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These lecture notes give an overview of ”isoperimetric inequalities”, namely
inequalities involving only geometric features, for the eigenvalues of the
Laplace operator, with Dirichlet boundary conditions. In other words, we
will be mainly interested in minimization problems like

(1) min{λk(Ω), Ω ⊂ RN open set, with some geometric constraints. }

Here λk(Ω) denotes the k-th eigenvalue of the Laplace operator (see Notation
in Section 1) and the geometric constraints can involve the volume or the
perimeter or some box constraints or some specific sub-classes like polygons
or convex sets. Most of the information contained in these notes are from
the book of the author [23], but some more recent results are also presented
for which a good recent reference is [24]. Another classical reference is [12].

These notes are organized as follows: Section 1 recall the basic facts
on the eigenvalues for an elliptic operator. We are only concerned here
by the Laplacian as a model operator. This section also fix notation. In
Section 2, we consider various problems involving the first eigenvalue of the
Laplace operator with Dirichlet boundary conditions. We start with the
very classical Rayleigh-Faber-Krahn inequality and we present a (recent)
quantitative version of it. We also deal with the same minimization problem
in the subclass of polygons, presenting the famous Pòlya conjecture. We
report on some obstacle problems (finding the optimal obstacle with various
constraints) and we also give some results on the minimization problem with
a box constraint. Then, in Section 3, we consider the second eigenvalue. We
prove the Hong-Krahn-Szego Theorem (with a quantitative version) and we
also consider the problem of minimizing λ2 among convex domains. At last,
in Section 4, we report on the minimization problems for λk(Ω), k ≥ 3 with a
volume or a perimeter constraint. All the topics we discuss are the occasion
to present classical tools of modern analysis and shape optimization like

• Rearrangement (Schwarz and Steiner symmetrization),
• Hausdorff convergence (of compact and open sets) and γ-convergence,
• Domain derivative.

We also give a collection of open problems (easy to state, difficult to solve)
showing that this field is still very active.
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1. Notation and prerequisites

In this section, we recall the basic properties of the eigenvalues of the
Laplace operator. All the results that we state here are also valid for more
general (linear) elliptic operators. For the proofs or more details, we refer
to any textbook on partial differential equations and operator theory, as [7],
[16], [18] which are good standard references.

1.1. Notation and Sobolev spaces. Let Ω be a bounded open set in RN ,
its boundary is denoted by ∂Ω. We denote by L2(Ω) the Hilbert space of
square integrable functions defined on Ω and by H1(Ω) the Sobolev space of
functions in L2(Ω) whose partial derivatives (in the sense of distributions)
are in L2(Ω):

H1(Ω) := {u ∈ L2(Ω) such that
∂u

∂xi
∈ L2(Ω), i = 1, 2, . . . , N}.

This is an Hilbert space when it is endowed with the scalar product

(u, v)H1 :=

∫
Ω
u(x)v(x) dx +

∫
Ω
∇u(x).∇v(x) dx

and the corresponding norm:

‖u‖H1 :=

(∫
Ω
u(x)2 dx +

∫
Ω
|∇u(x)|2 dx

)1/2

.

Since we are always dealing with Dirichlet boundary conditions in these
notes, we introduce the subspace H1

0 (Ω) which is defined as the closure of
C∞ functions compactly supported in Ω (functions in C∞0 (Ω)) for the norm
‖ ‖H1 . It is also a Hilbert space.

By definition, H1
0 (Ω) and H1(Ω) are continuously embedded in L2(Ω),

but we will need later a compact embedding. This is the purpose of the
following theorem.

Theorem 1.1 (Rellich). For any bounded open set Ω, the embedding H1
0 (Ω) ↪→

L2(Ω) is compact.

1.2. Eigenvalues and eigenfunctions.

1.2.1. Abstract spectral theory. Let us now give the abstract theorem which
provides the existence of a sequence of eigenvalues and eigenfunctions. Let
H be a Hilbert space endowed with a scalar product (., .), we recall that an
operator T is a linear continuous map from H into H. We say that:

• T is positive if, ∀x ∈ H, (Tx, x) ≥ 0,
• T is self-adjoint, if ∀x, y ∈ H, (Tx, y) = (x, Ty),
• T is compact, if the image of any bounded set is relatively compact

(i.e. has a compact closure) in H.

Theorem 1.2. Let H be a separable Hilbert space of infinite dimension
and T a self-adjoint, compact and positive operator. Then, there exists a
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sequence of real positive eigenvalues (νn), n ≥ 1 converging to 0 and a se-
quence of eigenvectors (xn), n ≥ 1 defining an Hilbert basis of H such that
∀n, T xn = νn xn.

Of course, this theorem can be seen as a generalization to Hilbert spaces
of the classical result in finite dimension for symmetric or normal matrices
(existence of real eigenvalues and of an orthonormal basis of eigenvectors).

1.2.2. Application to the Laplacian. We apply Theorem 1.2 to H = L2(Ω)
and the operator A (called the resolvant operator) defined by:

(2)
AΩ : L2(Ω) → H1

0 (Ω) ⊂ L2(Ω)

f 7→ u solution of (3).

where (3) is the variational formulation of the partial differential equation
−∆u = f in Ω with the boundary condition u = 0 on ∂Ω:

(3)

{
u ∈ H1

0 (Ω) and ∀v ∈ H1
0 (Ω),∫

Ω∇u.∇v dx =
∫

Ω fv(x) dx .

Existence and uniqueness of a solution for problem (3) for a bounded open
set Ω follows from Lax-Milgram Theorem and the Poincaré inequality. It is
easy to check that AΩ is positive, self-adjoint and compact (by using Rellich
Theorem). Therefore Theorem 1.2 applies: there exists (un) a Hilbert basis
of L2(Ω) and a sequence νn > 0, converging to 0, such that Aun = νn un.

Setting λn = 1
νn

, we have proved:

Theorem 1.3. Let Ω be a bounded open set in RN . There exists a sequence
of positive eigenvalues (going to +∞) and a sequence of corresponding eigen-
functions (defining an Hilbert basis of L2(Ω)) that we will denote respectively
0 < λ1(Ω) ≤ λ2(Ω) ≤ λ3(Ω) ≤ . . . and u1, u2, u3, . . . satisfying:

(4)

{
−∆un = λn(Ω)un in Ω

un = 0 on ∂Ω .

Since the eigenfunctions are defined up to a multiplicative constant, we
generally decide to normalize the eigenfunctions by the condition

(5)

∫
Ω
un(x)2 dx = 1 .

Of course, it can occur that some eigenvalues are multiple (especially
when the domain has symmetries). In this case, the eigenvalues are counted
with their multiplicity.

Remark 1.4. When Ω is non connected, for example if Ω has two connected
components Ω = Ω1 ∪ Ω2, we obtain the eigenvalues of Ω by collecting and
reordering the eigenvalues of each connected components:

(6)

λ1(Ω) = min(λ1(Ω1), λ1(Ω2))
λ2(Ω) = min(max(λ1(Ω1), λ1(Ω2)), λ2(Ω1), λ2(Ω2))

...
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More generally, we can always choose every eigenfunction of a disconnected
open set Ω to vanish on all but one of the connected components of Ω. In
particular, when the two connected components are the same, we will have
λ1(Ω) = λ2(Ω), i.e. λ1 is a double eigenvalue.

That cannot happen when Ω is connected:

Theorem 1.5. Let us assume that Ω is a regular connected open set. Then
the first eigenvalue λ1(Ω) is simple and the first eigenfunction u1 has a
constant sign on Ω. Usually, we choose it to be positive on Ω.

1.3. Properties of eigenvalues. Since the Laplacian is invariant for trans-
lations and rotations, for any isometry R, we have

(7) λn(R(Ω)) = λn(Ω) .

In the same way, it is immediate to check that, if Hk denotes a dilation (or
homothety) of ratio k > 0:

(8) λn(Hk(Ω)) =
λn(Ω)

k2
.

An important consequence of (8) is the following. In the sequel, we will
often consider minimization problems with a volume constraint, like

(9) min{λn(Ω), |Ω| = c} .

Then, it is often convenient to replace Problem (9) by:

(10) min |Ω|2/N λn(Ω), .

since these two problems (9) and (10) are clearly equivalent.

1.4. Some examples. In this section, we are interested in the eigenvalues
of the Laplacian for some very simple domains.

1.4.1. Rectangles. For rectangles, using the classical trick of separation of
variables, we prove

Proposition 1.6. Let Ω = (0, L) × (0, l) be a plane rectangle, then its
eigenvalues and eigenfunctions for the Laplacian with Dirichlet boundary
conditions are:

(11)
λm,n = π2

(
m2

L2 + n2

l2

)
um,n(x, y) = 2√

Ll
sin(mπxL ) sin(nπyl )

m,n ≥ 1,

It is immediate to check that the pair (λm,n, um,n) given by (11) are eigen-
value and eigenfunction for the Laplacian with Dirichlet boundary condition.
Of course, the difficulty is to prove that there are no other possibility. Ac-
tually, it is due to the fact that the functions sin(mπxL ) sin(nπyl ) m,n ≥ 1

form a complete orthogonal system in L2(Ω), see [16].
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1.4.2. Disks. Let us consider the disk BR of radius R centered at O. Work-
ing in polar coordinates (r, θ), leads us to solve an ordinary differential
equation in r known as the Bessel equation. Then, we can state

Proposition 1.7. Let Ω = BR be a disk of radius R, then its eigenvalues
and eigenfunctions for the Laplacian with Dirichlet boundary conditions are:

(12)

λ0,k =
j20,k
R2 , k ≥ 1,

u0,k(r, θ) =
√

1
π

1
R|J ′0(j0,k)|J0(j0,kr/R), k ≥ 1,

λn,k =
j2n,k

R2 , n, k ≥ 1, double eigenvalue

un,k(r, θ) =

√
2
π

1
R|J ′n(jn,k)|Jn(jn,kr/R) cosnθ√

2
π

1
R|J ′n(jn,k)|Jn(jn,kr/R) sinnθ

, n, k ≥ 1,

where jn,k is the k-th zero of the Bessel function Jn.

