α × Cβ → C−α.

3.2 Products

One of the main purposes of the theory presented here is to give a robust way to multiply distri-
butions (or functions with distributions) that goes beyondthe barrier illustrated by Theorem 3.13.
Provided that our functions / distributions are represented as elements inDγ for some model and
regularity structure, we can multiply their “Taylor expansions” pointwise, provided that we give
ourselves a table of multiplication onT .

It is natural to consider products with the following properties. Here, given a regularity struc-
ture, we say that a subspaceV ⊂ T is asectorif it is invariant under the action of the structure
groupG and if it can furthermore be written asV =

⊕

α∈A Vα with Vα ⊂ Tα.

Definition 3.15 Given a regularity structure (T,A,G) and two sectorsV, V̄ ⊂ T , a producton
(V, V̄ ) is a bilinear map⋆ : V×V̄ → T such that, for anyτ ∈ Vα andτ̄ ∈ V̄β, one hasτ⋆τ̄ ∈ Tα+β

and such that, for any elementΓ ∈ G, one hasΓ(τ ⋆ τ̄ ) = Γτ ⋆ Γτ̄ .

Remark 3.16 The condition that homogeneities add up under multiplication is very natural bear-
ing in mind the case of the polynomial regularity structure.The second condition is also very
natural since it merely states that if one reexpands the product of two “polynomials” around a
different point, one should obtain the same result as if one reexpands each factor first and then
multiplies them together.
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Given such a product, we can ask ourselves when the pointwiseproduct of an elementDγ1

with an element inDγ2 again belongs to someDγ . In order to answer this question, we introduce
the notationDγ

α to denote those elementsf ∈ Dγ such that furthermoref (x) ∈ T≥α for everyx.
With this notation at hand, it is not too difficult to verify that one has the following result:

Theorem 3.17 Let f1 ∈ Dγ1
α1

(V ), f2 ∈ Dγ2
α2

(V̄ ), and let⋆ be a product on(V, V̄ ). Then, the
functionf given byf (x) = f1(x) ⋆ f2(x) belongs toDγ

α with

α = α1 + α2 , γ = (γ1 + α2) ∧ (γ2 + α1) . (3.7)

The proof of this result is straightforward and can be found in [Hai14, Hai15]. It is clear
that the formula (3.7) forγ is optimal in general as can be seen from the following two “reality
checks”. First, consider the case of the polynomial model and takefi ∈ Cγi . In this case, the
truncated Taylor seriesFi for fi belong toDγi

0
. It is clear that in this case, the product cannot be

expected to have better regularity thanγ1 ∧ γ2 in general, which is indeed what (3.7) states. The
second reality check comes from the example of Section 3.1. In this case, one hasF ∈ Dβ

0
, while

the constant functionx 7→ Ξ belongs toD∞
−α so that, according to (3.7), one expects their product

to belong toDβ−α
−α , which is indeed the case.

Remark 3.18 In order to obtain robust approximation results, one would like to obtain bounds on
the distance betweenf1 ⋆f2 andf̄1 ⋆ f̄2 in cases where thefi belong to spacesDγi based on some
model (Π,Γ) ∈ M , while thef̄i belong to spacesDγi based on a different model (Π̄, Γ̄) ∈ M .
This can also be obtained, but makes the proof slightly more lengthy.

Remark 3.19 Even if bothRf1 andRf2 happens to be continuous functions, this doesnot in
general imply thatR(f1 ⋆ f2)(x) = (Rf1)(x) (Rf2)(x)!

For example, fixκ < 0 and consider the regularity structure given byA = (−2κ,−κ, 0), with
eachTα being a copy ofR given byT−nκ = 〈Ξn〉. We furthermore take forG the trivial group.
This regularity structure comes with an obvious product by settingΞm ⋆ Ξn = Ξm+n provided
thatm+ n ≤ 2. Then a perfectly valid model is

(ΠxΞ
0)(y) = 1 , (ΠxΞ

1)(y) = 0 , (ΠxΞ
2)(y) = c , (3.8)

for which, settingF (x) = f (x)Ξ0 + g(x)Ξ1, one has (RF )(x) = f (x), but (RF 2)(x) = f2(x) +
cg2(x). This flexibility is crucial since the “naive” definition ofthe product is usually broken by
renormalisation, as we will see in Section 4.5 below.

3.3 Schauder estimates and admissible models

One of the reasons why the theory of regularity structures isvery successful at providing de-
tailed descriptions of the small-scale features of solutions to semilinear (S)PDEs is that it comes
with very sharp Schauder estimates. Recall that the classical Schauder estimates state that if
K : Rd → R is a kernel that is smooth everywhere, except for a singularity at the origin that is
(approximately) homogeneous of degreeβ − d for someβ > 0, then the operatorf 7→ K ∗ f
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mapsCα into Cα+β for everyα ∈ R, except for those values for whichα + β ∈ N. (See for
example [Sim97].)

It turns out that similar Schauder estimates hold in the context of general regularity structures
in the sense that it is in general possible to build an operator K : Dγ → Dγ+β with the property
thatRKf = K ∗ Rf . Of course, such a statement can only be true if our regularity structure
contains not only the objects necessary to describeRf up to orderγ, but also those required to
describeK ∗ Rf up to orderγ + β. What are these objects? At this stage, it might be useful to
reflect on the effect of the convolution of a singular function (or distribution) withK.

Let us assume for a moment thatf is also smooth everywhere, except at some pointx0. It
is then straightforward to convince ourselves thatK ∗ f is also smooth everywhere, except at
x0. Indeed, for anyδ > 0, we can writeK = Kδ + Kc

δ , whereKδ is supported in a ball of
radiusδ around0 andKc

δ is a smooth function. Similarly, we can decomposef asf = fδ + f c
δ ,

wherefδ is supported in aδ-ball aroundx0 andf c
δ is smooth. Since the convolution of a smooth

function with an arbitrary distribution is smooth, it follows that the only non-smooth component
of K ∗ f is given byKδ ∗ fδ, which is supported in a ball of radius2δ aroundx0. Sinceδ was
arbitrary, the statement follows. By linearity, this strongly suggests that the local structure of the
singularities ofK ∗f can be described completely by only using knowledge on the local structure
of the singularities off . It also suggests that the “singular part” of the operatorK should be local,
with the non-local parts ofK only contributing to the “regular part”.

This discussion suggests that we certainly need the following ingredients to build an operator
K with the desired properties:

• The canonical polynomial structure should be part of our regularity structure in order to be
able to describe the “regular parts”.

• We should be given an “abstract integration operator”I on T which describes how the
“singular parts” ofRf transform under convolution byK.

• We should restrict ourselves to models which are “compatible” with the action ofI in
the sense that the behaviour ofΠxIτ should relate in a suitable way to the behaviour of
K ∗ Πxτ nearx.

One way to implement these ingredients is to assume first thatour model spaceT contains abstract
polynomials in the following sense.

Assumption 3.20 There exists a sector̄T ⊂ T isomorphic to the space of abstract polynomials
in d commuting variables. In other words,̄Tα 6= 0 if and only ifα ∈ N, and one can find basis
vectorsXk ofT|k| such that every elementΓ ∈ G acts onT̄ byΓXk = (X−h)k for someh ∈ Rd.

Furthermore, we assume that there exists an abstract integration operatorI with the following
properties.

Assumption 3.21 There exists a linear mapI : T → T such thatITα ⊂ Tα+β, such thatIT̄ =
0, and such that, for everyΓ ∈ G andτ ∈ T , one has

ΓIτ − IΓτ ∈ T̄ . (3.9)
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Finally, we want to consider models that are compatible withthis structure for a given kernel
K. For this, we first make precise what we mean exactly when we said thatK is approximately
homogeneous of degreeβ − d.

Assumption 3.22 One can writeK =
∑

n≥0
Kn where each of the kernelsKn : Rd → R is

smooth and compactly supported in a ball of radius2−n around the origin. Furthermore, we
assume that for every multiindexk, one has a constantC such that the bound

sup
x

|DkKn(x)| ≤ C2n(d−β+|k|) , (3.10)

holds uniformly inn. Finally, we assume that
∫

Kn(x)P (x) dx = 0 for every polynomialP of
degree at mostN , for some sufficiently large value ofN .

Remark 3.23 It turns out that in order to define the operatorK onDγ , we will needK to annihi-
late polynomials of degreeN for someN ≥ γ + β.

Remark 3.24 The last assumption may appear to be extremely stringent at first sight. In practice,
this turns out not to be a problem at all. Say for example that we want to define an operator that
represents convolution withP , the fundamental solution to the heat equation. Then,P can be
decomposed into a sum of terms satisfying the bound (3.10) with β = 2, but it does of course not
annihilate generic polynomials and it is not supported in the ball of radius1.

However, for any fixed value ofN > 0, it is straightforward to decomposeP asP = K + K̂,
where the kernelK is compactly supported and satisfies all of the properties mentioned above,
and the kernelK̂ is smooth. Lifting the convolution witĥK to an operator fromDγ → Dγ+β

(actually toDγ̄ for any γ̄ > 0) is straightforward, so that we have reduced our problem to that of
constructing an operator describing the convolution byK.

Given such a kernelK, we can now make precise what we meant earlier when we said that
the models under consideration should be compatible with the kernelK.

Definition 3.25 Given a kernelK as in Assumption 3.22 and a regularity structureT satisfying
Assumptions 3.20 and 3.21, we say that a model (Π,Γ) is admissibleif the identities

(ΠxX
k)(y) = (y − x)k , ΠxIτ = K ∗ Πxτ −ΠxJ (x)τ , (3.11)

hold for everyτ ∈ T in the domain ofI. Here,J (x) : T → T̄ is the linear map given on
homogeneous elements by

J (x)τ =
∑

|k|<|τ |+β

Xk

k!

∫

D(k)K(x− y) (Πxτ)(dy) . (3.12)
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Remark 3.26 WhileK ∗ξ is well-defined for any distributionξ, it is not so cleara priori whether
the operatorJ (x) given in (3.12) is also well-defined. It turns out that the axioms of a model do
ensure that this is the case. The correct way of interpreting(3.12) is by

J (x)τ =
∑

|k|<|τ |+β

∑

n≥0

Xk

k!
(Πxτ)(D

(k)Kn(x− ·)) .

The scaling properties of theKn ensure that2(β−|k|)nD(k)Kn(x − ·) is of the formcϕλ
x with

ϕ ∈ Br (for arbitraryr), c ≈ 1 andλ ≈ 2−n. As a consequence of (3.2), one then has

|(Πxτ)(D
(k)Kn(x− ·))| . 2(|k|−β−|τ |)n ,

so that this expression is indeed summable as long as|k| < |τ |+ β.

Remark 3.27 The above definition of an admissible model dovetails very nicely with our axioms
defining a general model. Indeed, starting fromanyregularity structureT , anymodel (Π,Γ) for
T , and a kernelK satisfying Assumption 3.22, it is usually possible to builda larger regularity
structureT̂ containingT (in the “obvious” sense thatT ⊂ T̂ and the action of̂G onT is com-
patible with that ofG) and endowed with an abstract integration mapI, as well as an admissible
model (̂Π, Γ̂) on T̂ which reduces to (Π,Γ) when restricted toT . See [Hai14] for more details.

The only exception to this rule arises when the original structureT contains some homoge-
neous elementτ which does not represent a polynomial and which is such that|τ |+β ∈ N. Since
the bounds appearing both in the definition of a model and in Assumption 3.22 are only upper
bounds, it is in practice easy to exclude such a situation by slightly tweaking the definition of
either the exponentβ or of the original regularity structureT .

With all of these definitions in place, we can finally build theoperatorK : Dγ → Dγ+β

announced at the beginning of this section. Recalling the definition of J from (3.12), we set

(Kf)(x) = If (x) + J (x)f (x) + (N f)(x) , (3.13)

where the operatorN is given by

(N f)(x) =
∑

|k|<γ+β

Xk

k!

∫

D(k)K(x− y) (Rf −Πxf (x))(dy) . (3.14)

Note first that thanks to the reconstruction theorem, it is possible to verify that the right hand side
of (3.14) does indeed make sense for everyf ∈ Dγ in virtually the same way as in Remark 3.26.
One has:

Theorem 3.28 LetK be a kernel satisfying Assumption 3.22, letT = (A,T,G) be a regularity
structure satisfying Assumptions 3.20 and 3.21, and let(Π,Γ) be an admissible model forT .
Then, for everyf ∈ Dγ with γ ∈ (0, N − β) andγ + β 6∈ N, the functionKf defined in (3.13)
belongs toDγ+β and satisfiesRKf = K ∗ Rf .
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Proof. The complete proof of this result can be found in [Hai14] and will not be given here. Let
us simply show that one has indeedRKf = K ∗ Rf in the particular case when our model
consists of continuous functions so that Remark 3.12 applies. In this case, one has

(RKf)(x) = (Πx(If (x) + J (x)f (x)))(x) + (Πx(N f)(x))(x) .

As a consequence of (3.11), the first term appearing in the right hand side of this expression is
given by

(Πx(If (x) + J (x)f (x)))(x) = (K ∗ Πxf (x))(x) .

On the other hand, the only term contributing to the second term is the one withk = 0 (which is
always present sinceγ > 0 by assumption) which then yields

(Πx(N f)(x))(x) =
∫

K(x− y) (Rf −Πxf (x))(dy) .

Adding both of these terms, we see that the expression(K ∗Πxf (x))(x) cancels, leaving us with
the desired result.

4 Application of the theory to the dynamicalΦ4
3 model

We now sketch how the theory of regularity structures can be used to obtain the kind of conver-
gence result stated in Theorem 1.1. We will only focus on the dynamicalΦ4

3 model and ignore the
corresponding result for the KPZ equation. First of all, we note that while our solutionΦ will be
a space-time distribution (or rather an element ofDγ for some regularity structure with a model
overR4), the “time” direction has a different scaling behaviour from the three “space” directions.
As a consequence, it turns out to be effective to slightly change our definition of “localised test
functions” by setting

ϕλ
(s,x)(t, y) = λ−5ϕ(λ−2(t− s), λ−1(y − x)) .

Accordingly, the “effective dimension” of our space-time is actually5, rather than4. The theory
presented above extendsmutatis mutandisto this setting. (Note in particular that when consider-
ing the degree of a regular monomial, powers of the time variable should now be counted double.)
With this way of measuring regularity, space-time white noise belongs toC−α for everyα > 5

2
.