Remark 1.8. Similarly, in dimension N ≥ 3, the eigenvalues of the ball BR
of radius R involve the zeros of the Bessel functions JN/2−1, JN/2, . . .. For
example
(13)

λ1(BR) =
j2
N/2−1,1

R2
λ2(BR) = λ3(BR) = . . . = λN+1(BR) =

j2
N/2,1

R2

1.5. Min-max principles and applications. One very useful tool is the
following variational characterization of the eigenvalues, known as Poincaré
principle or Courant-Fischer formulae, see [16]:

(14) λk(Ω) = min
Ek ⊂ H1

0 (Ω),
subspace of dim k

max
v∈Ek,v 6=0

∫
Ω |∇v|2 dx∫

Ω v
2 dx

,

The quantity
∫
Ω |∇v|2 dx∫

Ω v
2 dx

is called the Rayleigh quotient of the function v.

In formulae (14), the minimum is achieved for choosing Ek the space spanned
by the k-th first eigenfunctions. In particular, for the first eigenvalue, we
get

(15) λ1(Ω) = min
v∈H1

0 (Ω),v 6=0

∫
Ω |∇v(x)|2 dx∫

Ω v(x)2 dx
.

In (15), the minimum is achieved by the corresponding eigenfunction.

1.5.1. Monotonicity. Let us consider two open bounded sets such that Ω1 ⊂
Ω2. This inclusion induces a natural embedding H1

0 (Ω1) ↪→ H1
0 (Ω2) just by

extending by zero functions in H1
0 (Ω1). In particular, the min-max principle

implies the following monotonicity for inclusion for the eigenvalues with
Dirichlet boundary conditions:

(16) Ω1 ⊂ Ω2 =⇒ λk(Ω1) ≥ λk(Ω2)
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(since the minimum is taken over a larger class for λk(Ω2)). Moreover, the
inequality is strict as soon as Ω2 \ Ω1 contains a set of positive capacity
(since the first eigenfunction cannot vanish on such a set).

1.5.2. Nodal domains. Let us now have a look to the sign of eigenfunctions.
We have already seen in Theorem 1.5 that the first eigenfunction u1 is posi-
tive in Ω when Ω is connected. More generally, u1 is non-negative (positive
on one connected component and it vanishes on the other ones). Actually,
we can recover this result thanks to the minimum formulae (14) by using
the fact that if u ∈ H1

0 (Ω) we also have |u| ∈ H1
0 (Ω) and we see that u and

|u| have the same Rayleigh quotient. Therefore, |u1| is also a minimizer of
the Rayleigh quotient and, therefore, an eigenfunction.

Concerning the other eigenfunctions, since there are all orthogonal to u1,
they have to change of sign in Ω.

Definition 1.9. Let uk, k ≥ 2 be an eigenfunction. The connected compo-
nents of the open sets

Ω+ = {x ∈ Ω, uk(x) > 0} and Ω− = {x ∈ Ω, uk(x) < 0}

are called the nodal domains of uk.

The number of these nodal domains is bounded from above:

Theorem 1.10 (Nodal domains). Let uk, k ≥ 2 be a k-th eigenfunction.
Then, uk has at most k nodal domains.

The proof consists in assuming that uk has more than k nodal domains,
then constructing a test function, orthogonal to the (k − 1)-th first eigen-
functions, whose Rayleigh quotient has a value strictly less than λk to reach
a contradiction by applying the min-max formulae, see e.g. [16]. Let us
remark that Theorem 1.10 is also true for k = 1 and that it gives an ele-
mentary proof of the non-negativity of the first eigenfunction (see Theorem
1.5) without regularity assumptions. Moreover, it also implies that the first
eigenfunction must be simple in the connected case since two non negative
and non zero functions cannot be orthogonal.

We will also frequently use the following property of a nodal domain:

Proposition 1.11. Let uk, k ≥ 2 be an eigenfunction of the Laplacian with
Dirichlet boundary conditions associated with the eigenvalue λk. Let ωk be
one of its nodal domain. Then

λ1(ωk) = λk .

Indeed, since uk satisfies −∆uk = λkuk in ωk and vanishes on ∂ωk, it is
an eigenfunction for ∆ on ωk with Dirichlet boundary condition. Moreover,
since uk has a constant sign on ωk, it can only be the first one.

Let us be a little bit more precise for the second Dirichlet-eigenfunction
u2 of the Laplacian. According to Theorem 1.10, u2 has at most two nodal
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domains. So, it has exactly two nodal domains when Ω is connected. The
set

N = {x ∈ Ω, u2(x) = 0}
is called the nodal line of u2. When Ω is a plane convex domain, this
nodal line hits the boundary of Ω at exactly two points, see Melas [40], or
Alessandrini [1]. For general simply connected plane domains Ω, it is still a
conjecture, named after Larry Payne, the ”Payne conjecture”.

1.6. Topological derivative. When a domain minimizes a given function
of eigenvalues, we can classically get some optimality conditions by letting
the boundary of the domain vary and using domain derivative formulae
which will be presented in the Tool D below‘. An alternative way to get
optimality conditions inside the domain is to use asymptotic expansions of
eigenvalues of domains with small holes (which is often called topological
derivative see e.g. [41]). There is a huge literature on that topic, see e.g.
[44], [20], [38] and the references therein. Let us give an example:

Theorem 1.12. Let Ω be an open set in RN , x0 ∈ Ω and ε > 0 a small
number. Let us denote by Ωε = Ω \B(x0, ε) (the set where we have removed
the ball centered at x0 of radius ε). Then the eigenvalues of the Laplacian-
Dirichlet operator satisfy the following expansion:

(17)
λk(Ωε) = λk(Ω) + 2π

− log ε u
2
k(x0) + o( 1

| log ε|) if N = 2

λk(Ωε) = λk(Ω) + εN−2(N − 2)SN−1 u2
k(x0) + o(εN−2) if N ≥ 3

where, in the last formulae, SN−1 is the N − 1-dimensional measure of the
unit sphere in RN .

The previous formulae can be possibly used to prove non existence of a
minimizer for some function of eigenvalues.

2. The first eigenvalue

2.1. The Faber-Krahn inequality. For the first eigenvalue, the basic re-
sult is, as conjectured by Lord Rayleigh and later proved by G. Faber and
E. Krahn, see [19], [33], [34]:

Theorem 2.1 (Faber-Krahn). Let c be a positive number and B the ball of
volume c. Then,

λ1(B) = min{λ1(Ω), Ω open subset of RN , |Ω| = c}.

The classical proof makes use of the Schwarz (spherical decreasing) re-
arrangement that we describe now.

Tool A: Schwarz rearrangement

The reader who wants more details (including other types of rearrangement)
can read for example [4], [21], [30], [32] [46].
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Definition 2.2. For any measurable set ω in RN , we denote by ω∗ the ball
of same volume as ω.
If u is a non negative measurable function defined on a measurable set Ω
and vanishing on its boundary ∂Ω, we denote by Ω(c) = {x ∈ Ω /u(x) ≥ c}
its level sets.
The Schwarz rearrangement (or spherical decreasing rearrangement) of u is
the function u∗ defined on Ω∗ by

u∗(x) = sup{c /x ∈ Ω(c)∗} .

In other words, u∗ is constructed from u by rearranging the level sets of
u in balls of same volume. By construction, the following properties of u∗

are obvious:

• u∗ is radially symmetric, non increasing as a function of |x|,
• supΩ u = supΩ u

∗,
• u and u∗ are equimeasurable (i.e. their level sets have same measure).

As an immediate consequence of the last point and the Cavalieri principle,
we have:

Theorem 2.3. Let Ω be a measurable set and u be a non negative measurable
function defined on Ω and vanishing on its boundary ∂Ω. Let ψ be any
measurable function defined on R+ with values in R, then

(18)

∫
Ω
ψ(u(x)) dx =

∫
Ω∗
ψ(u∗(x)) dx .

Let us now state a deeper result, sometimes called the Pòlya inequality,
which gives a connection between the integrals of the gradients of u and
u∗. Its proof relies on the classical isoperimetric inequality, see the above
references.

Theorem 2.4 (Pòlya’s inequality). Let Ω be an open set and u a non neg-
ative function belonging to the Sobolev space H1

0 (Ω). Then u∗ ∈ H1
0 (Ω∗)

and

(19)

∫
Ω
|∇u(x)|2 dx ≥

∫
Ω∗
|∇u∗(x)|2 dx .

Another useful inequality is due to Hardy and Littlewood.

Theorem 2.5 (Hardy-Littlewood). Let u and v be two non negative measur-
able functions defined on Ω and u∗, v∗ their respective spherical decreasing
rearrangements. Then

(20)

∫
Ω
u(x)v(x)dx ≤

∫
Ω∗
u∗(x)v∗(x)dx .

end of Tool A

Let us now apply this rearrangement technique to prove Theorem 2.1.
Let Ω be a bounded open set of volume c and Ω∗ = B the ball of same
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volume. Let u1 denotes an eigenfunction associated to λ1(Ω) and u∗1 its
rearrangement. From (18) and (19) , it comes:
(21)∫

Ω∗
u∗1(x)2 dx =

∫
Ω
u1(x)2 dx and

∫
Ω∗
|∇u∗1(x)|2 dx ≤

∫
Ω
|∇u1(x)|2 dx

Now, according to (15), we have

(22) λ1(Ω∗) ≤
∫

Ω∗ |∇u
∗
1(x)|2 dx∫

Ω∗ u
∗
1(x)2 dx

and λ1(Ω) =

∫
Ω |∇u1(x)|2 dx∫

Ω u1(x)2 dx
.

Then, (21) together with (22) yields the desired result.

2.2. A quantitative version of Faber-Krahn inequality. Can we im-
prove the Faber-Krahn inequality, by proving its stability or giving a quan-
titative version of it? In other words, if we have a domain Ω of area π
whose first eigenvalue is close to the first eigenvalue of the unit disk can
we claim that Ω is close to this disk? In what sense? This kind of ques-
tion has attracted much interest these last years, starting with the classical
isoperimetric inequality. We refer to [24, Chapter 7] for a complete overview
and many references. Let us describe here one of the main result. For that
purpose, we define the Fraenkel asymmetry which measures the deviation
with respect to a ball. It is nothing else that a L1 distance between Ω and
the best ball of same volume:

(23) A(Ω) = inf

{
|Ω∆B|
|Ω|

: B ball such that |B| = |Ω|
}

where Ω∆B denotes the symmetric difference between the two sets. Observe
that for every ball B such that |B| = |Ω|, we have |Ω∆B| = 2 |Ω \ B| =
2 |B \ Ω|. Now we have, see [6] for the original paper

Theorem 2.6 (Brasco-de Philippis-Velichkov). There exists a dimensional
constant γN > 0 such that for every open Ω ⊂ RN with finite measure, we
have

(24) |Ω|
2
N λ1(Ω)− |B|

2
N λ1(B) ≥ γN A(Ω)2.

Open problem 1. Find the value, or at least an estimate, of the optimal
constant γN in (24).

2.3. The case of polygons. We can now ask the question of minimizing
λ1 in the class of polygons with a given number of sides. We denote by PN
the class of plane polygons with at most N edges. We begin by an existence
result.

Theorem 2.7. Let a > 0 and N ∈ N be fixed. Then the problem

(25) min{λ1(Ω), Ω ∈ PN , |Ω| = a}

has a solution. This one has exactly N edges.
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The proof of existence follows the direct method of calculus of variations.
For that purpose, we need to prove that the eigenvalues are continuous with
respect to some basic convergence of domains. This is the aim of the next
tools.

Tool B: Hausdorff convergence

Let us recall the definition of the Hausdorff distance between two compact
sets

Definition 2.8. Let K1, K2 be two non-empty compact sets in RN . We set

∀x ∈ RN , d(x,K1) := infy∈K1 |y − x|
ρ(K1,K2) := supx∈K1

d(x,K2)

Then the Hausdorff distance of K1 and K2 is defined by

(26) dH(K1,K2) := max(ρ(K1,K2), ρ(K2,K1)).

We also have the two equivalent definitions:

dH(K1,K2) = inf{α > 0;K2 ⊂ Kα
1 and K1 ⊂ Kα

2 }(27)

where Kα = {x ∈ RN ; d(x,K) ≤ α},

(28) dH(K1,K2) = ‖dK1 − dK2‖L∞(RN ) = ‖dK1 − dK2‖L∞(K1∪K2)

where, for any compact K, the function dK is defined by dK(x) = d(x,K).

K
1

K
2

ρ(K
1
,K

2
)

ρ(K 2
,K 1

)

Figure 1. Hausdorff distance of two compact sets:
dH(K1,K2) := max(ρ(K1,K2), ρ(K2,K1))

For open sets, we define the Hausdorff distance through their complemen-
tary:

Definition 2.9. Let Ω1, Ω2 be two open subsets of a (large) compact set B.
Then their Hausdorff distance is defined by:

(29) dH(Ω1,Ω2) := dH(B \ Ω1, B \ Ω2).

One of the most useful property of the Hausdorff distance is the following
compactness property (see [12], [26]):
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Theorem 2.10. Let B be a fixed compact set in RN and Ωn a sequence of
open subsets of B. Then, there exists an open set Ω ⊂ B and a subsequence
Ωnk

which converges for the Hausdorff distance to Ω.

end of tool B

Tool C: γ-convergence and continuity of eigenvalues

Let us begin with the definition of γ-convergence (for the Laplacian).

Definition 2.11. Let D be a fixed ball, Ωn ⊂ D a sequence of open sets and

Ω ⊂ D an open set. We say that Ωn γ-converge to Ω (and we write Ωn
γ→ Ω)

if, for every f ∈ L2(D), the solution un of −∆un = f in Ωn with un = 0 on
∂Ωn converges (strongly) in L2(D) to u the solution of the same problem on
Ω (as usual, every function in H1

0 (Ωn) is extended by zero outside Ωn).

In general, Hausdorff convergence defined above does not imply γ-conver-
gence. Some more information is required. Let us now give the link with
the convergence of eigenvalues. We refer to Section 1.2.2 for the definition
of the resolvant operators AΩ.

Theorem 2.12. Let Ωn and Ω open sets in a bounded box D. The following
properties are equivalent:

(i): Ωn γ-converge to Ω.
(ii): (strong) convergence of resolvant operators: ‖AΩn −AΩ‖ → 0.

Now, it is well known that strong convergence of operators implies con-
vergence of eigenvalues. Therefore, we have

Corollary 2.13. If Ωn γ-converge to Ω, then for any k, λk(Ωn)→ λk(Ω).

In Theorem 2.12, what is remarkable is that the pointwise convergence of
the resolvant operator (which is another way to see the γ-convergence) is ac-
tually equivalent to strong convergence. It is due to the compact embedding
H1

0 ↪→ L2. Let us give the proof of this fact for sake of completeness.

Proof. of Theorem 2.12.
Let us denote by An and A the resolvant operators AΩn and AΩ. First of
all, we remark that the operators An and A have a bounded norm. Indeed,
from the variational formulation (3), it comes (we set un = An(f))∫

D
|∇un|2 dx =

∫
Ω
f(x)un(x) dx

and, thanks to Poincaré inequality for the left-hand side and Cauchy-Schwarz
inequality for the right-hand side, we have

λ1(D)‖un‖2L2 ≤ ‖f‖L2‖un‖L2

which shows that

(30) ‖An‖ := sup
f∈L2(D)

‖u‖L2

‖f‖L2

≤ 1

λ1(D)
.
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Now, we claim that it is possible (for fixed n) to find fn in the unit ball of
L2(D) achieving the supremum in

sup
‖f‖L2(D)≤1

‖An(f)−A(f)‖L2(D) = ‖An(fn)−A(fn)‖L2(D).

Indeed, if fk is a maximizing sequence, it is possible to extract a subsequence
which converge weakly to some fn which also belongs to the unit ball of
L2(D). Since the embedding from L2(D) into H−1(D) is compact (it is the
adjoint of the embedding from H1

0 (D) into L2(D)), and since An and A are
continuous from H−1(D) to H1

0 (D) the previous equality follows when we
let k going to infinity.

Now, let us repeat this method with the sequence fn: there exists f in
the unit ball of L2(D) such that fn converge weakly in L2(D) and strongly
in H−1(D) to f . Let us fix an integer n1 such that for n ≥ n1, we have

‖fn − f‖H−1(D) ≤
ελ1(D)

4
and ‖An(f)−A(f)‖L2(D) ≤

ε

2
,

the second inequality coming from the assumption on the γ-convergence of
An to A. Then

sup
‖g‖L2(D)≤1

‖An(g)−A(g)‖L2(D) = ‖An(fn)−A(fn)‖L2(D) ≤

‖An(f)−A(f)‖L2(D) + ‖An(fn − f)−A(fn − f)‖L2(D) ≤
ε

2
+ ‖An −A‖L(H1

0 ,H
−1)

ελ1(D)

4
≤ ε

2
+

2

λ1(D)

ελ1(D)

4
= ε,

what proves the desired result. �

Now, we give some sufficient conditions ensuring γ-convergence and there-
fore, convergence of eigenvalues. We refer to [26, chapter 3] for more details.

Theorem 2.14 (convex case). Let B be a fixed compact set in RN and Ωn

be a sequence of convex open sets in B which converges, for the Hausdorff
distance, to a (convex) set Ω. Then Ωn γ-converge to Ω and, in particular,
for all k fixed, λk(Ωn)→ λk(Ω) .