4.1 Construction of the associated regularity structure

Our first step is to build a regularity structure that is sufficiently large to allow to reformulate (Φ4)
as a fixed point inDγ for someγ > 0. Denoting byP the heat kernel, we can write the solution
to (Φ4) with initial conditionΦ0 as

Φ = P ∗ 1t>0(ξ −Φ3) + PΦ0 , (4.1)

where∗ denotes space-time convolution and where we denote byPΦ0 the solution to the heat
equation with initial conditionΦ0. Here,1t>0 denotes the indicator function of the set{(t, x) :
t > 0}. In order to have a chance of fitting this into the framework described above, we first
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decompose the heat kernelP asP = K + K̂, whereK satisfies all of the assumptions of
Section 3.3 withβ = 2 and the remainder̂K is smooth, see Remark 3.24. For any regularity
structure containing the usual Taylor polynomials and equipped with an admissible model, is
straightforward to associate tôK an operator̂K : Dγ → Dγ+2 via

(K̂f)(z) =
∑

|k|<γ+2

Xk

k!
(D(k)K̂ ∗ Rf)(z) ,

wherez denotes a space-time point. Similarly, the harmonic extension of Φ0 can be lifted to an
element inDγ (for any fixedγ > 0) which we denote again byPΦ0 by considering its Taylor
expansion around every space-time point. At this stage, we note that we actually cheated a little:
whilePΦ0 is smooth in{(t, x) : t > 0, x ∈ T3} and vanishes whent < 0, it is of course singular
on the time-0 hyperplane{(0, x) : x ∈ T3}. Similarly, we have the problem that the function
1t>0 does not belong to anyDγ . Both of these problems can be cured at once by introducing
weighted versions of the spacesDγ allowing for singularities on a given hyperplane. A precise
definition of these spaces and their behaviour under multiplication and the action of the integral
operatorK can be found in [Hai14]. For the purpose of the informal discussion given here, we
will simply ignore this problem.

As in Section 3.1, we furthermore introduce a new symbolΞ which will be used to represent
the noiseξ. This suggests that the formulation of (Φ4) in a suitable (weighted) spaceDγ should
be of the form

Φ = P1t>0(Ξ− Φ3) + PΦ0 , (4.2)

where we setP = K+ K̂. In view of (3.13), fort > 0 this equation is of the type

Φ = I(Ξ−Φ3) + (. . .) , (4.3)

where the terms (. . .) consist of functions that take values in the subspaceT̄ ⊂ T spanned by
the regular Taylor monomialsXk. In order to build a regularity structure in which (4.3) can be
formulated, it is natural to start with the structure given by abstract polynomials (again with the
parabolic scaling which causes the abstract “time” variable to have homogeneity2 rather than1),
and to add a symbolΞ to it which we postulate to have homogeneity−5

2

−
, where we denote by

α− an exponent strictly smaller than, but arbitrarily close to, the valueα.
We then simply add toT all of the formal expressions that an application of the right hand side

of (4.3) can generate for the description ofΦ, Φ2, andΦ3. The homogeneity of a given expression
is completely determined by the rules|Iτ | = |τ | + 2 and|τ τ̄ | = |τ | + |τ |. More precisely, we
consider a collectionU of formal expressions which is the smallest collection containingXk and
I(Ξ), and such that

τ1, τ2, τ3 ∈ U ⇒ I(τ1τ2τ3) ∈ U , (4.4)

where it is understood thatI(Xk) = 0 for every multiindexk. We then set

W = {Ξ} ∪ {τ1τ2τ3 : τi ∈ U} , (4.5)

and we define our spaceT as the set of all linear combinations of elements inW. (Note that since
1 ∈ U , one does in particular haveU ⊂ W.) Naturally,Tα consists of those linear combinations
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that only involve elements inW that are of homogeneityα. It is not too difficult to convince
oneself that, for everyα ∈ R, W contains only finitely many elements of homogeneity less than
α, so that eachTα is finite-dimensional.

In order to simplify expressions later, we will use the following shorthand graphical notation
for elements ofW. ForΞ, we simply draw a dot. The integration map is then represented by a
downfacing line and the multiplication of symbols is obtained by joining them at the root. For
example, we have

I(Ξ) = , I(Ξ)3 = , I(Ξ)I(I(Ξ)3) = .

Symbols containing factors ofX have no particular graphical representation, so we will forex-
ample writeX iI(Ξ)2 = Xi . With this notation, the spaceT is given by

T = 〈Ξ, , , , , , ,X i ,1, , , . . .〉 ,

where we ordered symbols in increasing order of homogeneityand used〈·〉 to denote the linear
span. Given any sufficiently regular functionξ (say a continuous space-time function), there is
then a canonical way of liftingξ to a modelL (ξ) = (Π,Γ) for T by setting

(ΠxΞ)(y) = ξ(y) , (ΠxX
k)(y) = (y − x)k , (4.6a)

and then recursively by
(Πxτ τ̄)(y) = (Πxτ)(y) · (Πxτ̄)(y) , (4.6b)

as well as (3.11). (Note that here we usedx andy as notations for generic space-time points in
order to keep notations compact.)

4.2 Construction of the structure group

So far, we have only described the vector spaceT arising in the construction of a regularity
structure suitable for the analysis of the dynamicalΦ4

3 model, but we have not yet described the
corresponding structure groupG. The reason why a non-trivial groupG is needed is that in (3.11),
as soon as|I(τ )| > 0, ΠzI(τ ) depends non-trivially on the base pointz, so thatG is needed in
order to be able to enforce the algebraic relationΠz̄ = ΠzΓzz̄ of Definition 3.3, which should be
interpreted as the action of “reexpanding” a “Taylor series” around a different point.

In our case, in view of (3.11), the coefficients of these reexpansions will naturally be some
polynomials inx and in the expressions appearing in (3.12). This suggests that we should define
a spaceT+ whose basis vectors consist of formal expressions of the type

Xk
N
∏

i=1

Iℓi(τi) , (4.7)

whereN is an arbitrary but finite number, theτi are basis elements ofT different from the Taylor
monomialsXk, and theℓi ared-dimensional multiindices satisfying|ℓi| < |τi| + 2. (The last
bound is a reflection of the restriction of the summands in (3.12) withβ = 2.) The spaceT+ also
admits a natural graded structureT+ =

⊕

T+
α by setting

|Iℓ(τ )| = |τ |+ 2− |ℓ| , |Xk| = |k| ,
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and by postulating that the degree of a product is the sum of the degrees. Unlike in the case ofT
however, elements ofT+ all have strictly positive homogeneity, except for the empty product1
which we postulate to have degree0.

To any given admissible model (Π,Γ), it is then natural to associate linear mapsfx : T
+ → R

by fx(Xk) = (−x)k, fx(σσ̄) = fx(σ)fx(σ̄), and

fx(Iℓτ ) = −
∑

|k+ℓ|<|τ |+2

(−x)k

k!

∫

D(ℓ+k)K(x− y) (Πxτ)(dy) . (4.8)

The minus signs are here purely by convention and serve to make some expressions simpler later
on.2 It then turns out that it is possible to build a linear map∆: T → T ⊗ T+ such that if we
defineFx : T → T by

Fxτ = (id ⊗ fx)∆τ , (4.9)

whereI denotes the identity operator onT , then these maps are invertible and, given an admissible
model (Π,Γ), ΠxF

−1
x is independent ofx. If this is the case, then one can then recover the maps

Γxy by
Γxy = F−1

x ◦ Fy . (4.10)

The “correct” definition for the map∆ compatible with (3.11) and (4.8) is then given by

∆1 = 1⊗ 1 , ∆Ξ = Ξ⊗ 1 , ∆X = X ⊗X ,

and then recursively by

∆(τ τ̄ ) = (∆τ )(∆τ̄ ) , ∆I(τ ) = (I ⊗ id)∆τ +
∑

k

Xk

k!
⊗ Ik(τ ) .

Remark 4.1 This definition shows that the conventionI(Xk) = 0 is compatible with the con-
ventionIℓ(Xk) = 0.

The identities (4.9) and (4.10) and the definition offx suggest that one should take forG the
set of all linear maps of the type

Γf τ = (id ⊗ f )∆τ ,

wheref is a multiplicative linear functional onT+. Before we show thatG does indeed form a
group, we argue that ifΠx is defined recursively as above andFx is given by (4.9), then there
exists a single linear mapΠ : T → S ′ such that

Πxτ = ΠFxτ ∀τ ∈ T . (4.11)

We can simply exhibitΠ explicitly. Set

(ΠΞ)(x) = ξ(x) , (ΠXk)(x) = xk , (4.12)

2This definition differs from that in [Hai14] by a simple change of basis inT+ and, while the inclusion of the sum
overk in (4.8) may not appear very natural here, it leads to more natural expressions for the maps∆ and∆+ below.
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and then recursively
Πτ τ̄ = Πτ ·Πτ̄ , ΠIτ = K ∗Πτ . (4.13)

Note that this is very similar to the definition ofL (ξ), with the notable exception that (3.11) is
replaced by the more “natural” identityΠIτ = K ∗Πτ . It is then a simple exercise in binomial
identities to show that indeedΠxX

k = ΠFxX
k and that, assuming that (4.11) holds for someτ

and thatfx is given by (4.8), one also hasΠxI(τ ) = ΠFxI(τ ). Finally, since all relevant objects
are multiplicative, one can see that if (4.11) holds for symbols τ andτ̄ , then it must also hold for
their productτ τ̄ .

We now argue thatG as defined above actually forms a group, so that in particularthe maps
Fx are invertible. Indeed, if we define a map∆+ : T+ → T+ ⊗ T+ very similarly to∆ by

∆+1 = 1⊗ 1 , ∆+X = X ⊗X ,

and then recursively by

∆+(σσ̄) = (∆+σ)(∆+σ̄) , ∆+
Iℓ(τ ) = (Iℓ ⊗ id)∆τ +

∑

k

Xk

k!
⊗ Iℓ+k(τ ) , (4.14)

then it can be verified that this map intertwines with∆ via the relations

(∆ ⊗ I)∆ = (I ⊗∆+)∆ , (∆+ ⊗ I)∆+ = (I ⊗∆+)∆+ . (4.15)

We then define a product◦ on the space of linear functionalsf : T+ → R by

(f ◦ g)(σ) = (f ⊗ g)∆+σ .

If we furthermore denote byΓf the operatorT associated to any such linear functional as in (4.9),
the first identity of (4.15) yields the identityΓfΓg = Γf◦g. The first identity of (4.14) furthermore
ensures that iff andg are both multiplicative in the sense thatf (σσ̄) = f (σ)f (σ̄), thenf ◦ g is
again multiplicative. It also turns out that every multiplicative linear functionalf admits a unique
inversef−1 = Af for some linear mapA : T → T such thatf−1 ◦ f = f ◦ f−1 = e, where
e : T+ → R maps every basis vector of the form (4.7) to zero, except fore(1) = 1. The element
e is neutral in the sense thatΓe is the identity operator.

It is now natural to define the structure groupG associated toT as the set of all multiplicative
linear functionals onT+, acting onT via (4.9). Furthermore, for any admissible model, one has
the identity

Γxy = F−1
x Fy = Γγxy , γxy = f−1

x ◦ fy .

Returning to the relation betweenΠx andΠ, we showed actually more, namely that the
knowledge ofΠ and the knowledge of (Π,Γ) are equivalent. Inedeed, one the one hand one has
Π = ΠxF

−1
x and the mapFx can be recovered fromΠx by (4.8) and (4.9). On the other hand

however, one also has of courseΠx = ΠF−1
x and, if we equipT with an adequate recursive struc-

ture (denote by|τ |I the number of timesI appears in the symbolτ ), then it is possible to show
that the determination ofF−1

x τ (and therefore ofΠxτ ) only requires knowledge offx(Ik(σ))
(and therefore ofΠxσ) for symbolsσ with |σ|I ≤ |τ |I − 1.
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Furthermore, the translation (Π,Γ) ↔ Π outlined above works foranyadmissible model and
does not at all rely on the fact that it was built by lifting a continuous function. In particular, it
doesnot rely on the fact thatΠx andΠ are multiplicative. In the general case, the first identity
in (4.13) may then of course fail to be true, even ifΠτ happens to be a continuous function for
everyτ ∈ T . The only reason why our definition of an admissible model does not simply consist
of the single mapΠ is that there seems to be no simple way of describing the topology given by
Definition 3.3 in terms ofΠ.

4.3 Renormalisation of the dynamicalΦ4
3 model

Combining Theorem 3.17 and Theorem 3.28, we see that the map

Φ 7→ P(Ξ− Φ3) ,

is a continuous map fromDγ into itself, provided thatγ > 1 + 2κ. Actually, one obtains a
regularity improvement in the sense that it mapsDγ intoDγ̄ for someγ̄ > γ. In way reminiscent
of usual parabolic PDE techniques, one can leverage this regularity improvement to build spaces
Dγ,η (essentially weighted versions of the spacesDγ which allow coefficients to become singular
near times0) such that the following holds.

Theorem 4.2 For everyα > −2

3
there exist exponentsγ andη such that, for everyΦ0 ∈ Cα and

every admissible model, (4.2) admits a unique local solution in Dγ,η. Furthermore, this solution
depends continuously on bothΦ0 and the underlying model.

Remark 4.3 One hits some minor technical difficulties in the actual definition of local solutions
to (4.2), but these are resolved in [Hai14]. One can also showthat solutions can be continued
either forever or up to a time where theCα solution of the solution explodes. In this particular
instance, one can actually show that solutions do not blow up, as shown in [MW15].

Given a model of the typeL (ξ) constructed as in the previous subsection for a continuous
space-time functionξ, it then follows from (4.6b) and the admissibility ofL (ξ) that the associated
reconstruction operator satisfies the properties

RKf = K ∗ Rf , R(fg) = Rf · Rg ,

as long of course as all the functions to whichR is applied belong toDγ for someγ > 0 so that
Rf is uniquely defined by (3.4). As a consequence, applying the reconstruction operatorR to
both sides of (4.2), we see that ifΦ solves (4.2) thenRΦ solves the integral equation (4.1), which
thus yields the unique classical solution to (Φ4). Note however that this identification of solutions
to (4.2) with solutions to (Φ4) relies crucially on the identityR(Φ3) = (RΦ)3. This identity has
no reason whatsoever to hold for a generic admissible model!In particular, while (4.2) makes
sense foranyadmissible model, we do not know in general whether its solutions still solve a local
PDE.