In two-dimension, there is a nice result due to V. Šverak which gives
continuity with weaker assumptions, see [48], [26]. Roughly speaking, it
says that if the number of holes in the sequence Ωn is uniformly bounded
and if Ωn converges for the Hausdorff distance, then there is convergence of
eigenvalues. To be more precise, let us introduce, for any open set Ω (whose
complementary is denoted by Ωc):

]Ωc := number of connected components of Ωc .

Theorem 2.15 (Šverak). Let B be a fixed compact set in R2 and Ωn a
sequence of open subsets of B. Let p be a given integer and assume that the
sets Ωn satisfy ]Ωc

n ≤ p. Then, if the sets Ωn converge for the Hausdorff
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distance to a set Ω, they γ-converge to Ω and, in particular, for all k fixed,
λk(Ωn)→ λk(Ω) .

As an example of application, let us now give a continuity result which
will be useful in several situations. It is classical, you can find the proof
for example in [23]. In particular, it shows that adding a connectedness
constraint generally does not change anything in minimization problems.

Theorem 2.16. Let Ω1 and Ω2 be two disjoint open sets in RN , N ≥ 2 and
let Σ be a segment joining Ω1 and Ω2. Let ε be a (small) positive number
and let us denote by Ωε the open set

Ωε =
⋃
x∈Σ

B(x, ε) ∪ Ω1 ∪ Ω2

obtained by joining the sets Ω1 and Ω2 by a small tube of width ε, see Figure
2. Then, for every integer k,

λk(Ωε)→ λk(Ω1 ∪ Ω2) when ε→ 0 .

Ω
1

Ω
2

<<

ε

Figure 2. The eigenvalues of the connected set Ωε converge
to the eigenvalues of Ω1 ∪ Ω2

end of tool C

We come back to the problem of minimizing λ1 among polygons with (at
most) N sides. To prove existence of a minimizer, the sketch of the proof is
as follows:

(1) Take a minimizing sequence Ωn and prove that we can assume it to
have uniformly bounded diameter

(2) Then, we can assume that Ωn is in a fixed box D and extract a
subsequence which converges for the Hausdorff distance to some open
set Ω. Prove that Ω is a polygon with at most N sides.

(3) Use Theorem 2.15 to prove continuity of eigenvalues and therefore
that Ω is a minimizer.

(4) Prove by contradiction that Ω has exactly N sides (if not, improve
λ1 by cutting near a vertex).
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2.3.1. The case of triangles and quadrilaterals. After the existence result,
we would like to identify the minimizer in PN . According to the Faber-
Krahn inequality, it is natural to conjecture that it is the N -regular polygon.
Actually, the result is known only for N = 3 and N = 4:

Theorem 2.17 (Pólya). The equilateral triangle has the least first eigen-
value among all triangles of given area. The square has the least first eigen-
value among all quadrilaterals of given area.

Proof. The proof relies on the same technique as the Faber-Krahn Theorem
with the difference that is now used the Steiner symmetrization. Since
this symmetrization has the same properties (18) and (19) as the Schwarz
rearrangement, it is clear that any Steiner symmetrization decreases (or
at least do not increase) the first eigenvalue. By a sequence of Steiner

h
n

<
>

a
n

< >

A
n

<

>

h
n+1

<

>

a n
+
1

T
n

T
n+1

Figure 3. The triangle Tn and its Steiner symmetrization Tn+1

symmetrization with respect to the mediator of each side, a given triangle
converges to an equilateral one. More precisely, let us denote by hn and an
the height and the length of the basis of the triangle Tn that we get at step
n and An one of the basis angle (see Figure 3). Elementary trigonometry
yields

(31)
hn
an+1

= sinAn ,
hn+1

an
= sinAn .

Let us denote by xn := hn
an

. Relations (31) reads

xn+1 =
sin2An
xn

=
sin2(arctan(2xn))

xn
=

4xn
1 + 4x2

n

.
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Now, an elementary study of the sequence xn+1 = 4xn
1+4x2

n
shows that it

converges to to the fixed point of f(x) = 4x
1+4x2 which is

√
3

2 i.e. the value
characteristic of equilateral triangles. Moreover, with the same argument
as above (Šverak Theorem), the sequence of triangles γ-converges to the

equilateral one, say T̂ , so we have proved, if T denotes the triangle we
started with:

λ1(T̂ ) = limλ1(Tn) ≤ λ1(T ) .

With a more careful study, we can prove that the above inequality is strict
if T is not equilateral.

Curiously, the proof is a little bit simpler for quadrilaterals. Indeed a
sequence of three Steiner symmetrization allows us to transform any quadri-
lateral into a rectangle, see Figure 4. Therefore, it suffices to look at the
minimization problem among rectangles. But it is elementary to prove that
the square is the best rectangle for λ1, use section 1.4. �

Figure 4. A sequence of 3 Steiner symmetrizations trans-
forms any quadrilateral into a rectangle

2.3.2. A challenging open problem. Unfortunately, for N ≥ 5 (pentagons
and others), the Steiner symmetrization increases, in general, the number
of sides, see Figure 5. This prevents us to use the same technique. So a
beautiful (and hard) challenge is to solve the

Open problem 2. Prove that the regular N -gone has the least first eigen-
value among all the N -gones of given area for N ≥ 5.

This conjecture is supported by the classical isoperimetric inequality link-
ing area and length for regular N -gones, see e.g. Theorem 5.1 in Osserman,
[42].
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Figure 5. The Steiner symmetrization of a pentagon has,
in general, 6 edges

2.4. Domains in a box. Instead of looking at open sets just with a volume
constraint, we can consider open sets constrained to lie into a given box D
(and also with a given volume). In other words, we could look for the
solution of

(32) min{λ1(Ω), Ω ⊂ D, |Ω| = A (given)}.

According to a classical Theorem of Buttazzo-DalMaso, see [15] the problem
(32) has always a solution in the class of quasi-open sets. Of course, if the
constant A is small enough in such a way that there exists a ball of volume A
into the box D, it will provide the solution (since it is the global minimum).
Therefore, the interesting case is when any ball of volume A is ”too big” to
stay into D. Actually, we can prove the following.

Theorem 2.18. Let Ω∗ ⊂ R2 be a minimizer for the problem (32). Assume
that there is no disk of area A in the box D. Then,

(i): Ω∗ touches the boundary of D.
(ii): The free parts of the boundary of Ω∗ (i.e. those which are inside
D) are analytic.

(iii): The boundary of Ω∗ does not contain any arc of circle.

Proof. We will not prove here point (ii) for which we refer to [8] or [24,
chapter 3]. Let us now prove point (iii) (see also [25]). For that purpose, we
need the notion of domain derivative.

Tool D: Domain derivative
Let us define the derivative of an eigenvalue with respect to the domain. We
consider an open set Ω and a family of applications Φ(t) satisfying
(33)

Φ : t ∈ [0, T [→W 1,∞(RN ,RN ) differentiable at 0 with Φ(0)=I,Φ′(0)=V
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D

Ω
*

Figure 6. Ω∗ solves Problem (32): the free components of
∂Ω∗ are not arc of circles.

where W 1,∞(RN ,RN ) is the set of bounded Lipschitz maps from RN into
itself, I is the identity and V a vector field. For t small, Φ(t) is a diffeomor-
phism. For example, it is classical to choose

Φ(t) = I + tV .

Let us denote by Ωt = Φ(t)(Ω) and by λk(t) = λk(Ωt) the k-th eigenvalue
of the Laplacian on Ωt. We assume that λk(t) is simple (for t small) and,
since k is fixed in the sequel of this section, we denote by ut an associated
eigenfunction in H1

0 (Ωt) with the normalization

(34)

∫
Ωt

u2
t (x) dx = 1.

Then, we have

Theorem 2.19 (Hadamard Formulae). Let Ω be a bounded open set. We
assume that λk(Ω) is simple. Then, the functions t → λk(t), t → ut ∈
L2(RN ) are differentiable at t = 0 with

(35) λ′k(0) = −
∫

Ω
div(|∇u|2V ) dx .

If, moreover, Ω is of class C2 or if Ω is convex, then

(36) λ′k(0) = −
∫
∂Ω

(
∂u

∂n

)2

V.n dσ .

and the derivative u′ of ut is the solution of

(37)


−∆u′ = λku

′ + λ′ku in Ω

u′ = −∂u
∂n V.n on ∂Ω∫

Ω uu
′ dσ = 0 .

In the sequel, we will also use the formulae for the derivative of the volume.

Theorem 2.20 (Derivative of the volume). Let Ω be a bounded open set
and V ol(t) := |Ωt| the volume of Ωt. Then, the function t → V ol(t) is
differentiable at t = 0 with

(38) V ol′(0) :=

∫
Ω

div(V ) dx .
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Moreover, if Ω is Lipschitz,

(39) V ol′(0) :=

∫
∂Ω
V.n dσ .

Corollary 2.21. Let Ω be a convex or C2 domain in RN which minimizes
an eigenvalue λk among all open sets of given volume. Assume that the
eigenvalue λk(Ω) is simple. Then, there exists a constant c such that the
eigenfunction uk satisfies

(40)

∣∣∣∣∂uk∂n
∣∣∣∣ = c on ∂Ω .

Indeed, if Ω minimizes λk under the constraint V ol(Ω) = A, there exists
a Lagrange multiplier C such that λ′k(0) = CV ol′(0) which reads

−
∫
∂Ω

(
∂uk
∂n

)2

V.n dσ = C

∫
∂Ω
V.n dσ

for any vector field V in W 1,∞(RN ) (we know that the eigenfunction uk
belongs to the Sobolev space H2(Ω) by classical regularity results. But this

implies −
(
∂u
∂n

)2
= C which gives the desired result with c =

√
−C.