At this stage, the situation is as follows. For anycontinuousrealisationξ of the driving noise,
we have factored the solution map (Φ0, ξ) → Φ associated to (Φ4) into maps

(Φ0, ξ) → (Φ0,L (ξ)) → Φ → RΦ ,
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where the middle arrow corresponds to the solution to (4.2) built in Theorem 4.2. The advantage
of such a factorisation is that the last two arrows yieldcontinuousmaps, even in topologies suffi-
ciently weak to be able to describe driving noise having the lack of regularity of space-time white
noise. The only arrow that isn’t continuous in such a weak topology is the first one. We also
hope that the reader is convinced that a similar construction can be performed for a very large
class of semilinear stochastic PDEs. In particular, the KPZequation can also be analysed in this
framework.

Given this construction, one is lead naturally to the following question: given a sequenceξε
of “natural” regularisations of space-time white noise, dothe lifts L (ξε) converge in probably in
a suitable space of admissible models? Unfortunately, unlike in the case of the theory of rough
paths where this is very often the case (but see [Hai13] for anexample where it fails there too),
the answer to this question in the context of SPDEs is often anemphaticno. Indeed, if it were the
case for the dynamicalΦ4

3 model, then one could have chosen the constantCε to be independent
of ε in (1.2), which is certainly not the case.

The way in which we are able to circumvent the fact thatL (ξε) does not converge to a limiting
model asε → 0 is to consider instead a sequence ofrenormalisedmodels. The main idea is to
exploit the fact that our definition of a model does not imposethe identity (4.6b), even in situations
whereξ itself happens to be a continuous function. One question that then imposes itself is: what
are the natural ways of “deforming” the usual product which still lead to an admissible model?
It turns out that the regularity structure whose construction was sketched above comes equipped
with a naturalfinite-dimensionalgroup of continuous transformationsR on its space of admissible
models (henceforth called the “renormalisation group”), which essentially amounts to the space
of all natural deformations of the product. It then turns outthat even thoughL (ξε) does not
converge, it is possible to find a sequenceMε of elements inR such that the sequenceMεL (ξε)
converges to a limiting model (̂Π, Γ̂). Unfortunately, the elementsMε no not preserve the image
of L in the space of admissible models. As a consequence, when solving the fixed point map (4.2)
with respect to the modelMεL (ξε) and inserting the solution into the reconstruction operator, it
is not cleara priori that the resulting function (or distribution) can again be interpreted as the
solution to some modified PDE. It turns out however that this is again the case and the modified
equation is precisely given by (1.2), whereCε is some linear combination of the two constants
appearing in the description ofMε.

There are now three questions that remain to be answered:

1. How does one construct the renormalisation groupR?

2. How does one derive the new equation obtained when renormalising a model?

3. What is the right choice ofMε ensuring that the renormalised models converge?

4.4 The renormalisation group

In order to build the groupR, it turns out to be appropriate to describe its action first atthe level
of Π rather than at the level of (Π,Γ). At this stage we note that ifξ happens to be a stationary
stochastic process andΠ is built fromξ by (4.12) and (4.13), thenΠτ is also a stationary stochas-
tic process for everyτ ∈ T . In order to defineR, it is natural to consider only transformations of



APPLICATION OF THE THEORY TO THE DYNAMICALΦ4
3 MODEL 27

the space of admissible models that preserve this property.Since we are not in general allowed to
multiply components ofΠ, the only remaining operation is to form linear combinations between
them. It is therefore natural to describe elements ofR by linear mapsM : T → T and to postulate
their action on admissible models byΠ 7→ Π

M with

Π
Mτ = ΠMτ .

It is not cleara priori whether given such a mapM and an admissible model (Π,Γ) there is a co-
herent way of building a new model (ΠM ,ΓM ) such thatΠM is the map associated to (ΠM ,ΓM )
as above. It turns out that one has the following statement:

Proposition 4.4 In the above context, for every linear mapM : T → T commuting withI and
multiplication byXk, there exist unique linear maps∆M : T → T ⊗ T+ and ∆̂M : T+ →
T+ ⊗ T+ such that if we set

ΠM
x τ = (Πx ⊗ fx)∆

Mτ , γMxy (σ) = (γxy ⊗ fx)∆̂Mσ ,

thenΠM
x satisfies again (3.11) and the identityΠM

x ΓM
xy = ΠM

y .

At this stage it may look likeany linear mapM : T → T commuting withI and multiplica-
tion byXk yields a transformation on the space of admissible models byProposition 4.4. This
however is not true since we have completely disregarded theanalyticalbounds that every model
has to satisfy. It is clear from Definition 3.3 that these are satisfied in general if and only if, for
every symbolτ , ΠM

x τ is a linear combination of theΠxτ̄ only involving symbols̄τ with |τ̄ | ≥ |τ |.
This suggests the following definition.

Definition 4.5 The renormalisation groupR consists of the set of linear mapsM : T → T com-
muting withI and with multiplication byXk, such that forτ ∈ Tα andσ ∈ T+

α , one has

∆Mτ − τ ⊗ 1 ∈ T>α ⊗ T+ , ∆̂Mσ − σ ⊗ 1 ∈ T+
>α ⊗ T+ . (4.16)

Its action on the space of admissible models is given by Proposition 4.4.

Remark 4.6 It turns out that the second condition of (4.16) is actually aconsequence of the first
one, see the appendix in [HQ15].

4.5 The renormalised equations

In the case of the dynamicalΦ4
3 model considered in this article, it turns out that in general

(i.e. if we also want to cover the situation mentioned in the introduction whereξ is approx-
imated by a rescaled non-Gaussian stationary process) we need a five-parameter subgroup of
R to renormalise the equations. More precisely, we consider elementsM ∈ R of the form
M = exp(−∑

5

i=1
CiLi), where the generatorsLi are determined by the substitution rules

L1 : 7→ 1 , L2 : 7→ 1 , L3 : 7→ 1 , L4 : 7→ 1 , L5 : 7→ 1 .
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This should be understood in the sense that ifτ is an arbitrary formal expression, thenL1τ is the
sum of all formal expressions obtained fromτ by performing a substitution of the type 7→ 1,
and similarly for the otherLi. For example, one has

L1 = 3 , L1 = , L3 = 3 , L1 = 0 .

The conventionI(1) = 0 also suggests that one should set for exampleL2 = 0, since the
symbol , which is what the substitution 7→ 1 creates, would contain a factor ofI(1). It is easy
to see that all of theLi commute with each other so that, as an abstract group, the transformations
we consider form a copy ofR5 with addition as its group operation. This is not a general fact
however. One then has the following result:

Proposition 4.7 The linear mapsM of the type just described belong toR. Furthermore, if
(Π,Γ) is an admissible model such thatΠxτ is a continuous function for everyτ ∈ T , then one
has the identity

(ΠM
x τ)(x) = (ΠxMτ)(x) . (4.17)

Remark 4.8 Note that it it is the same valuex that appears twice on each side of (4.17). It is
in fact not the case that one hasΠM

x τ = ΠxMτ ! However, the identity (4.17) is all we need to
derive the renormalised equations.

It is now rather straightforward to show the following:

Proposition 4.9 LetM be as above and let(ΠM ,ΓM ) be the model obtained by acting withM
on the canonical model(Π,Γ) = L (ξ) for some smooth functionξ. Let furthermoreΦ be the
solution to (4.2) with respect to the model(ΠM ,ΓM ). Then, the functionu(t, x) = (RMΦ)(t, x)
solves the equation

∂tu = ∆u− u3 + (3C1 − 9C3 − 6C5)u− (C2 + 3C4) + ξ .

Proof. By Theorem 3.17, it turns out that (4.2) can be solved locallyin Dγ (or rather a weighted
version of this space taking into account possible blowup near time0) as soon asγ is a little bit
greater than1. Therefore, we only need to keep track of its solutionΦ up to terms of homogeneity
1. By repeatedly applying the identity (4.3), we see that the solutionΦ is necessarily of the form

Φ = + ϕ1− − 3ϕ + 〈∇ϕ,X〉 , (4.18)

for some real-valued functionϕ and someR3-valued function∇ϕ. We emphasise that∇ϕ is
treated as an independent function here, we certainly do notsuggest that the functionϕ is differ-
entiable! Our notation is only by analogy with the classicalTaylor expansion. Similarly, the right
hand side of the equation is given up to order0 by

Ξ− Φ3 = Ξ− − 3ϕ + 3 − 3ϕ2 + 6ϕ + 9ϕ − 3〈∇ϕ, X〉 − ϕ3 1 . (4.19)

Combining this with the definition ofM , it is straightforward to see that, modulo terms of strictly
positive homogeneity, one has

M (Ξ −Φ3) = Ξ− (MΦ)3 + 3C1 + C21+ 3C1ϕ1− 9C3 − 3C41
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− 6C5 − 6C5ϕ1− 9C3ϕ1

= Ξ− (MΦ)3 + (3C1 − 9C3 − 6C5)MΦ+ (C2 − 3C4)1 .

Combining this with (4.17) and applying as before the reconstruction operatorRM to both sides
of (4.2), the claim now follows at once.

4.6 Convergence of the renormalised models for Gaussian approximations

We now argue that ifξε = ̺ε ∗ ξ as in Theorem 1.1, then one expects to be able to find constants
C (ε)
1

andC (ε)
3

(and setC (ε)
i = 0 for i ∈ {2, 4, 5}) such that the sequence of renormalised models

M εL (ξε) defined as in the previous subsection converges to a limiting model. Instead of con-
sidering the actual sequence of models, we only consider thesequence of stationary processes
Π̂

ε
τ := Π

εM ετ , whereΠε is associated to (Πε,Γε) = L (ξε) as before. Since there are gen-
eral arguments available to deal with all the expressionsτ of positive homogeneity, we restrict
ourselves to those of negative homogeneity which, leaving out Ξ which is easy to treat, are given
by

, , , , , , X i .

Remark 4.10 Even if we can show that̂Π
ε
τ converges weakly to some limit asε → 0, this

does not necessarily imply that the corresponding sequenceof models converges in their natural
topology. We will not try to address convergence in the correct topology here, although this is a
non-trivial problem.

For this section, some elementary notions from the theory ofWiener chaos expansions are
required, but we will try to hide this as much as possible. Recall thatΠε = K ∗ ξε = Kε ∗ ξ,
where the kernelKε is given byKε = K ∗ ̺ε. This shows that, forε > 0, one has

(Πε )(z) = (K ∗ ξε)(z)2 =

∫ ∫

Kε(z − z1)Kε(z − z2) ξ(z1)ξ(z2) dz1 dz2 .

Here, we make use of the fact that, for any two distributionsζ andη, the productζ · η is well-
defined as a distribution on the product space. It is only whenone tries to define a pointwise
product yielding again a distribution on thesamespace that one runs into trouble. Similar but
more complicated expressions can be found for any formal expressionτ . This naturally leads to
the study of random variables of the type

Ik(f ) =
∫

· · ·
∫

f (z1, . . . , zk) ξ(z1) · · · ξ(zk) dz1 · · · dzk . (4.20)

Ideally, one would hope to have an Itô isometry of the typeEIk(f )Ik(g) = 〈f sym, gsym〉, where
〈·, ·〉 denotes theL2-scalar product andf sym denotes the symmetrisation off . This would then
allow to extend (4.20) from smooth test functions to all functionsf ∈ L2. It is unfortunatelynot
the case that one has such an isometry. Instead, one should first replace the products in (4.20) by
Wick products, which are obtained by considering all possiblecontractionsof the type

ξ(zi)ξ(zj) 7→ :ξ(zi) ξ(zj ): + δ(zi − zj) .
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For example, the distribution:ξ(zi) ξ(zj) ξ(zk): is defined by the identity

ξ(zi)ξ(zj )ξ(zk) = :ξ(zi)ξ(zj)ξ(zk): + ξ(zi)δ(zj − zk) + ξ(zj)δ(zk − zi) + ξ(zk)δ(zi − zj) .

(See Section 5.1 below for a more general definition which covers Gaussian random variables as
a special case.) If we then set

Îk(f ) =
∫

· · ·
∫

f (z1, . . . , zk) :ξ(z1) · · · ξ(zk): dz1 · · · dzk ,

which is well-defined for all smooth test functionsf , one recovers indeed the Itô isometry

EÎk(f )Îk(g) = 〈f sym, gsym〉 . (4.21)

We refer to [Nua95] for a more thorough description of this construction, which also goes under
the name ofWiener chaos, with random variables of the typêIk(f ) said to belong to the chaos of
kth order. While chaoses of different order are not independent, they are orthogonal in the sense
thatEÎk(f )Îℓ(g) = 0 if k 6= ℓ.

One very nice property is that one has equivalence of momentsin the sense that, for every
k > 0 andp > 0 there exists a constantCk,p such that

E|Îk(f )|p ≤ Ck,p‖f sym‖p
L2 ≤ Ck,p‖f‖pL2 , (4.22)

where the second bound comes from the fact that symmetrisation is a contraction inL2. In other
words, thepth moment of a random variable belonging to a Wiener chaos of fixed order can be
bounded by the corresponding power of its second moment. Thereason why such a bound is very
useful is the following Kolmogorov-type result:

Theorem 4.11 Let ξ be a distribution-valued random variable such that there existsα ≤ 0 such
that, for everyp > 0, the bound

E|ξ(ϕλ
x)|p . λαp , (4.23)

holds uniformly overϕ ∈ Br for somer > |α|, all λ ∈ (0, 1], and locally uniformly inx. Then,
for everyβ < α, there exists aCβ-valued version ofξ.

Remark 4.12 Here, we say that̃ξ is a version ofξ if, for every smooth test functionϕ, ξ̃(ϕ) =
ξ(ϕ) almost surely.

Remark 4.13 There is an analogous result allowing to show the convergence of a sequence of
models to a limiting model in the topology given by Definition3.3, see [Hai14, Thm 10.7] for
more details.

Remark 4.14 As usual for Kolmogorov-type results, one can trade integrability for regularity in
the sense that if (4.23) only holds for some fixed valuep > 2, then we can only conclude thatξ
has a version in someCβ for β < α− d

p , whered denotes the scaling dimension of the underlying
space. In our particular case one hasd = 5 since we consider space-time distributions and “time
counts double”.
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Returning to our problem, we first argue that it should be possible to chooseM in such a way
thatΠ̂

ε
converges to a limit asε → 0. The above considerations suggest that one should rewrite

Π
ε as

(Πε )(z) = (K ∗ ξε)(z)2 =
∫ ∫

Kε(z − z1)Kε(z − z2) :ξ(z1) ξ(z2): dz1 dz2 + Cε , (4.24)

where the constantCε is given by

Cε =

∫

K2
ε (z1) dz1 =

∫

K2
ε (z − z1) dz1 . (4.25)

At this stage, it is convenient to introduce a graphical notation “à la Feynman” for these multi-
ple integrals since expressions otherwise rapidly became unwieldy. Similarly to [Hai14, HP14,
HS15], we denote dummy integration variables by black dots,we write for the distinguished
variablez, for a Wick factor of the typeξ(zi), for the kernelKε evaluated at the dif-
ference between the variables representing its two endpoints, and we implicitly assume that all
variables except for are integrated out. With this notation, (4.24) and (4.25) can be expressed in
a much friendlier and more compact way as

Π
ε = + , Cε = . (4.26)

This notation is also compatible with the graphical notation we are using for the various symbols:
the graphical notation forΠετ is essentially the same as that forτ but, as a consequence of
the definition of Wick products, one should sum over all possible graphs obtained by pairwise
contractions of the noises.

Note now thatKε is anε-approximation of the kernelK which has the same singular be-
haviour as the heat kernel. In terms of the parabolic distance, the singularity of the heat ker-
nel scales likeK(z) ∼ |z|−3 for z → 0. (Recall that we consider the parabolic distance
|(t, x)| =

√

|t| + |x|, so that this is consistent with the fact that the heat kernelis bounded by
t−3/2.) This suggests that one hasK2

ε (z) ∼ |z|−6 for |z| ≫ ε. Since parabolic space-time has
scaling dimension5 (time counts double!), this is a non-integrable singularity. As a matter of fact,
there is a whole power ofz missing to make it borderline integrable, which correctly suggests that
one has

Cε ∼
1

ε
.

This already shows that one should not expectΠ
ε to converge to a limit asε → 0. Indeed, as

we will see presently, it turns out that the first term in (4.24) converges to a distribution-valued
stationary space-time process, so that one would like to somehow get rid of this diverging constant
Cε. This is exactly where the renormalisation mapM ε (in particular the factor exp(−C (ε)

1
L1))

enters into play. Following the above definitions, we see that one has

(Π̂
ε
)(z) = (ΠεM )(z) = (Πε )(z) − C (ε)

1
.
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This suggests that if we make the choiceC (ε)
1

= Cε, thenΠ̂
ε

does indeed converge to a non-
trivial limit as ε → 0. Writing for the kernelK, this limit is a distribution which can
formally be described as

Π
ε = ,

with the implicit understanding that(Πε )(z) does not make sense as a random variable, but must
first be integrated against a smooth test function in order toproduce a random variable belonging
to the second Wiener chaos. Using the scaling properties of the kernelK, it is not too difficult to
show that this procedure works, and that the resulting random variables satisfy a bound of the type
considered in Theorem 4.11 withα = −1. Once we know that̂Π

ε
converges, it is immediate

that Π̂
ε
X converges as well, since this amounts to just multiplying a distribution by a smooth

function.
A similar argument to what we did for allows to take care ofτ = since one then has

(Πε )(z) = + 3 .

Noting that the second term in this expression is nothing but3Cε(Π
ε )(z), we see that in this

case, provided again thatC (ε)
1

= Cε, Π̂
ε

is given by only the first term in the expression above,
which turns out to converge to a non-degenerate limiting random distribution in a similar way to
what happened for, but this time the Kolmogorov-type bound only holds forα = −3

2
.

Going down our list of terms of negative homogeneity, we see that it remains to consider ,
, and . It turns out that the last one is the most difficult, so we onlydiscuss that one. The

explicit expression forΠε is given in our graphical notation by

Π
ε = + 6 + 3 +

+ 3 + 6 + 6 .

It turns out thatall of these terms, except for the first two, are divergent asε → 0, so we have
to hope that our definition of̂Π

ε
creates sufficiently many cancellations to take care of them! A

simple calculation using our definition ofM ε shows that one has the identity

Π̂
ε

= Π
ε − 3C (ε)

1
Π

ε − C (ε)
1
Π

ε + 3(C (ε)
1

)2Πε − 3C (ε)
3
Π

ε .

(Recall that we have setC (ε)
i = 0 for i 6∈ {1, 3}.) Inserting the definition ofΠε into this expres-

sion and making use of the identityC (ε)
1

= Cε with Cε given by (4.26), we see that many terms
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do indeed cancel out, finally yielding

Π̂
ε

= + 6 + 6 − 3C (ε)
3

. (4.27)

This is still problematic: the penultimate term in this expression contains the kernel

Qε = . (4.28)

(This is a slight abuse of our notation: the two variablesare fixed andQε is evaluated at their
difference.) Asε → 0, Qε converges to a kernelQ, which has a non-integrable singularity at the
origin, thus preventing the corresponding term to convergeto a limit.

This is akin to the problem of making sense of integration against a one-dimensional kernel
with a singularity of type1/|x| at the origin. For the sake of the argument, let us consider a
functionW : R → R which is compactly supported and smooth everywhere except at the origin,
where it diverges likeW (x) ∼ 1/|x|. It is then natural to associate toW a “renormalised”
distributionRW given by

(RW )(ϕ) =
∫

W (x)(ϕ(x) − ϕ(0)) dx .

Note thatRW has the property that ifϕ(0) = 0, then it simply corresponds to integration against
W , which is the standard way of associating a distribution to afunction. In a way, the extra term
can be interpreted as subtracting a Dirac distribution withan “infinite mass” located at the origin,
thus cancelling out the divergence of the non-integrable singularity. It is also straightforward to
verify that if Wε is a sequence of smooth approximations toW (say one hasWε(x) = W (x) for
|x| > ε andWε ∼ 1/ε otherwise), thenRW ε → RW in a distributional sense, and (using the
usual correspondence between functions and distributions) one has

RW ε = W ε − Ĉεδ0 , Ĉε =

∫

W ε(x) dx .

The cure to the problem we are facing for showing the convergence ofΠε is virtually identical.
Indeed, by choosing

C (ε)
3

= 2 ,

(which is a constant as it does not depend onby translation invariance) the term in the first
homogeneous Wiener chaos forΠ̂

ε
is precisely given by

6

∫

(RQ̂ε ∗Kε)(z − z2)ξ(z2) dz2 .



34 CONVERGENCE OF OTHER SMOOTH MODELS TOΦ4
3

It turns out that the convergence ofRQ̂ε to a limiting distributionRQ̂ takes place in a sufficiently
strong topology to allow to conclude that̂Π

ε
does indeed converge to a non-trivial limiting

random distribution.
It should be clear from this whole discussion that while the precise values of the constants

C (ε)
1

andC (ε)
3

depend on the shape of the mollifier̺, the limiting (random) model (̂Π, Γ̂) obtained
in this way is independent of it. Combining this with the continuity of the solution to the fixed
point map (4.2) and of the reconstruction operatorR with respect to the underlying model, the
conclusion of Theorem 1.1 follows.

5 Convergence of other smooth models toΦ4
3

In this final section, we give a short overview of the ideas involved in showing that different kinds
of smooth models (and not just the simplest one obtained by hitting the noise with a smooth
mollifier) also converge to the same process.

5.1 Non-Gaussian approximations

We first discuss how the argument sketched in the previous section can be modified to deal with
the case whenξε does no longer denote some simple mollification ofξ, but instead denotes a
suitable rescaling of an arbitrary stationary space-time stochastic process, i.e. one has

ξε(t, x) = ε−
5

2 η(t/ε2, x/ε) ,

for a smooth stationary processη onR × R3. As already mentioned in the introduction, it is then
possible to find choices of constantsC (i)

ε such that solutions to

∂tΦε = ∆Φε + C (1)
ε + C (2)

ε Φε − Φ3
ε + ξε ,

converge asε → 0 to the processΦ built in Theorem 1.1. In view of Proposition 4.9, this is
again a consequence of the fact that the renormalised modelsΠ̂

ε
built from ξε as in Section 4.6

converge to the same limit as before, provided that the renormalisation constantsC (ε)
i are suitably

chosen. The purpose of this section is to show why all of the constantsC (ε)
i with i ∈ {1, . . . , 5}

should in general be set to non-zero values.
We essentially follow the arguments of [HS15] and we will completely ignore issues related

to the fact that one wishes to consider the limiting equationon a torus rather than the whole space.
We assume that theσ-fields generated by point evaluations ofη in any two regions separated by a
distance of at least1 are independent. The kind of example forη one should have in mind is

η(z) =
∫

ϕ(z − z̄) Pµ(dz̄, dϕ) ,

wherePµ denotes a compensated Poisson point process onR4 × C∞
0 with intensity measure

µ(dz̄, dϕ) = dz̄ ν(dϕ), whereν is a finite measure charging only functions with support contained
in the unit ball and satisfying suitable moment conditions to guarantee thatη admits moments of
all orders.
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Sinceξε is no longer Gaussian, we no longer have Wiener chaos decomposition at our dis-
posal. However, there exists an analogue to the Wick productfor arbitrary collections of random
variables, and this will be sufficient for our purpose. In order to introduce the Wick product, we
first need to introduce joint cumulants. Given a collection of random variablesX = {Xα}α∈A
for some index setA, and a subsetB ⊂ A, we writeXB ⊂ X andXB as shorthands for

XB = {Xα : α ∈ B} , XB =
∏

α∈B

Xα .

Given a finite setB, we furthermore writeP(B) for the collection of all partitions ofB, i.e. if
B is non-empty, thenP(B) consists of all setsπ ⊂ P(B) (the set of subsets ofB) such that
⋃

π = B, 6# ∈ π, and such that any two distinct elements ofπ are disjoint. With this definition,
we in particular haveP(6#) = {{6#}}. The joint cumulantEc(XB) for a collectionXB of random
variables is then given by the following defining property.

Definition 5.1 Given a collectionX of random variables as above and any non-empty finite set
B ⊂ A, one has

E(XB) =
∑

π∈P(B)

∏

B̄∈π

Ec(XB̄) . (5.1)

Note that this definition naturally enforces the conventionthat Ec(X6#) = 1. We can now
define the Wick product of an arbitrary finite collection of random variables:

Definition 5.2 The Wick product:XB : for B ⊂ A is defined recursively by

XA =
∑

B⊂A

:XB :
∑

π∈P(A\B)

∏

B̄∈π

Ec(XB̄) . (5.2)

Similarly to above, this enforces the natural convention that E:X6#: = 1. In other words, to
turn a product of random variables into a sum of Wick products, one now not only considers all
possible ways of replacing pairs of random variables by their covariance, but all possible ways of
replacing subsets of random variables by their joint cumulants.

Denote now byκ(ε)
p thepth joint cumulant ofξε, namely

κ(ε)
p (z1, . . . , zp) = Ec({ξε(z1), . . . , ξε(zp)}) .

By translation invariance, this function depends only on the differences between itsp arguments.
Furthermore, it satisfies the scaling reation

κ(ε)
p (z1, . . . , zp) = ε−

5p

2 κp(Sεz1, . . . , Sεzp) ,

whereκp denotes thepth joint cumulant ofη and the scaling operatorSε acts onR4 asSε(t, x) =
(t/ε2, x/ε). We then use the same graphical notation as in [HS15] for these cumulants: a red
p-gon for instance for p = 4, represents the cumulant functionκ(ε)

p (z1, . . . , zp), with zi given
by thep integration variables represented as before by thep black dots. This time furthermore,
denotes a Wick factor ofξε instead ofξ.
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As a consequence of Definitions 5.1 and 5.2, we then have for example the identity

(Πε )(z) = + 3 + .

A powercounting argument shows that this additional term also diverges asε → 0, which suggests
that in this case we should no longer setC (ε)

2
= 0 as in the Gaussian case but instead we should

choose the relevant renormalisation constants as follows:

C (ε)
1

= ∼ ε−1 , C (ε)
2

= ∼ ε−3/2 . (5.3)

This choice of renormalisation constant then yields just asin the Gaussian case

(Π̂
ε

)(z) = ,

which can then be shown to converge to a finite limiting distribution asε → 0.

Remark 5.3 The fact thatΠ̂
ε

is tight in some space of distributions asε → 0 can be shown
quite easily by first testing against a test function and thenbounding its second moment. Tightness
in the correct topology and identification of the correct limit is more delicate and requires control
on moments of all orders. Unfortunately, these can no longerbe obtained as a corollary of a
second moment bound since the analogue to (4.22) does not hold anymore in general.

We will henceforth ignore these difficulties and admit without proof the fact that iff is anL2

kernel ofk variables andfε is a sequence of “sufficiently nice” kernels converging tof , then the
sequence of random variables

∫

fε(z1, . . . , zk) :ξε(z1) · · · ξε(zk):dz1 · · · dzk ,

converges weakly toIk(f ) asε → 0. This convergence furthermore holds jointly for any finite
collection of such random variables. See [HS15] for more details.

The necessity of the remaining renormalisation constants can again be traced back to the
analysis ofΠ̂

ε
. This time, one has the much lengthier identity

Π
ε = + 6 + 3 + +

+ 6 + 3 + 6 + 3
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+ + 3 + 6 + 6

+ 2 + 3 + .

At this stage, it starts to become clear that on should in principle start to use a more systematic
approach, but for the sake of this article, and in order to give a feeling for the kind of bounds
involved in the proofs, our more “brutal” approach is sufficient.

In order to boundΠε we first note that as a consequence of the fact thatK integrates to
0, both the last term on the first line and the first term on the third line of the above expression
vanish. This time, taking into account the fact that all of theC (ε)

i can be chosen to be non-zero,
we obtain the identity

Π̂
ε

= Π
ε − 3C (ε)

1
Π

ε − C (ε)
1
Π

ε + 3(C (ε)
1

)2Πε − 3C (ε)
3
Π

ε − C (ε)
4
Π

ε1− 2C (ε)
5
Π

ε .

We claim that besides (5.3), the correct choice of renormalisation constants in order to obtain the
same limiting model as in Section 4.6 is given by

C (ε)
3

= 2 + , C (ε)
4

= + 6 , C (ε)
5

= .

With this choice, a tedious but straightforward graphical calculation yields the identity

Π̂
ε

= + 6 + 6 − 6 (5.4)

+ 6 + 3 + 3 − 3 .

The four terms appearing on the first line are direct analogues of the terms appearing in the
Gaussian case (4.27). In view of Remark 5.3 it is therefore atleast very plausible that they
converge to the same limit. It remains to argue that the termsappearing on the last line vanish in
the limit ε → 0. For this, the following simple lemma (see [HS15, Lem. 4.7] for a slightly more
general version) is useful:
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Lemma 5.4 One has the bound
∫ n

∏

i=1

|K(zi − z̄i)||κ(ε)
n (z̄1, . . . , z̄n)| dz̄1 · · · dz̄n . ε5(n/2−1)

∫

R4

n
∏

i=1

(|zi − z̄|+ ε)−3 dz̄ ,

uniformly overz1, . . . , zn ∈ R4 andε > 0.