Remark 2.22. It is easy to see that the above constant c cannot be zero (for

example using the classical formulae λk =
∫
∂Ω

(
∂u
∂n

)2
X.n dσ). Therefore, for

a minimizer of λk:

• either λk is double (see Open problem 7)
• or no nodal line of uk hits the boundary (otherwise we would have
c = 0).

End of Tool D

We come back to the proof that the optimizer of λ1 in a box has no
arc of circle on its boundary. Let us denote by u the first (normalized)
eigenfunction of Ω∗. Let us assume that ∂Ω∗ contains a piece of circle γ.
According to Corollary 2.21, Ω∗ satisfies the optimality condition

(41)
∂u1

∂n
= c on γ .

We put the origin at the center of the corresponding disk and we introduce
the function

w(x, y) = x
∂u

∂y
− y∂u

∂x
.

Then, we easily verify that

−∆w = λ1w in Ω∗

w = 0 on γ
∂w
∂n = 0 on γ.

Now we conclude, using Hölmgren uniqueness theorem, that w must vanish
in a neighborhood of γ, so in the whole domain by analyticity. Now, it is
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classical that w = 0 imply that u is radially symmetric in Ω∗. Indeed, in
polar coordinates, w = 0 implies ∂u

∂θ = 0. Therefore Ω∗ is a disk. At last, to
prove (i), we can use the optimality condition to see that the eigenfunction
should satisfy |∇u| = cst on the whole boundary. Then, we can conclude
that Ω∗ should be a ball, thanks to a classical result by J. Serrin on such
overdetermined problems. �

Remark 2.23. The previous theorem partly generalizes in higher dimen-
sion. Actually, points (i) and (iii) can be proved exactly in the same way.
For example, for point (iii) we use the functions

wi,j := xi
∂u

∂xj
− xj

∂u

∂xi
, i, j = 1, . . . , N

instead of w and we prove that all these functions wi,j vanish in Ω∗ which
implies that Ω∗ is a ball. The regularity is not completely known. In [9] it
is proved that if the box D is connected, then the reduced boundary of the
optimal domain inside D is an analytic hypersurface and its complement
has N − 1-Hausdorff measure zero. We refer to [24, Chapter 3] for a good
survey on these questions of regularity.

Open problem 3. Let Ω∗ ⊂ RN be a minimizer for the problem (32).
Prove that ∂Ω∗ ∩D is analytic in dimension N ≤ 7.

We can also consider open questions related to the geometry of the min-
imizer:

Open problem 4. Let Ω∗ ⊂ RN be a minimizer for the problem (32).
Prove that D convex (resp. starshaped) implies that Ω∗ is convex (resp.
starshaped).

2.5. Multi-connected domains. This section could also be entitled ”How
to place an obstacle” (see [22]). Let Ω be a bounded open set which is fixed
in all that section. Two different problems can be considered in that context:

(P1): location of a given obstacle: we consider a fixed obstacle, for
example a given ball B and we look for the position of this ball into
Ω in order to minimize or maximize the first eigenvalue of λ1(Ω\B),

(P2): shape and location of an obstacle: now we look for both the
shape and position of an obstacle K into Ω with a volume or perime-
ter constraint in order to minimize or maximize the first eigenvalue
of λ1(Ω \K).

2.5.1. Optimizing with a given obstacle. Obviously, Problem P1 is simpler.
The particular case where Ω is itself a ball has been studied several times,
starting by J. Hersch in [28] for the two-dimensional case and extended to the
N -dimensional case by several authors: M. Ashbaugh and T. Chatelain in
1997 (private communication), Ramm and Shivakumar see [47], E. Harrell,
P. Kröger and K. Kurata in [22], Kesavan, see [31]. They also proved that
λ1(B1 \B0) is minimum when B0 touches the boundary of B1. Let us state
the result in its more general form (see [22])
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Ω Ω

ω

ω

Figure 7. Position of the hole which maximizes λ1(Ω \ ω)
(left); one position which minimizes λ1(Ω \ ω) (right).

Theorem 2.24 (Harrell-Kröger-Kurata). Let Ω be a bounded convex do-
main in RN and B a ball contained in Ω. Assume that Ω is symmetric with
respect to some hyperplane H. We are interested in the position of B which
maximizes or minimizes the first Dirichlet eigenvalue λ1(Ω \B). Then

• at the minimizing position B touches the boundary of Ω
• at the maximizing position B is centered on H.

Proof. First of all, existence of a minimizing or maximizing position is not
difficult to get here. Indeed the only variable is the center of the ball (which
stay in a compact set) and the continuity of the eigenvalue w.r.t. the center
of the ball is classical.

Let us assume that the ball is not in one of the positions described above:
it does not touch the boundary and it is not centered on H. The result
will be established if we prove that λ1(Ω\B) decreases when B moves away
from H. Without loss of generality, we can assume that e1 is the normal
direction to H. If B(X0, ρ) is the initial position of the ball, we look at the
function

t 7→ λ(t) := λ1(Ω \B(X0 + te1, ρ)) .

Using the Hadamard formulae (36), we can see that t 7→ λ(t) is derivable at
0 and

(42) λ′(0) = −
∫
∂B

(
∂u

∂n

)2

n1 .

where u is the normalized eigenfunction associated to λ1(Ω \B(X0, ρ)) and
n1 the first coordinate of the exterior normal vector. So it suffices to prove
that λ′(0) < 0. For that purpose, we use some kind of moving plane method.
Let T : {x = x1} denotes an hyperplane parallel to H passing by X0 and
ω+ = {x ∈ Ω \ B; x > x1} (see Figure 8). By assumption on Ω, the
reflection of ω+ through T is strictly included in Ω \ B (this is the crucial
point). For any X ∈ ω+, we denote by X ′ its reflection through T . We
introduce w(X) = u(X) − u(X ′) defined on ω+. By construction, this
function w vanishes on T and on ∂B ∩ ∂ω+ and w < 0 on ∂Ω ∩ ∂ω+.
Moreover, −∆w = λ1w where λ1 = λ1(Ω\B). Since λ1(Ω\B) < λ1(ω∗) (by
monotonicity property of eigenvalues), the generalized maximum principle
applies and w < 0 in ω+. Moreover, since w attained its maximum at
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X
′ X

x=x
1

T
H

ω
+

X
0

B

Figure 8. The moving plane method applied to prove that
the derivative of λ1 is negative

X ∈ ∂B ∩ ∂ω+ (which is C2 except at points of T ∩ ∂B ∩ ∂ω+), the Hopf’s
boundary point lemma applies and:

∂w(X)

∂n
=
∂u(X)

∂n
− ∂u(X ′)

∂n
> 0 .

This property with ∂u(X)
∂n < 0 on ∂B implies(

∂u(X)

∂n

)2

<

(
∂u(X ′)

∂n

)2

which gives λ′(0) < 0 thanks to (42) and a decomposition of the integral in
a sum of integrals over the two hemispheres. �

With more assumptions and in two dimensions, one can state a more
precise result:

Theorem 2.25 (Harrel-Kröger-Kurata). Let Ω be a C2 convex domain in
R2. Assume that Ω is symmetric with respect to two perpendicular lines,
say Ox and Oy. Assume, moreover, that in each quadrant of the plane, the
curvature of the boundary of Ω is monotonic as a function of x.
Now, let B be a ball of radius ρ with ρ less than the maximum of the curvature
of ∂Ω (attained at a point which is called a vertex of Ω). Then

• λ1(Ω \B) is minimum when B is in contact with a vertex
• λ1(Ω \B) is maximum when B is centered at the origin.

For the proof, see [22].

An interesting open question is to generalize the previous theorems of Harrel-
Kröger-Kurata:

Open problem 5. Let Ω be a fixed domain in RN and B0 a ball of fixed
radius. Prove that λ1(Ω \B0) is minimal when B0 touches the boundary of
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Ω (where?) and is maximum when B0 is centered at a particular point of Ω
(at what point?).

Actually, It seems that the optimal center of B0 depends on the radius
and is not fixed (apart in the case of symmetries). When the radius of B0

goes to zero, classical asymptotic formulae for eigenvalues of domains with
small holes, see (17) and the review paper [20], lead one to think that the
ball must be located at the maximal point of the first eigenfunction of the
domain without holes.

2.5.2. Finding the shape and the location of the obstacle. In that case, we
are looking for some compact K ⊂ Ω in order to minimize or maximize
λ1(Ω \K). The first step is to choose the good constraint:

Problem 1: minimizing the first eigenvalue with an obstacle of
fixed area.
For a fixed A ∈ (0, |Ω|), consider the problem

(43) min{λ1(Ω \K) : K ⊂ Ω, K closed, |K| = A}.

This problem is strictly related to the minimization of the first eigenvalue
for domains contained in a box, which has been analyzed in Section 2.4, see
also [23, Section 3.4]. Indeed, setting C = Ω \ K, problem (43) becomes
equivalent to the minimization of λ1(C) among open sets C ⊆ Ω of area
|Ω| −A, where Ω plays the role of a box containing all possible competitors.