Recall that since we are in space dimension3, both the heat kernel and its truncationK
satisfy the bounds|K(z)| . |z|−3, so that each factor appearing on the right hand side of this
bound behaves essentially like a factorKε. In particular, writing

Q(1)
ε = , Q(2)

ε = , Q(3)
ε = ,

with the same conventions as in (4.28), it follows that the kernelsQ(i)
ε satisfy the bounds

|Q(1)
ε (z)| . εκ|z|− 9

2
−κ , |Q(2)

ε (z)| . εκ|z|− 9

2
−κ , |Q(3)

ε (z)| . εκ(|z|+ ε)−5−κ ,

provided that one choosesκ ≥ 0 sufficiently small. In particular, bothQ(1)
ε andQ(2)

ε converge to0
in Lp for p sufficiently small (but still greater than1), which allows to show that the first two terms
on the second line of (5.4) vanish in the limit. To show that the last two terms also vanish in the
limit, one needs to exploit cancellations between them: taken separately they converge to finite
non-vanishing limits. However, sinceQ(3)

ε is integrable with its integral remaining uniformly
bounded asε → 0, it is easy to show thatQ(3)

ε (·) − C (ε)
3,2δ(·) converges weakly to0, whereC (ε)

3,2

denotes the second term appearing in the above definition ofC (ε)
3

. While this in itself is not
sufficient to guarantee that the sum of the last two terms in (5.4) indeed vanishes in the limit, it is
a strong indication that it does, and is in fact not very difficult to show.

In a similar way, it is possible to show thatΠ̂
ε
τ converges to the same limit as in Section 4.6

for every symbolτ ∈ W. With some additional effort, one can then show that this convergence
actually takes place in the topology of the space of models for (T,G) which, when combined
with the continuity statement of Theorem 4.2, the identification of the renormalised solutions
of Proposition 4.9, and the explicit expressions of the renormalisation constants, immediately
implies that the solutions to (1.6) with constants as in (1.7) do indeed converge to the same
limiting object as constructed in Theorem 1.1.

5.2 Non-cubic approximations

In this last section, we give a very short sketch of the main ideas appearing in the proof of The-
orem 1.5. Recall that we are interested in the study of (1.3) as the effective potential〈Vθ〉 under-
goes a pitchfork bifurcation. In order to concentrate on themain ideas, we restrict ourselves to
the case whereV is of degree6. Then, normalising the equation such that∂θ∂

2
x〈Vθ〉(0) = −1

2

and〈V0〉(4)(0) = 6, the derivative of the effective potential〈Vθ〉 is given to lowest order inθ by

−〈Vθ〉′(Φ) = θΦ− Φ3 − aΦ5 , (5.5)
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for some constanta. From now on we neglect terms of higher order inθ and we consider the case
of a potential with derivative equal to (5.5).

Note that (5.5) is the derivative of theeffectivepotential. After rescaling, the model (1.3) we
consider is therefore given by

∂tΦε,θ = ∆Φε,θ + θε−1Φ−H3(Φ, C/ε) − aεH5(Φ, C/ε) + ξε (5.6)

= ∆Φε,θ + ε−1(θ + 3C − 15aC2)Φ− (1 + 10aC)Φ3 − aεΦ5 + ξε ,

whereC is the constant appearing in (1.4). In this equation,Hn(x, c) denotes thenth Hermite
polynomial with variancec, i.e.H3(x, c) = x3 − 3cx, etc. A special case of Theorem 1.5 is then
given by, the following

Theorem 5.5 There exist valuesa > 0 andb ∈ R, such that if one setsθ = aε logε + bε, then
the solution to(5.6)converges asε → 0 to the processΦ built in Theorem 1.1.

The remainder of this section is devoted to a sketch of the proof of Theorem 5.5. It is not clear
a priori how to fit (5.6) into the framework we developed in this article. One might think that one
could try to change (4.2) into something like

Φ = P1t>0(Ξ + c1Φ− c2Φ
3 − aεΦ5) + PΦ0 , (5.7)

for suitable choices of constantsci, but one then immediately runs into two (related) problems:

• In order to interpret (5.7) as an equation inDγ for some regularity structure, we would
naturally have to replace the recursive step (4.4) by something like

τi ∈ U ⇒ I(τ1τ2τ3τ4τ5) ∈ U .

The problem then is that the resulting collection of symbolsno longer has the property
that, for everyγ ∈ R, there are only finitely many symbols of homogeneity at mostγ.
This pretty much destroys the rest of the argument.

• The whole point of our construction was to build a solution map that no longer depends on
ε and to hide all the singularε-dependency of the solution in the convergence of a suitable
sequence of “models” to a limit. In the case of (5.7), we stillhave anε-dependent fixed
point problem. This is of course not a problem if its solutiondepends continuously onε
asε → 0, but this is precisely not expected here: Theorem 1.5 statesthat the effect of the
quintic term is still felt in the limit since the constant appearing in front of the cubic term
in the limit is given by the cubic term of the effective potential 〈V0〉 and not by that ofV0.

In order to circumvent these problems, the idea introduced in [HQ15] is to build a regularity
structure which encodes the operation “multiplication byε” as a non-trivial operation inDγ , thus
allowing us again to set up anε-independent fixed point problem and to shift all of the difficulties
to that of proving that a suitable model converges to a limit.

For this, besides the symbolsX , Ξ and the operatorI used before, we introduce a new opera-
tor E and we consider instead of (5.7) a fixed point problem of the type

Φ = P1t>0(Ξ− Φ3 − aÊΦ5) + PΦ0 , (5.8)
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whereÊ will be an operator acting onDγ built from E (in a way reminiscent of howP andK
were built fromI). The recursive step (4.4) in the construction of the regularity structure is then
replaced by

τi ∈ U ⇒ I(τ1τ2τ3) ∈ U & I(E(τ1τ2τ3τ4τ5)) ∈ U .

and the definition (4.5) of the collection of symbolsW is replaced by

W = {Ξ} ∪ {τ1τ2τ3 : τi ∈ U} ∪ {E(τ1τ2τ3τ4τ5) : τi ∈ U} .

We also define a slightly larger collection of symbols

Wex = W ∪ {τ1τ2τ3τ4τ5 : τi ∈ U} ,

and we call similarly to beforeT andTex the linear spans ofW andEex respectively. In this
construction, we consider the symbolE as an “integration operator of order1” in the sense that
we set|E(τ )| = |τ |+1. This might seem strange at first sight: after allE is supposed to represent
multiplication by the numberε, while the homogeneity is supposed to be associated to some kind
of regularity, but we will see that this is actually quite natural.

The structure groupG associated to the two graded spacesT andTex is then built in an anal-
ogous way to the construction of Section 4.2. The differenceis that elements ofT+ are now not
just polynomials inX andIk(τ ) as in (4.7), but are also allowed to contain factorsEk(τ ), with
the maps∆ and∆+ defined as above, but with the additional rule

∆E(τ ) = (E ⊗ id)∆τ +
∑

k

Xk

k!
⊗ Ek(τ ) ,

and similarly for∆+. Given a smooth space-time functionξ, we now have afamily of canonical
lifts Lε(ξ) = (Π(ε),Γ(ε)) of ξ to models onTex given as before by (4.6) and (3.11), together with

(Π(ε)
z E(τ ))(z̄) = ε(Π(ε)

z τ)(z̄) − ε
∑

|k|<|τ |+1

(z̄ − z)k

k!
(DkΠ(ε)

z τ)(z) . (5.9)

The operatorsΓ(ε)
zz̄ are also built in exactly the same way as in Section 4.2, with the additional

definition

f (ε)
z (Eℓτ ) = −ε

∑

|k+ℓ|<|τ |+1

(−z)k

k!
(Dk+ℓΠ(ε)

z τ)(z) , (5.10)

which in particular allows us to rewrite (5.9) as

Π(ε)
z E(τ ) = εΠ(ε)

z τ +
∑

|k|<|τ |+1

Π(ε)
z

(X + z)k

k!
f (ε)
z (Ekτ ) . (5.11)

These definitions guarantee that if we defineΠ
(ε) as in Section 4.2, one has

Π
(ε)E(τ ) = εΠ(ε)τ , (5.12)

and it is in this sense thatE represents multiplication byε.
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Remark 5.6 These definitions deviate slightly from those given in [HQ15]. They are however
equivalent and amount to a simple change of basis inT+. The reason for our choice here is that
it leads as in (4.14) to the nicer expression

∆+
Eℓ(τ ) = (Eℓ ⊗ id)∆τ +

∑

k

Xk

k!
⊗ Eℓ+k(τ ) ,

for ∆+, where we used similarly to before the convention thatEℓ(τ ) = 0 unless|τ |+ 1 > |ℓ|.

Remark 5.7 At this stage, we would like to point out one fundamental difference betweenE and
I. In the case ofI, the fact that it representsK in the sense of (3.11) was made part of the
definition of our notion of admissible model, and we only everconsidered renormalisation proce-
dures that preserve the set of admissible models. In the caseof E however, we only impose (5.10)
and (5.12) for the canonical liftsLε(ξ). In general, we donot impose that these identities are
satisfied for an arbitrary admissible model. In particular,it is crucial to allow for renormalisation
procedures that break them. This is reminiscent of the status of the product which is typically not
preserved by renormalisation.

This construction also suggests a definition for the operator Ê : given an admissible model
(Π, f ), we set

(ÊU)(z) = EU (z) −
∑

ℓ

(X + z)ℓ

ℓ!
fz(Eℓ(U (z))) .

Combining this with (5.11), it follows immediately that fora canonical model of the typeLε(ξ),
one has the identity

RÊU = εRU .

This however is a particular property of such canonical models. In general, there is no reason for
RÊU to be proportional toRU ! What is more, the operator̂E has a regularising property in the
Dγ-scale of spaces. More precisely, we have the following result, the proof of which is given in
[HQ15, Prop. 3.15].

Proposition 5.8 For the regularity structure(Tex,G) just constructed, there existsδ > 0 such
that the operator̂E is bounded fromDγ to D(γ+1)∧δ.

In particular, combining this with Theorem 3.17, it turns out that if we set|Ξ| = −5

2
− κ for

κ > 0 small enough, then the mapΦ 7→ PÊΦ5 is bounded fromDγ intoDγ as soon asγ > 1+4κ.
Similarly to before one can show that, for any admissible model and for sufficiently regular initial
conditions, the fixed point problem (5.8) admits short-timesolutions, with the existence time of
these solutions uniformly bounded over bounded balls in thespace of admissible models, and
solutions being continuous not just as a function of their initial condition but also as a function
of the model. Furthermore, for models of the typeLε(ξ) (with ξ continuous), these solutions are
such thatϕ = RΦ solves

∂tϕ = ∆ϕ− ϕ3 − aεϕ5 + ξ , ϕ(0, ·) = Φ0 .



42 CONVERGENCE OF OTHER SMOOTH MODELS TOΦ4
3

Remark 5.9 One crucial remark at this stage is that solutions to (5.8) donot depend on the
full model on (Tex,G), but only on its restriction to the smaller regularity structure (T,G). In
particular, these solutions make sense foranyadmissible model on (T,G), even if such a model
does not come from a model on (Tex,G)!

As before, one cannot expect thatLε(ξε) converges to a limit ifξε is a mollification of white
noise. However, it is possible to perform a renormalisationsuch that the modelsMεLε(ξε) con-
verge to a limit on the smaller structure (T,G). Even after renormalisation, these models donot
converge on (Tex,G), but thanks to Remark 5.9 this does not matter for us. Let us now describe
the renormalisation mapsM suitable in this setting. We keep the same graphical notation for
basis vectors ofT/Tex as previously, withE depicted by a circle. With this notation, one has for
example

E(I(Ξ)5) = , I(Ξ)2I(E(I(Ξ)5)) = .

Since we only work with Gaussian approximations, we only keep L1 andL3 from Section 4.5,
which we renamẽL1 and L̃2 to avoid confusion. The operator̃L1 is extended to all ofTex in
the same way as before by furthermore postulating that it commutes withE , so that one has for
example

L̃1 =

(

5

2

)

, L̃1 =

(

5

2

)

+ .

In the case of̃L2, we extend it toTex by simply postulating that it vanishes on all symbols except
for and , so we do for example set̃L2 = 0 rather thañL2 = E(1). Finally, we add two
more operators̃L3 andL̃4 given by

L̃3 = 1 , L̃3 = 4 , L̃4 = 1 , L̃4 = 5 , (5.13)

as well asL̃iτ = 0 for all combinations ofi ∈ {3, 4} and τ ∈ W not appearing in (5.13).
The rationale here is that̃L3 “contracts” all instances of , which appears4 times in and
nowhere else, and similarly for̃L4. Similarly to before, we then consider renormalisation maps
of the formM̃ = exp(−∑

i CiL̃i). There is an analogue in this context to Proposition 4.7, which
shows that these renormalisation maps are “legal” in the sense that they induce an action on
admissible models with the property that a model represented byΠ is mapped to one represented
by ΠM̃ .

By a calculation analogous to that of Proposition 4.9, one can then show the following.

Proposition 5.10 Let M̃ be as above and let(ΠM̃ ,ΓM̃ ) be the model obtained by acting with
M̃ on (Π,Γ) = Lε(ξ) for some smooth functionξ and someε > 0. Let furthermoreΦ be the
solution to (5.8) with respect to the model(ΠM̃ ,ΓM̃ ). Then, the functionu(t, x) = (RM̃Φ)(t, x)
solves the equation

∂tu = ∆u−H3(u, C̃1) − aεH5(u, C̃1) − (9C̃2 + 20aC̃3 + 25a2C̃4)u+ ξ ,

whereHn denotes thenth Hermite polynomial as before.
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Givenc ∈ R andε > 0, we now defineM̃c,ε = exp(−∑

iC
(c,ε)
i L̃i) by setting

C̃ (c,ε)
1

= C̃ (ε)
1

, C̃ (c,ε)
2

= C̃ (ε)
2

, C̃ (c,ε)
3

= cC̃ (ε)
3

, C̃ (c,ε)
4

= c2C̃ (ε)
4

,

with

C̃ (ε)
1

= , C̃ (ε)
2

= 2 , C̃ (ε)
3

= 3!ε , C̃ (ε)
4

= 4!ε2 ,

with the same graphical notations as in the previous section. Here, C̃1 diverges likeε−1 and
C̃2 diverges logarithmically, but the remaining two constantsactually converge to finite limits as
ε → 0. The reason for these definitions is the following result, which is the crucial point on which
the proof of Theorem 5.5 hinges.

Theorem 5.11 Let ξε = ̺ε ∗ ξ for some space-time white noiseξ and, forc ∈ R andε > 0, let

Mc,ε = M̃c,εLcε(ξε) ,

with M̃c,ε as above. Then, the limitlimε→0Mc,ε exists in the space of admissible models on(T,G)
and is independent ofc.

Remark 5.12 It is not true that the modelsMc,ε converge to a limit on the extended regularity
structure (Tex,G). Fortunately, this is not needed for our argument.

The proof of this result follows the same line of argument as in Section 4.6. The reason why
the limit turns out to be independent ofc is that the value ofc only affectsΠzτ for symbolsτ
containing at least one instance ofE . Our choice of renormalisation constants is then precisely
such that, in the limitε → 0, all of these terms vanish.

Combining Theorem 5.11 with Proposition 5.10 and the fact that solutions to (5.8) depend
continuously on the underlying model, we conclude that the solutions to

∂tu = ∆u−H3(u, C̃
(ε)
1

) − aεH5(u, C̃
(ε)
1

) − (9C̃ (ε)
2

+ 20aC̃ (ε)
3

+ 25a2C̃ (ε)
4

)u+ ξε ,

as well as those to
∂tu = ∆u− u3 + (3C̃ (ε)

1
− 9C̃ (ε)

2
)u+ ξε ,

both converge to the same limit asε → 0. Since the limit of the latter is theΦ4
3 model by definition,

the claim of Theorem 5.5 follows at once.
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[HL15] M. H AIRER and C. LABBÉ. Multiplicative stochastic heat equations on the whole space.ArXiv
e-prints(2015).http://arxiv.org/abs/1504.07162.

[HP13] M. HAIRER and N. S. PILLAI . Regularity of laws and ergodicity of hypoelliptic SDEs driven
by rough paths.Ann. Probab.41, no. 4, (2013), 2544–2598.http://arxiv.org/abs/1104.

5218. http://dx.doi.org/10.1214/12-AOP777.
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The motion of a random string

June 22, 2016

M. Hairer

Mathematics Institute, The University of Warwick

Abstract

We review a series of forthcoming results leading to the construction of a nat-
ural evolution on the space of loops with values in a Riemannian manifold. In
particular, this clarifies the algebraic structure of the renormalisation procedures
appearing in the context of the theory of regularity structures.

1 Introduction

This work is partially motivated by Funaki’s attempt [Fun88, Fun92] to construct a
natural evolution on the space of loops with values in a manifold. Given a compact
smooth Riemannian manifoldM with metricg, write L∞M for the space of all
smooth loops inM, i.e. simply the space of all smooth functionsu : S1 → M.
We also writeLM for the space of all loops, where we only impose thatu is
continuous. The energy of a loopu ∈ L∞M is given by

E(u) =
1

2

∫

S1

gu(x)(∂xu(x), ∂xu(x)) dx . (1.1)

The aim of this note is to discuss the construction of the natural Langevin dynamic
associated toE. In other words, one would like to build a Markov processu with
values inLMwith the following two properties:

1. The measure on loops formally given by exp(−2E(u))Du is invariant for
the processu.

2. The evolution is local in the sense that, when written as anevolution equa-
tion, all of the terms appearing in its right hand side are purely local.

The meaning of the first property is not clear a priori since there is of course no
“Lebesgue measureDu on loop space”, but a natural way of interpreting it is as
the Brownian bridge measure onM. See [IM85, AD99] for proofs that natural

http://arxiv.org/abs/1605.02192v2
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approximations of exp(−2E(u))Du do indeed converge to the Brownian bridge
measure, or to close relatives thereof. The second propertyis natural in view of
the fact that the integrand appearing in (1.1) depends onu in a local way.

1.1 Derivation of the main equation

Recall that in the finite-dimensional case, given a smooth potentialV : Rd → R
with sufficiently “nice” behaviour at infinity, the Langevindynamic associated to
V is given by the stochastic differential equation

ẋ = −∇V (x) + ξ , (1.2)

whereξ denotes white noise, i.e. the generalisedRd-valued stochastic process with

Eξi(s)ξj(t) = δijδ(t− s) . (1.3)

In order to mimic this, we therefore first need a natural notion of gradient forE.
For this, note that the metricg induces a Riemannian structureĝ on L∞M in
the following way. An elementh ∈ TuL

∞M of the tangent space ofL∞M at
u ∈ L∞M is given by a functionh : S1 → TM is such thath(x) ∈ Tu(x)M for
everyx ∈ S1. One then defines a “Riemannian metric”ĝ onTL∞Mby setting

ĝu(h, h) =
∫

S1

gu(x)(h(x), h(x)) dx ,

for everyh ∈ TuL
∞M. As usual, one can then define the gradient∇E(u) as the

unique element ofTuL
∞M such that

ĝu(h,∇E(u)) = dE(h) ,

for everyh ∈ TuL
∞M, wheredEu(h) is the differential ofE in the direction

h evaluated atu. This yields a particular case of the Eells-Sampson Laplacian
[ES64].

In view of (1.2), it is then natural to try to define the Langevin equation associ-
ated to (1.1) as

u̇ = −∇E(u) + ξ , (1.4)

whereξ is a suitable “white noise on loop space”. In particular, in the simplest
possible case whereM= R (with its standard metric), one obtains the stochastic
heat equatioṅu = ∂2

xu + ξ, for ξ a space-time white noise, the invariant measure
of which is indeed given by the Brownian bridge. In general however, it is much
less clear what the symbolξ appearing in (1.4) latter actually means since at any
fixed timeξ should belong toTuLM (or at least a suitable generalisation thereof),
which itself varies with time.
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Note that a characterisation of the noiseξ appearing in (1.2) is that it is the (gen-
eralised) Gaussian process with Cameron-Martin space given by L2(R+,Rd) en-
dowed with its usual scalar product. This hints at a way of adapting this definition
to the situation at hand. Indeed, for any given smooth function u : R+ → L∞M

(which of course the processu we are interested in really isn’t!), we obtain a scalar
product on the spaceL2

u of functionsh : R+ → TL∞Mwith h(t) ∈ Tu(t)LMby

〈h, h̄〉u =

∫

R

∫

S1

〈h(t, x), h̄(t, x)〉u(t,x) dx dt . (1.5)

then a natural definition forξ mimicking (1.3) is that it is the (generalised) Gaus-
sian process with Cameron-Martin space given byL2

u endowed with the scalar
product (1.5). It turns out that this process can be constructed more explicitly as
follows. Take a finite collection{σi}

m
i=1 of vector fields onM with the property

that, for everyu ∈ Mandh, h̄ ∈ TuM, one has the identity

gu(h, h̄) =
m
∑

i=1

gu(h, σi(u))gu(h̄, σi(u)) ,

and let{ξi}mi=1 be a collection of independent space-time white noises. Then, one
can verify that the Gaussian processξ given byξ(t, x) =

∑m
i=1

σi(u(t, x)) ξi(t, x)
does indeed have as its Cameron-Martin spaceL2

u with scalar product (1.5).
This suggests that (1.4) should really be interpreted as

u̇ = −∇E(u) +
m
∑

i=1

σi(u) ξi .

In local coordinates, this can be written as

u̇α = ∂2
xu

α + Γα
βγ(u) ∂xu

β∂xu
γ + σα

i (u) ξi , (1.6)

where Einstein’s convention of summation over repeated indices is implied and
Γα
βγ are the Christoffel symbols for the Levi-Civita connectionof (M, g). We thus

derived some kind of multi-component version of the KPZ equation, similar to the
one studied in [FSS13, Spo14], but with bothΓ andσ depending on the solution
u itself. This also shows where the problem lies. Since we expect the stationary
measure of (1.6) to be closely related to the Brownian bridge, we expect typical
solutions to be not even1

2
-Hölder continuous as a function of thex coordinate. As

a consequence, the term∂xuβ∂xu
γ involves the product of two distributions, so

that it is not cleara priori how to define it. Even if we were to somehow define
it, it still wouldn’t be clear how to multiply the resulting distribution with the very
irregular functionΓα

βγ(u).
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Similarly, while one would expect to be able to define the termsσα
i (u) ξi via Itô

integration, this would certainly lead to problems since Itô integration famously
does not preserve the chain rule, which makes it ill-suited for problems on man-
ifolds. On the other hand, there appears to be no Stratonovich integration in this
context because the corresponding Itô correction term is infinite, see for example
[HP15].

1.2 Main result

In the present work, we take a somewhat pragmatic approach bypostulating that
we call a process a “solution” to (1.6) if it is the limit of a natural approximation
procedure. More precisely, we fix a function̺ ∈ C∞

0 (R2) integrating to1 and we
set

ξ(ε)
i = ̺(ε) ⋆ ξ , ̺(ε)(t, x) = ε−3̺(t/ε2, x/ε) . (1.7)

It is then natural to ask whether solutions to (1.6) withξ replaced byξ(ε) admit
limits asε → 0. Of course, even if this turns out to be the case, one might lose
uniqueness, but as we will see shortly this can be recovered to some extent. In
order to formulate our result, we impose an additional constraint on the vector
fieldsσi, namely we assume that

m
∑

i=1

∇σi
σi = 0 ,

where∇ denotes the covariant derivative (with respect to the Levi-Civita con-
nection). An equivalent way of formulating this is that, viewing theσi as first-
order differential operators,

∑

i σ
2
i is equal to the Laplace-Beltrami operator. This

should be viewed as a “centering” condition, which can always be satisfied. For
example, it suffices to consider an isometric embedding ofMas a submanifold of
Rm and to then take forσi(u) the orthogonal projection of theith canonical basis
vector ofRm ontoTuM.

The main result on which we report here is a consequence of themore gen-
eral results exposed in [BHZ16, CH16], relying on [Hai14, HQ15], and can be
formulated as follows.

Theorem 1.1 Let u(ε) be the solution to(1.6) with ξi replaced byξ(ε)
i and with

some fixed Ḧolder continuous initial conditionu0. Then, asε → 0, u(ε) converges
in probability to a Markov processu. Furthermore, althoughu might depend on
the choice of̺ , the set of possible limits can be parametrised smoothly by finitely
many parameters.

Remark 1.2 If M is a symmetric space, then the limit can be shown to be indepen-
dent of̺. In general, we believe that the set of possible limits for approximations
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of the type discussed here is actually one-dimensional, butwe do not have a proof
of this. We also believe that the law of the limit is independent of the choice of
vector fieldsσi, but again we have no proof of this.

Remark 1.3 A natural process on loop space leaving invariant the Brownian bridge
measure on a manifold was constructed by a number of authors in the nineties, see
for example [Dri92, DR92, Dri94, ES96, Nor98]. This processis different since,
in the particular case ofM= Rd, it would correspond to the Ornstein-Uhlenbeck
process from Malliavin calculus, rather than the stochastic heat equation. In par-
ticular, it is not “local” in the sense that its driving noisehas non-trivial spatial
correlations.

To some extent, we can probably learn more from the proof of Theorem 1.1
than from the result itself, although a more systematic study of the properties
of the limiting process, especially in the small noise limit, could be very inter-
esting, especially in view of [Wit82, Bis08]. We will assumein the sequel that
the reader has at least some familiarity with the theory of regularity structures as
developed in [Hai14] and surveyed for example in [Hai15, CW15]. The proof fol-
lows the same methodology as developed in [Hai14, HQ15, HP15], which can be
summarised as follows:

1. Build a regularity structureT = (T, G+) that is sufficiently rich to be
able to formulate (1.6) as a fixed point problem in some spaceDγ,η of
sufficiently regular modelled distributions and build a local solution theory.

2. Exhibit a sufficiently large subgroupG− of the “renormalisation group”R
associated toT as in [Hai14, Def. 8.41].

3. Find a sequence of elementsMε ∈ G− such that the sequence of admissible
modelsΠ̂(ε) obtained by taking the canonical liftΠ(ε) of {ξ(ε)

i }mi=1 and acting
on it withMε converges to a limiting model̂Π.

4. Show thatMε can be chosen in such a way that the solution to the fixed
point problem constructed in 1. with modelΠ̂(ε) is the same (once higher-
order information is discarded) as that of (1.6) withξi replaced byξ(ε)

i .

It follows immediately from the main results of [Hai14] thatif these four steps
can be carried out successfully, then Theorem 1.1 follows.

Let us now review how these steps can be performed in the context of the prob-
lem at hand. Step 1. in this list is generic and was performed in [Hai14] for a large
class of stochastic PDEs which in particular include (1.6),so we will not dwell
on it. Step 2. is purely algebraic. The problem is that while elements ofR are
described by linear maps onTand one can easily make an “educated guess” of a
groupG− of such linear maps that is relevant later on, checking whether a given
map belongs toR using the characterisation given in [Hai14] is tedious. In the
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case of [Hai14, HQ15, HP15], the relevant groups were of verylow dimension,
so that this verification could easily be done by brute force.In the present situa-
tion, even after taking simplifications arising from symmetries into account, the
dimension ofG− is still 71, so that such a brute force verification would only be
practical with the help of a computer. In [BHZ16], we therefore obtain a general
result showing that those linear maps arising from the “educated guesses” alluded
to earlier do indeed always belong toR, and a presentation of this result is the
content of Section 2. Step 3. on the other hand is purely analytical. Again, in the
abovementioned previous works, this step was reduced to moment bounds for a
finite number (typically about5 or 6) of stochastic processes, and these were then
obtained separately for each of these processes. Again, this could in principle be
done here but would be impractical since the number of processes that would re-
quire moment bounds in this case is well over one hundred. In the article [CH16],
we therefore obtain a general estimate that yields suitablemoment bounds for a
very large class of processes of this type, thus bypassing the need to consider these
processes separately. This bound is presented in Section 3.At this stage, without
any additional information but exploiting thex ↔ −x symmetry of the equation,
one deduces from the general theory of [Hai14] that there exist finitely manyε-
dependent constantsc(ε)

j andε-independent vector fieldshj such that the solutions
to

u̇α = ∂2
xu

α + Γα
βγ(u) ∂xu

β∂xu
γ + c(ε)

j hα
j (u) + σα

i (u) ξ(ε)
i ,

converge to a limitu that is furthermore independent of the mollifier̺. In order to
complete the proof of Theorem 1.1, it therefore remains to show that for everyj,
eitherc(ε)

j converges to a finite limit asε → 0 or hj = 0. This result is the content
of forthcoming work and will not be reviewed presently.