Problem 2: maximizing the first eigenvalue with an obstacle of
fixed area.
The corresponding maximization problem of (43) has no solutions. Indeed
one can construct a family of closed sets Kn of fixed area A so as the first
eigenvalue λ1(Ω \ Kn) ↑ ∞ as n → ∞ (for instance take Kn as the union
of a fixed closed set of area A and a curve γn filling Ω as n increases, see
[49] where the limit distribution in Ω of these sets is studied in detail).
To have existence of a maximizer one needs to require stronger geometrical
and topological constraints in the class of admissible obstacles, preventing
maximizing sequences to spread out over Ω (notice that connectedness is still
not sufficient). Therefore, we are led to formulate the following problem: for
a fixed A ∈ (0, |Ω|)

(44) max{λ1(Ω \K) : K ⊂ Ω, K closed and convex, |K| = A}.

The existence of a maximizer in the class of convex sets is straightforward
(see [12, 23]). Moreover, as convexity seems necessary for the existence, it is
natural to expect every solution in (44) to saturate the convexity constraint,
in the sense that its boundary should contain non-strictly convex parts. In
particular it could be interesting to know whether this problem has only
polygonal sets as solutions, see [36], [37] for results in this direction for
shape optimization problems with convexity constraints.
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Problem 3: minimizing the first eigenvalue with an obstacle of
fixed perimeter.
Also the corresponding minimization problem of (43) with the constraint
on the perimeter (i.e., one dimensional Hausdorff measure of the boundary)
has no solutions, since one can construct a family of closed sets Kn of fixed
perimeter L so as the first eigenvalue λ1(Ω \Kn) ↓ λ1(Ω) as n→∞ (for in-
stance take Kn so as its boundary ∂Kn is a closed curve with fixed perimeter
converging, as n increases, to a subset Γ of ∂Ω). Therefore, as in Problem 2
we are forced to restrict the class of admissible obstacles to convex sets and
we formulate the following problem: for a fixed L ∈ (0,H1(∂Ω))

(45) min{λ1(Ω \K) : K ⊂ Ω, K closed and convex, H1(∂K) = L},
whereH1 denotes the one dimensional Hausdorff measure (if Ω is not regular
H1(∂Ω) = ∞ by convention). Now, even in this smaller class of admissible
obstacles the existence question is not so clear. For example, if the boundary
of Ω contains a segment and if L is small enough (smaller than twice the
length of the segment), it is still possible to build a minimizing sequences of
convex domains Kn approaching the boundary of Ω and so that λ1(Ω\Kn) ↓
λ1(Ω). On the other hand, if L is large enough, existence of a minimizer is
straightforward since minimizing sequences will not be able to converge to a
segment. In any case, one expects solutions of (45) touching the boundary
∂Ω.

Problem 4: maximizing the first eigenvalue with an obstacle of
fixed perimeter.
Now, assuming moreover connectedness of the obstacle K, the maximization
problem is well posed in the plane and has been widely studied in the recent
paper [27]. The first issue is to introduce a good notion of perimeter. Indeed,
since objects of positive capacity but zero Lebesgue measure influence the
first eigenvalue but are not seen by the classical perimeter (as defined by
De Giorgi), we need to choose another notion of perimeter more sensitive to
one-dimensional objects. Moreover, it is natural to ask that this notion of
perimeter

(1) coincides with the classical notion of perimeter on regular sets;
(2) is continuous (or at least lower semicontinuous) for Hausdorff con-

vergence. In particular, this perimeter measures twice the length of
one dimensional objects.

To these purposes it is possible to work with the outer Minkowski content
(see for instance [2] where this quantity is studied in detail): for a closed set
K in Ω, whenever the limit exits, we define

(46) M(K) := lim
ε→0

|Kε \K|
ε

,

where Kε := {x ∈ R2 : d(x,K) ≤ ε} is the tubular neighborhood of K
through the distance function d(·,K) to K. According to this definition,
the outer Minkowski content of any closed set in Ω with Lipschitz boundary
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coincides with the classical perimeter P (in the sense of De Giorgi) and with
the Hausdorff measure of the boundary.

Now, for a domain Ω ⊂ R2 with Lipschitz boundary and for a fixed
L ∈ (0,H1(∂Ω)) we study the maximization problem

(47) max{λ1(Ω \K) : K ⊆ Ω, K compact and connected, M(K) ≤ L},
Here connectedness of the admissible obstacles combined with the perimeter
constraint, prevents maximizing sequences to spread out over Ω and it is
sufficient for the existence a solution. For that problem, we can prove

Theorem 2.26 (Henrot-Zucco). There exists a maximizer K∗ of problem
(47). It has the following properties

(i): K∗ is locally convex in Ω. Moreover, if Ω is convex then K∗ is
convex.

(ii): The perimeter constraint is saturated, namely M(K∗) = L.
(iii): K∗ is either a segment or regular (C∞) inside Ω.
(iv): When Ω is a disk, the optimal obstacle K∗ is a centered disk.

We also studied the case where Ω is an annulus and prove breaking of
symmetry for some values of the perimeter constraint L.

3. The second eigenvalue

3.1. Minimizing λ2. We are now interested in minimizing the second eigen-
value of the Laplacian-Dirichlet among open sets of given volume. As we
are going to see, the minimizer is no longer one ball, but two. This result
is sometimes attributed to P. Szego (G. Szegö’s son), cf [45], but actually it
was already contained (more or less explicitly) in one of Krahn’s paper, [34].
It has also been rediscovered independently by a Japanese mathematician,
Imsik Hong in the 1950’s, see [29] (M. Ashbaugh kindly draws my attention
to this reference).

Theorem 3.1 (Hong-Krahn-Szego). The minimum of λ2(Ω) among bounded
open sets of RN with given volume is achieved by the union of two identical
balls.

Proof. Let Ω be any bounded connected open set (if Ω is not connected, see
below). Let us denote by Ω+ and Ω− its nodal domains, see section 1.5.2.
We already know (Proposition 1.11) that λ2(Ω) is the first eigenvalue for
Ω+ and Ω−:

(48) λ1(Ω+) = λ1(Ω−) = λ2(Ω) .

We now introduce Ω∗+ and Ω∗− the balls of same volume as Ω+ and Ω−
respectively. According to the Faber-Krahn inequality

(49) λ1(Ω∗+) ≤ λ1(Ω+), λ1(Ω∗−) ≤ λ1(Ω−) .

Let us introduce a new open set Ω̃ defined as

Ω̃ = Ω∗+ ∪ Ω∗− .
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Since Ω̃ is disconnected, we obtain its eigenvalues by gathering and reorder-
ing the eigenvalues of Ω∗+ and Ω∗−. Therefore,

λ2(Ω̃) ≤ max(λ1(Ω∗+), λ1(Ω∗−)) .

According to (48), (49) we have

λ2(Ω̃) ≤ max(λ1(Ω+), λ1(Ω−)) = λ2(Ω) .

If Ω would not be connected at the beginning, Ω = Ω1∪Ω2, the proof would
be the same by applying the argument to Ω1 and Ω2 instead of Ω+ and Ω−.
This shows that, in any case, the minimum of λ2 is to be searched among
the union of balls. But, if the two balls would have different radii, we would
decrease the second eigenvalue by shrinking the largest one and dilating the
smaller one (without changing the total volume). Therefore, the minimum
is achieved by the union of two identical balls. �

Remark 3.2. If we are disappointed with the solution of our minimization
problem, since it is not connected, we could think to look at the following
problem:

(50) min{λ2(Ω), Ω connected open subset of RN , |Ω| = c} .

Unfortunately, this problem has no solution: indeed, let us consider the
set Ωε obtained by joining the two identical balls B1 ∪ B2 (each of volume
c/2) by a thin pipe of width ε then, according to Theorem 2.16, λ2(Ωε) →
λ2(B1 ∪ B2). Of course, Ωε does not satisfy the volume constraint. But, if

we remember that it is equivalent to minimize the product λ2(Ω)|Ω|2/N (see
10), it is clear that

λ2(Ωε)|Ωε|2/N → λ2(B1 ∪B2)|B1 ∪B2|2/N = λ∗,c2 c2/N

and therefore, Ωε is a minimizing sequence.

As we did previously for the first eigenvalue and the Faber-Krahn inequal-
ity, let us now give a quantitative version of this result. It has been done
by L. Brasco and A. Pratelli in [5]. To my knowledge, it is the first time
that such a quantitative inequality has been obtained for a domain which is
different from the ball. First the authors have introduced a suitable variant
of the Fraenkel asymmetry. This is the Fraenkel 2−asymmetry, which mea-
sures the L1 distance of a set from the collection of disjoint pairs of equal
balls. It is given by

A2(Ω) := inf

{
|Ω∆(B+ ∪B−)|

|Ω|
: B+, B− balls s. t.

B+ ∩B− = ∅,
|B+| = |B−| = |Ω|/2

}
.

We then have the following quantitative version of the Hong-Krahn-Szego
inequality.
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Theorem 3.3 (Brasco-Pratelli). Let Ω ⊂ RN be an open set with finite
measure. Then

(51) |Ω|2/N λ2(Ω)− 22/N |B|2/N λ1(B) ≥ 1

CN
A2(Ω)N+1,

for a constant CN > 0 depending on the dimension N only.