2 Algebraic aspects

Recall that the regularity structure canonically associated to (1.6) comprises sym-
bols {Ξi}

m
i=1, {X

k}k∈N2 representing the driving noises and Taylor monomials
respectively, as well as abstract integration maps{Ik}k∈N2 representing the heat
kernel and its derivatives, and an associative and commutative product. We write
F for the free vector space generated by all formal expressions built from these
operations, modulo the usual identifications, namely that1 def

= X0 is neutral for
the product, thatXkXℓ = Xk+ℓ, and thatIℓ(Xk) = 0. Writing |k| = 2k0+ k1 for
k ∈ N2, we assign real-valued degrees to these objects by

|Ξi| = −
3

2
− κ , |Xk| = |k| , |Iℓ| = 2− |ℓ| , (2.1)

respectively, forκ > 0 a parameter with a sufficiently small value (κ = 1/100 will
do). We will use the shorthand notationsI′ = I(0,1),X0 = X (1,0) andX1 = X (0,1).
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The fact that the time coordinateX0 has degree2 rather than1 reflects the fact
that we endow space-time with the parabolic scaling, which is consistent with the
scaling used in (1.7).

Of course, not all the formal expressions built from these symbols and oper-
ations are useful for our problem. As in [Hai14], we define collections U, U′

and W of formal expressions as the smallest collections such that{Ξi}
m
i=1 ∪

{Xk}k∈N2 ⊂ W, such that

τ ∈ W ⇒ I(τ ) ∈ U & I′(τ ) ∈ U′ ,

and such that, for everyk ≥ 0, every collection{τi}ki=1 with τi ∈ U for everyi,
and everyσ1, σ2 ∈ U′, one has

{τ, τΞj, τσ1, τσ1σ2} ⊂ W , τ = τ1 · · · τk .

Note that by construction one hasU∪ U′ ⊂ W.
The spaceT is then defined as the free vector space generated byW, endowed

with the R-grading determined by (2.1). As long asκ < 1

2
, one can verify that,

for everyγ ∈ R, the subspace ofTgenerated by elements of degree at mostγ is
finite-dimensional. In order to describeG+, we consider the free vector spaceT̂+

generated by all formal expressions of the typeXℓ
∏N

i=1
Iki(τi) for someN ≥ 0,

someℓ, ki ∈ N2 and someτi ∈ W. Note thatT̂+ is an algebra, which is not the
case forTsince the product of two expressions inWdoes not necessarily belong
to W. We then writeT+ for the quotient ofT̂+ by the idealJ− ⊂ T̂+ generated by
all Ik(τ ) with |Ik(τ )| ≤ 0.

Consider now the linear map∆+ : T→ T⊗ T+ given by

∆+Xi = Xi ⊗ 1+ 1⊗Xi , ∆+Ξi = Ξi ⊗ 1 , (2.2)

and then recursively by

∆+Ik(τ ) = (Ik⊗ id)∆+τ+
∑

ℓ∈N2

Xℓ

ℓ!
⊗Ik+ℓ(τ ) , ∆+(τ τ̄ ) = ∆+τ ∆+τ̄ . (2.3)

The sum appearing in this expression is actually finite sinceall but finitely many of
the summands are zero inT⊗T+. Note also that we can define∆+ : T+ → T+⊗T+

in formally exactly the same way (and this is compatible withthe quotienting
procedure used to produceT+), except that in that case the mapsIk appearing in
(2.3) are interpreted as linear maps fromT to T+. The following was shown in
[Hai14, Sec. 8].

Proposition 2.1 There exists an algebra morphismA+ : T+ → T+ so that(T+, ·,
∆+,A+) is a Hopf algebra, and the map∆+, viewed as a mapT→ T⊗T+, turns
T into a right comodule forT+.
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The morphismA+ is defined uniquely by the fact thatA+Xi = −Xi and

A+Ik(τ ) = −
∑

ℓ∈N2

(−X)ℓ

ℓ!
M+(Ik+ℓ ⊗ A+)∆

+τ , (2.4)

whereM+ : T+ ⊗ T+ → T+ denotes the product.
Denote byG+ the group of charactersg : T+ → R endowed with

f ◦ g = (f ⊗ g)∆+ , f−1 = fA+ , (2.5)

as well as the identity elemente given bye(1) = 1 ande(τ ) = 0 for symbols
τ 6= 1. The comodule structure ofT for T+ then yields a natural action ofG+

ontoT from the left via

g 7→ Γg , Γg = (id ⊗ g)∆+ .

Since furthermore∆+ preserves total degree and every basis vector inT+ has
strictly positive degree except for1, this yields a regularity structureT = (T, G+).
As shown in [BHZ16] and although it may not look so at first sight, this construc-
tion is equivalent to the one given in [Hai14, Sec. 8] modulo achange of basis for
T+.

Furthermore, given a collection{ξ(ε)
i }mi=1 of smooth functions, we have a canon-

ical lift to a model (Π(ε), f (ε)) for T in the following way. First, we define a linear
mapΠ(ε) : T→ C∞ by

Π
(ε)Ξi = ξ(ε)

i , Π
(ε)τ τ̄ = (Π(ε)τ ) · (Π(ε)τ̄ ) , (2.6a)

Π
(ε)Xkτ = xk

Π
(ε)τ , Π

(ε)Ikτ = DkK ⋆Π(ε)τ , (2.6b)

where the kernelK is a truncated heat kernel as in [Hai14],⋆ is convolution inR2,
andxk denotes the functionx 7→ xk. In general, we define

Definition 2.2 A linear mapΠ : T→ C∞ is admissibleif (2.6b) holds.

Given any admissible linear mapΠ : T → C∞, there is a natural way of as-
signing to it a collection of charactersg+z (Π) : T̂+ → R by settingg+z (Π)Xi = zi,
g+z (Π)Ik(τ ) = (DkK ⋆ Πτ )(z), and then extending this multiplicatively. Write
now Â+ : T+ → T̂+ for the unique algebra morphism such thatÂ+Xi = −Xi and

Â+Ik(τ ) = −
∑

ℓ

(−X)ℓ

ℓ!
π+M̂+(Ik+ℓ ⊗ Â+)∆

+τ ,

where this time theIk are interpreted as mapsT→ T̂+ andπ+ is the projection
in T̂+ onto the terms of positive homogeneity. (Similarly to above, M̂+ is the
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product inT̂+.) Comparing this to the definition ofA+ given in (2.4), we see that
it is virtually identical, with the exception of the appearance of the projectionπ+

and the fact that the two operators do not act on the same spaces.
GivenΠ, we then defineΠz : T→ C∞ andfz ∈ G+ by

fz = g+z (Π)Â+ , Πz = (Π⊗ fz)∆
+ , (2.7)

for everyz ∈ R2. We also defineΓzz̄ : T→ Tby

Γzz̄ = (id ⊗ fzA⊗ fz̄)(∆
+ ⊗ id)∆+ = (γzz̄ ⊗ id)∆+ , (2.8)

with γzz̄ = (fzA⊗ fz̄)∆+, so thatΠzΓzz̄ = Πz̄ and we henceforth writeZ for the
map

Z: Π 7→ (Π,Γ) ,

given by (2.7) and (2.8). It is then possible to verify that ifΠ
(ε) is given by (2.6),

thenZ(Π(ε)) is indeed an admissible model forT . For a generic admissible linear
mapΠ : T→ C∞ however this is not necessarily true.

Writing M for the space of admissible models forT that are periodic in the
spatial variable, one can build a solution mapS: M × LαM → C̄(R+,L

αM)
(here one should takeα ∈ (0, 1

2
− κ), LαMdenotes the space ofα-Hölder contin-

uous loops inM, and C̄(R+, X) denotes the space of continuous functions with
values in the metric spaceX, up to some explosion time at which they leave every
bounded region ofX) with the following two properties:

• If Π(ε) is the canonical lift for some smooth functionsξ(ε)
i , thenS(Z(Π(ε)), u0)

is the maximal solution to (1.6) with initial conditionu0 andξi replaced by
ξεi .

• The mapS is locally Lipschitz continuous in both of its arguments.

This shows that if it were the case thatZ(Π(ε)) converges to some limiting model
in M asε → 0, then Theorem 1.1 would follow at once. Unfortunately, thisis
simply not the case. We would therefore like to be able to “tweak” this model in
such a way that it remains an admissible model but has a chanceof converging as
ε → 0.

A natural way of “tweaking”Π(ε) is to compose it with some linear mapM : T→
T. This naturally leads to the following question: what are the linear mapsM
which are such that ifZ(Π) is an admissible model, thenZ(ΠM) is also an ad-
missible model? More precisely, we give the following definition.

Definition 2.3 A linear mapM : T→ T is anadmissible renormalisation proce-
dure if, for everyΠ : T→ C∞ such thatZ(Π) ∈ M , one hasZ(ΠM) ∈ M .

In [Hai14, Sec. 8.3], a rather indirect characterisation ofrenormalisation proce-
duresM is given. The aim of the remainder of this section is to give anexplicit
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description of a very large class of suchM . In order to describe these maps, we
recall that the elements ofWcan best be described by rooted trees with additional
decorations in the following way. We havem+1 types of edges:m of them repre-
sent the symbolsΞi, and they always touch a leaf. The last type representsIand
is decorated with anN2-valued labelk, thus representingIk. Nodes are also dec-
orated withN2-valued labels, representing factors ofXk. Finally, multiplication
is represented by concatenation at the root. If we drawfor nodes, for Ξi (this
looks like a node, but can unambiguously be interpreted as anedge protruding
from the center of the disk since we postulated that these edges always terminate
in a leaf), for Iand for I′, we do for example have

I(I′(Ξi)I
′(Ξj)) = , I(I′(Ξi)I

′(ΞjI(Ξk))) = ,

etc, with the understanding thatdenotes the relevantΞi. The expressionI′(XkI′(Ξi)I′(Ξj))
for example would be represented by, but with a decorationk at the center node
where the three bold lines meet. This gives a bijection between canonical basis
vectors ofFand triples (F, n, e) whereF = (VF , EF ) is a rooted trees with edge
types in{I,Ξ1, . . . ,Ξm} subject to the restrictions described above,n : VF → N2,
ande : EF → N2.

By analogy with the BPHZ renormalisation procedure [BP57, Hep69, Zim69],
one would like to consider renormalisation maps that consist in “contracting sub-
trees”. In order to formalise such an operation, consider a treeT = (VT , ET ), as
well as a subforestA = (VA, EA) ⊂ T , i.e. an arbitrary subgraph ofT which con-
tains no isolated vertices. We then writeRAT for the tree obtained by contracting
the connected components ofA in T .

We also writeT̂− for the free commutative algebra generated byWandJ+ ⊂
T̂− for the ideal generated by{τ ∈ W : |τ | ≥ 0}. We interpret elements of̂T−

as triples (F, n, e) as above, except thatF is now allowed to be a forest. We also
define the spaceT− by T− = T̂−/J+. With these notation at hand, we then define
a map∆− : T→ T− ⊗ Tby setting, forτ = (T, n, e) ∈ W,

∆−τ =
∑

A⊂T

∑

eA,nA

1

eA!

(

n

nA

)

(A, nA + πeA, e↾EA) (2.9)

⊗ (RAF,RA(n− nA), e+ eA) .

Here, the sum runs over allnA : VA → N2 andeA : ∂(A, F ) → N2, where∂(A, F )
denotes the edges inEF \EA that are adjacent toVA. Also, for a functionm : S →
Z2 with S a finite set, we writem! =

∏

x∈S m(x)0!m(x)1! and similarly for the
binomial coefficients, with the convention thatk! = ∞ for k < 0. As before, the
sum appearing here is actually finite because all but finitelymany terms have the
first factor vanish inT−.
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Our motivation for the definition of∆− is as follows. Assigning a number
to eachτ ∈ W with |τ | < 0 is equivalent to choosing an algebra morphism
g : T− → R. If we ignore for a moment the labelsn ande, an operation of the type
Mg : T→ Twith

Mgτ = (g ⊗ id)∆−τ , (2.10)

then corresponds to iterating over all ways of contracting subtrees of negative de-
gree contained inτ and replacing them by the corresponding constant assigned
to it by g. This corresponds to replacing a kernel of possibly severalvariables by
a multiple of a Dirac delta function forcing all arguments tocollapse. The seem-
ingly complicated combinatorics appearing in (2.9) then encodes the possibility
to also replace it by higher order derivatives of such a deltafunction in all of its
arguments.

Similarly to before,∆− can also be viewed as a map∆− : T− → T− ⊗ T−

by extending it multiplicatively fromW to all of T−. Writing • for the product
in T− (which has nothing to do with the product we have onW!), the following
analogue to Proposition 2.1 was shown in [BHZ16].

Proposition 2.4 There exists an algebra morphismA− : T− → T− so that(T−, •,
∆−,A−) is a Hopf algebra, and the map∆−, viewed as a mapT→ T−⊗T, turns
T into a left comodule forT−.

If we write just as beforeG− for the group of charactersg : T− → R, this yields
a right action ofG− ontoTby g 7→ Mg with Mg as in (2.10). The following is
then the main result of [BHZ16].

Theorem 2.5 For everyg ∈ G−, the mapMg is an admissible renormalisation
procedure.

The idea of the proof of this theorem goes as follows. Assume for a moment
that one can also find a map∆− : T̂+ → T̂− ⊗ T̂+ such that

∆−J− ⊂ J+ ⊗ T̂+ + T̂− ⊗J− ,

with J± defined before (2.2) and (2.9). In particular,∆− passes through the quo-
tients to a mapT+ → T− ⊗ T+, which we assume to satisfy the following.

• OnT, one has the identity

M−(∆− ⊗∆−)∆+ = (id ⊗∆+)∆− , (2.11)

where
M− : T− ⊗ T⊗ T− ⊗ T+ → T− ⊗ T⊗ T+ (2.12)

is the map that multiplies the two factors inT−. The same is also true on
T+.
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• OnT+, one has the identity

∆−Â+ = (id ⊗ Â+)∆− . (2.13)

• The actions ofG− ontoT andT+ given by (2.10) and the analogous for-
mula forT+ only increase degrees.

In this case, it is straightforward to verify that, for anyg ∈ G−, if we writeMg as
before, setΠg = ΠMg for someΠ such thatZ(Π) = (Π,Γ) is a model, write
Z(Πg) = (Πg,Γg), and defineγzz̄ andγg

zz̄ as in (2.8), one has

γg
zz̄ = (g ⊗ γzz̄)∆

− , Πg
z = (g ⊗Πz)∆

− .

To show this, one first uses (2.13) to show thatf g
z = (g ⊗ fz)∆−, wheref and

f g are defined fromΠ andΠg as in (2.7). One then uses (2.11) (onT) to show
that the required identity forΠg

z holds. Finally, one uses (2.11) onT+ to show
that if one viewsMg as acting onT+ via (2.10), then its action distributes over
the product defined in (2.5) in the sense that (Mgf ) ◦ (Mg f̄ ) = Mg(f ◦ f̄ ), which
then implies the required identity forγg

zz̄. The fact that the action ofMg increases
degrees guarantees thatZ(Πg) is again a model, provided thatZ(Π) is.

The problem is that (2.11) actually fails in our situation. However, it turns out
that it can still be rescued by the following construction. We look for a larger
spaceTex, together with corresponding spacesT̂ex

+ , T̂ex
− and idealsJex

− ⊂ T̂ex
+ and

Jex
+ ⊂ T̂ex

− , all of themR-graded, such that the following properties hold.

• There are analogous maps to∆+ and∆− acting on these “extended” spaces
and such that all of the algebraic relations described aboveare satisfied,
including (2.11) and (2.13). In particular, one has a mapZex turning lin-
ear mapsTex → C∞ into candidate models on the regularity structure
(Tex, Gex

+ ) defined in formally the same way as above.

• There exists a projectionπex : Tex → T which is a right inverse for the
inclusionT →֒ Tex and is such that for any admissibleΠ : T → C∞,
Z(Π) is a model if and only ifZex(Ππex) is a model.

• There exists an algebra morphismπex
− : Tex

− → T− such that, for every
g ∈ G−, one has

πexMex
gπex

−
= Mgπ

ex . (2.14)

Once we have constructed these larger spaces, the proof of Theorem 2.5 is rather
straightforward. Fixg ∈ G− andΠ such thatZ(Π) is a model. Then, by the sec-
ond property above, in order to show thatZ(ΠMg) is a model, it suffices to show
that Zex(ΠMgπ

ex) is a model. However, by (2.14), we haveZex(ΠMgπ
ex) =

Zex(ΠπexMex
gπex

−
) and, again by the second property, we already know thatZex(Ππex)

is a model. We conclude by the fact thatMex
gπex

−
is an admissible renormalisation
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map thanks to the argument given above, using the properties(2.11) and (2.13)
for the maps∆± defined on the extended spaces.

3 Analytical aspects

At this stage, we have built a rather large groupG− acting on our space of for-
mal expressionsTby admissible renormalisation procedures. Consider now reg-
ularised space-time noisesξ(ε)

i as in (1.7) and defineΠ(ε) as their canonical lift,
defined by (2.6). The following result is a particular instance of the main theorem
of [CH16].

Theorem 3.1 There exists a choice of (deterministic) elementsgε ∈ G− such that,
settingMε = Mgε as in (2.10), the sequence of modelsZ(Π(ε)Mε) converges to
a limiting model inM .

Before we give an idea of the proof of this theorem, let us showhow the element
gε determining the suitable renormalisation procedure is constructed. It turns out
that this construction is very similar to the construction of the elementsfz ∈ G+

constructed in (2.7) in order to correctly recenter the model, so that its behaviour
around a given space-time pointz matches its degree. This is maybe not surprising
since one can also view the renormalisation as some kind of “recentering proce-
dure” except that this time, instead of insisting that theevaluationof the model at
a given location vanishes for basis vectors of positive homogeneity, we would like
to impose that theexpectationof the model vanishes for basis vectors of negative
homogeneity.

Recall equation (2.9) defining∆−. It follows from this definition that the an-
tipodeA− for the Hopf algebraT− is defined forτ = (F, n, e) by the recursion

A−τ = −
∑

A⊂T
A6= 6#

∑

eA,nA

1

eA!

(

n

nA

)

(A, nA+πeA, e↾EA)•A−(RAF,RA(n−nA), e+eA) ,

where• is the product inT− as before. As above, the renormalisation procedure
involves a twisted antipode. In order to define this, recall thatT− = T̂−/J+ and
write π− : T̂− → T̂− for the projection onto elements of strictly negative degree.
Similarly to above, we then definêA− : T− → T̂− inductively as being the unique
algebra morphism so that, on elements of the type (F, n, e) with F a single tree
(so that it is identified with an element ofW), one has

Â−(F, n, e) = −
∑

A⊂T
A6= 6#

∑

eA,nA

1

eA!

(

n

nA

)

π−((A, nA + πeA, e↾EA) • Â−(RAF,RA(n− nA), e+ eA)) .



ANALYTICAL ASPECTS 14

We furthermore note that anyrandomlinear mapΠ : T→ C∞ with finite expec-
tation gives rise to a characterg−(Π) on T̂− by simply setting

g−(Π)τ = E(Πτ )(0) , τ ∈ W ,

and then extending it multiplicatively. In this setting, atleast for instances ofΠ
satisfying a suitable kind of stationarity, we then claim that the “correct” choice
of charactergε appearing in Theorem 3.1 is given by

gε = g−(Π(ε))Â− .

Comparing this and (2.10) to (2.7), we see that the renormalisation procedure
required to make our models converge to a finite limit is indeed formally identical
(modulo changing+ / evaluation into− / expectation) to the recentering procedure
discussed before.

Combining these constructions with the results of [Hai14, Sec. 10], one con-
cludes that Theorem 3.1 essentially follows as soon as one has an estimate of the
type

E〈(g−(Π(ε))Â− ⊗Π
(ε) ⊗ g+z (Π(ε))Â+)M−(∆− ⊗∆−)∆+τ, ϕλ

z 〉
2 . λ2|τ | , (3.1)

for everyτ ∈ Wwith |τ | < 0, where|τ | denotes the degree ofτ as before,M− is
as in (2.12),〈·, ·〉 is the usual scalar product inL2(R2), andϕλ

z is the translate and
rescaling of a test functionϕ ∈ C∞

0 with sufficiently many derivatives bounded by
1 and with support in the ball of radius1 around the origin as in [Hai15, Def. 3.3].

From an algebraic perspective, the definitions of∆− andÂ− are very strongly
reminiscent of the Hopf-algebraic formulation of Zimmermann’s forest formula
[Kre98], which was further explored in [CK00, CK01]. More precisely, our space
T̂− is analogous to the spaceA in [Kre98], the quotiented spaceT− is analogous
to the spaceA/ ∼, etc., so (3.1) is really a form of BPHZ theorem.

The difference is threefold. First, our basic combinatorial structure is described
by collections of trees rather than Feynman diagrams. Thesecan then be inter-
preted as generating Feynman diagrams when taking expectations, by contracting
leaves according to Wick’s theorem. (Or the cumulant formula if one considers
aΠ

(ε) which is not obtained from the lift of a Gaussian process.) Second, the re-
sult in [CH16] applies to very large class of kernelsK, provided that they exhibit
the “correct” behaviour near the origin and, unlike most related results that can
be found in the literature, it doesn’t rely on the driving noise being Gaussian. Fi-
nally, and this is really the main difference, we see both “positive” and “negative”
renormalisations appearing in (3.1), while the usual calculations performed in the
context of QFT only involve negative renormalisation. The purpose of the latter
is to ensure that we obtain finite quantities in the limitε → 0. The former on the
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other hand is crucial in order to obtain the correct power ofλ in the right hand
side of (3.1).

Let us explain the main ingredients appearing in the proof of(3.1). First, by
translation invariance, one can setz = 0. Using Wick’s formula, the left hand
side of (3.1) can then be written, for someN > 2, as

Iλ,ετ =

∫

ϕλ(z1)ϕ
λ(z2)K

(ε)
τ (z1, . . . , zN ) dz1 · · · dzN , zi ∈ R2 ,

for some smooth kernelK(ε)
τ which, asε → 0, converges to a smooth limitKτ on

the configuration spaceCN = {(z1, . . . , zN ) : zi 6= zj ∀ i 6= j}, but exhibits quite
singular behaviour on the “big diagonal” where two or more arguments coincide.

In order to estimate an integral of this type, we use the following construction
reminiscent of the Fulton-MacPherson compactification ofCN and already used
in [HS14, HQ15]. First, note that ifΛλ ∈ (R2)N denotes the support ofz 7→
ϕλ(z1)ϕλ(z2),T is a countable index set, and{Dσ}σ∈T are a collection of bounded
regions exhausting all of (R2)N , an integral as above can trivially be estimated by

|Iλ,ετ | . λ−6
∑

σ∈T

1Dσ∩Λλ 6= 6#|Dσ| sup
z∈Dσ

|K(ε)
τ (z)| , (3.2)

where|D| denotes the Lebesgue measure ofD and the factorλ−6 comes from the
parabolic rescaling ofϕλ. Such a bound is close to optimal if the regionsDσ can
be chosen in such a way that the integrandK(ε)

τ does not vary much over them.
A good index setT turns out to be given by the set of rooted binary trees

T = (VT , ET ) with N + 1 leaves endowed with an integer labeln(x) at each inte-
rior vertexx ∈ VT . We now build a mapS: CN → T such that the setsDσ are then
given byDσ = S−1(σ). Givenz ∈ CN , S(z) is built by simultaneously looking at
a sequencePk of partitions of [N ] = {0, . . . , N} and (Tk, nk) = (Vk, Ek, nk) of la-
belled graphs (with labels inZ∪{+∞}) as follows. We setP0 = {{0}, . . . , {N}},
V0 = [N ], E0 = 6#, andn0(x) = +∞ for x ∈ V0. Then, givenPj and (Tj , nj), we
define the next element in the sequence as follows. IfPj = {[N ]}, then the con-
struction stops and we setS(z) = (Tj, nj). Otherwise, for everyA ∈ Pj , consider
the setzA = {zi}i∈A (where we setz0 = 0) and consider the pair (A,B) such
thatd(zA, zB) ≤ d(zC , zD) for everyC,D ∈ Pj, whered denotes the Hausdorff
distance between compact sets. Since the pointszi are all distinct, the pair (A,B)
is unique. One then sets

Pj+1 = (Pj \ {A,B}) ∪ {A ∪ B} ,

Vj+1 = Vj ∪ {A ∪ B} , Ej+1 = Ej ∪ {(A ∪B,A), (A ∪ B,B)} .

We furthermore definenj+1 to be equal tonj onVj andnj+1(A∪B) to be the only
integer such that

d(zA, zB) ≤ 2−nj+1(A∪B) < 2d(zA, zB) .
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As a consequence of the properties of the Hausdorff distance, the labelled trees
produced in this way have the property that if we partially orderT in the natural
way so that the root [N ] is minimal, it is always the case thatx ≤ y implies
n(x) ≤ n(y). The following lemma is crucial.

Lemma 3.2 For z ∈ CN , let (T, n) = S(z). Then, there exist constantsc andC
depending only onN such that, for anyi, j ∈ [N ], and writingi ∧ j = sup{x :
x ≤ {i} & x ≤ {j}} for the most recent common ancestor of the leaves{i} and
{j} in T , one has

c2−nj+1(i∧j) ≤ d(zi, zj) ≤ C2−nj+1(i∧j) . (3.3)

(Again with the conventionz0 = 0.) Furthermore, forσ = (V,E, n), one has the
upper bound

|Dσ| .
∏

x∈V◦

2−dn(x) , (3.4)

uniformly overσ ∈ T, whereV◦ ⊂ V denotes the set of those vertices that are not
leaves inT .

In other words, modulo constant factors, the distance between any two points
of a given configurationz is completely determined byS(z). Furthermore, the
tree structure provides a very efficient way of encoding the various constraints
given by the triangle inequality. The aim then is to obtain, for any such binary tree
T = (V,E) a functionη̄T : V → R, such that the integrandK(ε)

τ can be bounded
by

|K(ε)
τ (z)| .

∏

x∈V◦

2−η̄T (x)n(x) , (3.5)

uniformly in ε. Combining this with (3.4) and (3.3), one then obtains a bound of
the type

|Iλ,ετ | . λ−6
∑

T=(V,E)

∑

n

∏

x∈V◦

2−ηT (x)n(x) , ηT (x) = η̄T (x) + d , (3.6)

where the inner sum runs over all weakly increasing mapsn : V◦ → Z such that
furthermore

2−n(0∧1∧2) ≤ Cλ , (3.7)

for some fixedC > 1. (Herei∧j is as in Lemma 3.2.) This encodes the constraint
that one only considers terms in the sum such thatDσ ∩ Λλ 6= 6#. It is relatively
straightforward to verify recursively that one has indeed abound of the type (3.5)
so that (3.6) holds with functionsηT satisfying

∑

x∈V◦
ηT (x) = |τ |+6. It therefore

remains to obtain conditions on such functionsηT guaranteeing that a sum of the
type appearing in (3.6) is bounded byCλ

∑
x∈V◦

ηT (x) for some fixedC.
This is the content of the following lemma.
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Lemma 3.3 LetT = (V,E) be a rooted binary tree with leaves equal to[N ] with
N > 2 and letη : V◦ → R. Setx⋆ = 0 ∧ 1 ∧ 2 ∈ V◦ and letV⋆ denote the
nodesx ∈ V◦ lying on the path fromx⋆ to the root, but not the root itself. Assume
furthermore that the following two conditions hold.

1. For everyx ∈ V◦ one has
∑

y≥x η(y) > 0.

2. For everyx ∈ V⋆ one has
∑

y 6≥x η(y) < 0.

Then, there exists a constantC such that
∑

n

∏

x∈V◦

2η(x)n(x) ≤ Cλ−
∑

x∈V◦
η(x) ,

where the sum runs over all increasingn : V◦ → Z satisfying(3.7).

The proof of this lemma is relatively straightforward and can be found for ex-
ample in [HQ15]. The two conditions appearing here are generalisations of the
standard conditions on the integrability of a function withpower law behaviour
at the origin (corresponding to the first condition) and at infinity (correspond-
ing to the second condition). The problem in our case is that if we simply re-
placed the complicated expression appearing in the left hand side of (3.1) by
E〈Π(ε)τ, ϕλ

z 〉
2, then although (3.5) and (3.6) would still be satisfied for someηT

with
∑

x∈V◦
ηT (x) = |τ |+6, both conditions of Lemma 3.3 would fail for a typical

τ ∈ W.
The purpose of the two renormalisation procedures encoded by ∆− and∆+

appearing in (3.1) is to allow us to obtain an improved bound which involves a
functionηT that does satisfy the conditions of Lemma 3.3. In this procedure, the
purpose of the “negative renormalisation” is precisely to ensure that the first con-
dition is satisfied (thus removing small-scale divergences), while the purpose of
the “positive renormalisation” is to ensure that the secondcondition is satisfied,
guaranteeing integrability at large scales. The combinatorics of overlapping diver-
gencies can in particular be unraveled by adapting tools from [FMRS85].
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