3.2. A convexity constraint. Now, the problem becomes again interest-
ing if we ask the question to find the convex domain, of given volume,
which minimizes λ2. Existence of a minimizer Ω∗ follows Theorem 2.10 and
Theorem 2.14. Of course, the difficulty is to find it! For sake of simplicity,
we restrict us here to the two-dimensional case.

In a paper of 1973 [50], Troesch did some numerical experiments which
led him to conjecture that the solution was a stadium: the convex hull of
two identical tangent disks. It is actually the convex domain which is the
closest to the solution without convexity constraint. In [25], we refute this
conjecture, see Theorem 3.6 below. Nevertheless, the minimizer looks like
very much a stadium!

3.2.1. Optimality conditions. The first step is to prove that the second eigen-
value is simple at the optimal domain:

Theorem 3.4. Let Ω∗ be a convex domain minimizing the second eigenvalue
λ2 (among convex domains of given volume). Assume that Ω∗ is of class
C1,1. Then λ2(Ω∗) is simple.

Now we can derive some optimality condition like |∇u2| = c on ∂Ω∗ as
established in Corollary 2.21 for the general case. Now, it is not so obvious
here due to the convexity constraint. The difficulty is to take care of the
convexity constraint when deforming the original domain Ω∗ by a vector
field V . Indeed, if we perform a small deformation of a strictly convex part
of the boundary of Ω∗, this part will not remain necessarily convex, but we
can use the fact that the difference between the deformed boundary ant its
convex hull is so small, that for first order terms, the formulae of derivative
still holds. On the contrary, for segments included in the boundary, it is no
longer true. Therefore, we need to make a distinction between the strictly
convex parts of the boundary and the segments included in the boundary.
Let us mention that the first part of the following theorem holds for any
dimension while the second part is strictly two-dimensional.

Theorem 3.5 (Henrot-Oudet).

• There exists a positive constant α such that the gradient of the eigen-
function u is constant on every strictly convex part of the boundary
of Ω∗:

(52) for every γ, strictly convex part of ∂Ω∗ ,∀x ∈ γ |∇u(x)| = α .
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Moreover α is given by

(53) α2 =
λ2

|Ω∗|
.

• If Σ is a segment included in the boundary of Ω∗, let t, t ∈ [a, b],
a parametrization of the segment (the boundary is assumed to be
oriented in the clockwise sense), then there exists a non negative
function w defined on [a, b] with triple roots at a and b, such that

(54) |∇u(t)|2 = α2 + w′′(t) .

We refer to [23] for a detailed proof.

Corollary 3.6. The optimal domain Ω∗ is not a stadium.

Indeed, the proof follows exactly the same line as the proof of (iii) of
Theorem 2.18.

3.2.2. Regularity of the optimal domain. The C1 regularity is not hard to
prove, see e.g. [10] or [25] for details (we just prove that we can improve the
product of the second eigenvalue and the area by cutting a possible corner).
The more precise result below is due to J. Lamboley in [35]

Theorem 3.7 (Lamboley). The minimizer Ω∗ is globally C1, 1
2 and no more.

The strictly convex parts are C∞.

4. The other Dirichlet eigenvalues

4.1. Existence. In this section we investigate the existence of a domain
which minimizes λk(Ω) over sets of fixed volume in RN for k ≥ 3. The
”bounded” case, where Ω is supposed to lie in a fixed box D have been
first considered by G. Buttazzo and G. Dal Maso in 1993, see [15]. More
precisely, the Buttazzo-Dal Maso’s Theorem states that, for any bounded
open set D ⊂ RN , the following problem

(55) min
A⊂D,|A|=c

λk(A)

has a solution. Of course, the minimizer depends a priori on the choice of
the design region D.

In order to prove the existence of a global minimizer, the main difficulty is
the passage from the bounded set D to RN . The main reason for which the
previous result fails if D = RN is the lack of compactness of the injection
H1(RN ) ↪→ L2(RN ). Thus we had to wait for almost 20 years to get the
final existence result:

Theorem 4.1 (Bucur;Mazzoleni-Pratelli). The problem

(56) min
Ω⊂RN ,|Ω|=c

λk(Ω)

has a solution. This one is bounded and has finite perimeter.
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The two papers [11] and [39] appeared independently and the same week
on Arxiv! In some sense, it is the story of Faber and Krahn which is repeated
but with modern tools: Internet and Arxiv versus postal mail and classical
submission. These two papers use a completely different strategy. In [11],
the notion of shape subsolution for the torsion energy is introduced, and
it is proved that every such subsolution has to be bounded and has finite
perimeter. A second argument, shows that minimizers for (56) are shape
subsolutions, so they are bounded. The author finishes the proof by using
a concentration-compactness argument, like in [14] where it has already be
used for the third eigenvalue. The approach of [39] is different: a surgery
result proves that some parts (like long and tiny tentacles), can be cut out
from every set such that, after small modifications and rescaling, the new
set has a diameter uniformly bounded and its first k eigenvalues are smaller.
In this way, the existence problem in RN can be reduced to the local case
of Buttazzo and Dal Maso.

4.2. Connectedness of minimizers. In this section, we denote by Ω∗n an
(quasi-) open set which minimizes λn (among open sets of volume 1) and
λ∗n = λn(Ω∗n) the minimal value of λn. We will also denote by tΩ the image
of Ω by an homothety (or dilation) of ratio t. The following result is, in
some sense, a generalization of Hong-Krahn-Szegö’s Theorem 3.1. Roughly
speaking, it asserts that if a minimizer of λn is not connected, each connected
component is a minimizer for a lower eigenvalue. These results come from
[51] and turn out to be very useful even from a numerical point of view, in
particular to rule out some competitors.

Theorem 4.2 (Wolf-Keller). Let us assume that Ω∗n is the union of (at
least) two disjoints sets, each of them with positive measure. Then

(57) (λ∗n)N/2 = (λ∗i )
N/2 +

(
λ∗n−i

)N/2
= min

1≤j≤(n−1)/2
(
(
λ∗j
)N/2

+
(
λ∗n−j

)N/2
)

where, in the previous equality, i is a value of j ≤ (n−1)/2 which minimizes

the sum
(
λ∗j

)N/2
+
(
λ∗n−j

)N/2
. Moreover,

(58) Ω∗n =

[(
λ∗i
λ∗n

)1/2

Ω∗i

]⋃[(
λ∗n−i
λ∗n

)1/2

Ω∗n−i

]
(disjoint union).

Proof. Let us write Ω∗n = Ω1 ∪ Ω2 (disjoint union) with |Ω1| > 0, |Ω2| > 0
and |Ω1| + |Ω2| = 1. Let u∗n be an eigenfunction of the Laplacian-Dirichlet
on Ω∗n, corresponding to the eigenvalue λ∗n. Then u∗n is not zero on one of
the components of Ω∗n, for example Ω1. In particular λ∗n is an eigenvalue
(see (6)) of Ω1: λ∗n = λi(Ω1) for some integer i ≤ n and we denote precisely
by i the largest one. If we had i = n, we could decrease λ∗n by enlarging
Ω1 contradicting the minimality of λ∗n, so i ≤ n − 1. Since λ∗n is the n-th
eigenvalue of Ω∗n, we can count at least n − i eigenvalues of Ω2 which are
smaller than λ∗n,. It means that λn−i(Ω2) ≤ λ∗n. Moreover, if we would have
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λn−i(Ω2) < λ∗n, we could decrease λ∗n = max{λi(Ω1), λn−i(Ω2)} by enlarging
Ω1 and shrinking Ω2 (keeping the total volume equal to one) which would
again contradict the minimality of λ∗n. So, finally λn−i(Ω2) = λi(Ω1) = λ∗n.

Now, we still get a minimum for λ∗n by replacing Ω1 by |Ω1|1/NΩ∗i (which

has same volume and better λi) and by replacing Ω2 by |Ω2|1/NΩ∗n−i. Con-
sequently, we have

λi(Ω1) = |Ω1|−2/Nλ∗i = λ∗n = |Ω2|−2/Nλ∗n−i = λn−i(Ω2).

Finally, the constraint |Ω1|+ |Ω2| = 1 yields (λ∗n)N/2 = (λ∗i )
N/2 +

(
λ∗n−i

)N/2
.

Let us now consider the set Ω̃j defined for j = 1, . . . , n− 1 by
(59)

Ω̃j =




(
λ∗j

)N/2
(
λ∗j

)N/2
+
(
λ∗n−j

)N/2


1/N

Ω∗j

⋃



(
λ∗n−j

)N/2
(
λ∗j

)N/2
+
(
λ∗n−j

)N/2


1/N

Ω∗n−j

 .
Each Ω̃j has a volume equal to one, the j-th eigenvalue of its first component
and the (n− j)-th eigenvalue of its second component are equal to((

λ∗j
)N/2

+
(
λ∗n−j

)N/2)2/N
.

It follows that λn(Ω̃j) is also given by this common value. Since λ∗n ≤ λn(Ω̃j)

and λ∗n = λn(Ω̃i) for some index i, λ∗n is the minimum value of λn(Ω̃j).

Moreover, Ω̃i is optimal for any index i which realizes the minimum in (57).
This finishes the proof. �

Up to now, the value of λ∗n is not known but for n = 1 or 2. The
previous theorem has an important consequence for the optimal domain
Ω∗3 in dimension 2 or 3.

Corollary 4.3 (Wolff-Keller). Let Ω∗3 be an open set minimizing λ3 (i.e.
solution of problem (55) with c = 1) in dimension 2 or 3. Then, Ω∗3 is
connected.

Proof. Assume that Ω∗3 is not connected. Then, according to Theorem 4.2,
we should have λ∗3 = λ∗1 + λ∗2 (i = 1 is the only possible value here). Let us
explicit these values first in dimension 2. From Theorem 2.1 λ∗1 = πj2

0,1 '
18.168 (we recall that j0,1 is the first zero of the Bessel function J0 and
the radius of the disk of area 1 is R0 = 1√

π
, see (12)) while, according to

Theorem 3.1, λ∗2 = 2λ∗1 ' 36.336. Therefore λ∗1 + λ∗2 ' 54.504. But since
λ∗3 is, by definition, lower or equal to the third eigenvalue of the unit disk
λ3(D1) = πj2

1,1 ' 46.125, we see that it cannot be equal to λ∗1 + λ∗2.
In dimension 3, the situation is exactly the same. We use the values of

the eigenvalues for a ball given in (13). Since the ball must have for volume
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1, its radius is here R0 =
(

3
4π

)1/3
, then

λ∗1 =
(4π)2/3j2

1/2,1

32/3
' 25.646 λ∗2 = 22/3λ∗1 ' 40.711

and

(λ3(BR0))3/2 =

(
j2
N/2,1

R2
0

)3/2

' 380.029 < (λ∗1)3/2 + (λ∗2)3/2 ' 389.636

with the same conclusion. �

Remark 4.4. In dimension 4 and higher, this computation does not give
anything. For example, we get in dimension 4:

R0 =
21/4

√
π

λ∗1 =
j2
1,1

R2
0

' 32.615 λ∗2 =
√

2λ∗1 ' 46.125

while

(λ3(BR0))2 =

(
j2
2,1

R2
0

)2

' 3432.67 > (λ∗1)2 + (λ∗2)2 ' 3191.25

which cannot help to conclude. Actually, the conjecture is that in dimension
N ≥ 4, Ω∗3 is not connected and, more precisely, that it is given by the union
of three balls.

Open problem 6. Prove that the optimal domain Ω∗3 is the disk in dimen-
sion 2, and the union of three identical balls in dimension N ≥ 4

Remark 4.5. In dimension 2, numerical computations show that the opti-
mal domain Ω∗n is sometimes connected (this is the case for n = 1, 3, 5, 6, 7, 8 . . .,
sometimes not: n = 2, 4, see [43], [3] and Figures below.

In Figure 9 we plot the minimizers of the first 12 Dirichlet eigenvalues
obtained independently by E. Oudet and P. Antunes and P. Freitas (those
pictures are taken from [3], see also [43] and [24, chapter 11]).

Table 1 shows the optimal Dirichlet eigenvalues, together with the corre-
sponding multiplicity of each optimal eigenvalue.

Open problem 7. Prove that the eigenvalue for the optimal domain Ω∗n,
n ≥ 2 is always multiple: λn−1(Ω∗n) = λn(Ω∗n).

Next, we present some numerical results with three-dimensional domains.
In Figure 10 we plot the 3D minimizers of the first 10 Dirichlet eigenvalues.
As you can see, the ball is no longer the optimal domain for λ3 in R3 but
it seems to be the optimal domain for λ4. This leads to the following open
problem: A generalization of the open problem for λ3 in the plane:

Open problem 8. Prove that the N -ball minimizes λN+1 among sets of
given volume in RN .



ISOPERIMETRIC INEQUALITIES FOR EIGENVALUES OF THE LAPLACIAN 31

Figure 9. The minimizers of the first 12 Dirichlet eigenval-
ues (by courtesy of P. Antunes)

4.3. Other geometric constraints. Instead of looking at the minimiza-
tion problem with a volume constraint, it is possible to consider other geo-
metric constraints like a constraint on the perimeter or on the diameter.

4.3.1. Perimeter constraint. Considering a perimeter constraint, the situa-
tion is easier in dimension two. Indeed, since the convex hull of any domain
has a smaller perimeter (what is not true in higher dimension), it is easy
to see that we can restrict the study to plane convex domains. For that
particular case, the following results are proved for the second eigenvalue in
[13] (P (Ω) denotes the perimeter in the classical sense here):

Theorem 4.6 (Bucur-Buttazzo-Henrot). The problem

min{λ2(Ω),Ω ⊂ R2, P (Ω) ≤ P0}
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i multiplicity λ∗i
1 1 18.17
2 2 36.34
3 3 46.13
4 3 64.30
5 2 78.15
6 3 88.48
7 3 106.12
8 3 118.88
9 3 132.34
10 4 142.69
11 4 159.40
12 4 172.88
13 4 186.91
14 4 198.94
15 5 209.62

Table 1. The optimal Dirichlet eigenvalues λ∗i , for i =
1, 2, ..., 15 and the multiplicity of the optimal eigenvalue.

has a solution Ω∗, this one is C∞. Moreover the associated (normalized)
eigenfunction u satisfies

(60) |∇u|2 =
2λ2

P0
C on the boundary ∂Ω∗

where C is the curvature of the boundary. This implies that the curvature
vanishes at two points and that ∂Ω does not contain neither segment, nor
arc of circle.

Sketch of the proof:

• Existence of a minimizer follows easily using Theorems 2.10 and 2.14
and the fact that it suffices to look at convex domains.
• The C∞ regularity can be proved using classical tools and a boot-

strap argument. The proof consists in writing the boundary of the
optimal domain as a graph of a function h, then writing the optimal-
ity condition we obtain an elliptic second order ordinary differential
equation satisfied by h whose right-hand side involves the gradient
of the eigenfunction. Using classical regularity results, both for this
ODE and the PDE we get the result.
• To write the optimality condition (60), we use the domain derivative

previously defined with a Lagrange multiplier to take into account
the perimeter constraint. The precise value of the Lagrange mul-
tiplier can be obtained using the classical formulae (valid for any
eigenvalue) λ2(Ω) = 1

2

∫
∂Ω |∇u|

2X.nds. A preliminary step consists
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Figure 10. The 3D minimizers of the first 10 Dirichlet
eigenvalues (by courtesy of E. Oudet).

in proving that the second eigenvalue is simple (in order to be dif-
ferentiable with respect to the domain). For that purpose, we argue
by contradiction: assuming that the eigenvalue is multiple (it can
only be double here for a convex domain in the plane), we can ob-
tain directional derivatives and we can always find, in that case, a
deformation which makes λ2 decrease.
• The qualitative properties are obtained thanks to this condition (60).

The fact that the curvature has to vanish twice comes from the fact
that the nodal line has to cross the boundary at two points for a
convex domain, see [1], [40]. At last, the fact that the boundary
cannot have a constant curvature is obtained exactly in the same
way as (iii) of Theorem 2.18.
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For the general case and in any dimension, namely for the problem

(61) min{λk(Ω),Ω ⊂ RN , P (Ω) ≤ P0}

a recent paper gives existence and regularity, see [17]. Note that the expected
regularity is weaker than in the two-dimensional case.

Theorem 4.7 (de Philippis-Velichkov). The problem (61) has a solution.
Its boundary is C1 outside a closed set of Hausdorff dimension N − 8.

4.3.2. Diameter constraint. At last, let us consider the minimization prob-
lem with a diameter constraint in two-dimensions

(62) min{λk(Ω),Ω ⊂ R2, D(Ω) ≤ D0}

where D(Ω) denotes the diameter. The same observation about the convex
hull shows that the minimizer has to be convex, thus existence follows easily.
Actually we can even prove that the minimizer is a convex body of constant
width. In a work in progress with B. Bogosel and I. Lucardesi, we have
considered this problem and, in particular, we identify the cases where the
disk can be the minimizer or not. The conclusion is a bit surprising: for
example, the disk is a local minimizer for λ2, λ3, λ4, λ5 but not for λ6 (and
not for any simple eigenvalue but the first) and also not for most of the
double eigenvalues.
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ISOPERIMETRIC INEQUALITIES FOR EIGENVALUES OF THE LAPLACIAN 35

[13] D. Bucur, G. Buttazzo and A. Henrot, Minimization of λ2(Ω) with a perimeter
constraint, Indiana Univ. Math. J. 58 (2009), 2709–2728.

[14] D. Bucur, A. Henrot, Minimization of the third eigenvalue of the Dirichlet Lapla-
cian, Proc. Roy. Soc. London, 456 (2000), 985-996.

[15] G. Buttazzo, G. Dal Maso, An Existence Result for a Class of Shape Optimization
Problems, Arch. Rational Mech. Anal., 122 (1993), 183-195.

[16] R. Courant, D. Hilbert, Methods of Mathematical Physics, vol. 1 et 2, Wiley,
New York, 1953 et 1962.

[17] G. De Philippis, B. Velichkov, Existence and regularity of minimizers for some
spectral functionals with perimeter constraint Appl. Math. Optim. 69 (2014), no. 2,
199C231.

[18] Y. Egorov, V. Kondratiev, On spectral theory of elliptic operators, Oper. Theory
Adv. Appl., 89, Birkhäuser, Basel, 1996.
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[21] G.H. Hardy, J.E. Littlewood, G. Pólya, Inequalities, Reprint of the 1952 edition,
Cambridge Mathematical Library, Cambridge University Press, Cambridge, 1988.
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