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The graphial Sierpinski gasket
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Settings

◮ Let G be any in�nite onneted graph. Let R(n) be arandom walk on G i.e. R(n + 1) is hosen with equalprobability among all the neighbors of R(n) in G .
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Settings

◮ Let G be any in�nite onneted graph. Let R(n) be arandom walk on G i.e. R(n + 1) is hosen with equalprobability among all the neighbors of R(n) in G .
◮ For any two verties x and y let d(x , y) be the graphdistane between them, namely the length of theshortest path between x and y in G .Examine the dispaement Dn = Ed(R(0),R(n))
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◮ Let G be any in�nite onneted graph. Let R(n) be arandom walk on G i.e. R(n + 1) is hosen with equalprobability among all the neighbors of R(n) in G .
◮ For any two verties x and y let d(x , y) be the graphdistane between them, namely the length of theshortest path between x and y in G .Examine the dispaement Dn = Ed(R(0),R(n))
◮ If G = Z

d then Dn ≈ √n. This behavior is alleddi�usive.
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Settings

◮ Let G be any in�nite onneted graph. Let R(n) be arandom walk on G i.e. R(n + 1) is hosen with equalprobability among all the neighbors of R(n) in G .
◮ For any two verties x and y let d(x , y) be the graphdistane between them, namely the length of theshortest path between x and y in G .Examine the dispaement Dn = Ed(R(0),R(n))
◮ If G = Z

d then Dn ≈ √n. This behavior is alleddi�usive.
◮ If G is a binary tree, then Dn ≈ n. This behavior isalled ballisti. In our setting (�reversible�), this ispossible only if the volume of balls grows exponentially.
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Settings

◮ Let G be any in�nite onneted graph. Let R(n) be arandom walk on G i.e. R(n + 1) is hosen with equalprobability among all the neighbors of R(n) in G .
◮ For any two verties x and y let d(x , y) be the graphdistane between them, namely the length of theshortest path between x and y in G .Examine the dispaement Dn = Ed(R(0),R(n))
◮ If G = Z

d then Dn ≈ √n. This behavior is alleddi�usive.
◮ If G is a binary tree, then Dn ≈ n. This behavior isalled ballisti. In our setting (�reversible�), this ispossible only if the volume of balls grows exponentially.
◮ When Dn ≈ n1/β for some β > 2, the proess is alledsubdi�usive. Another name is anomalous di�usion.
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Random walk on the Sierpinski gasket

◮ Denote by Tn the expeted time a random walk on theSierpinski gasket exits a triangle of order n. Our goal isto alulate Tn indutively.
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Random walk on the Sierpinski gasket

◮ Denote by Tn the expeted time a random walk on theSierpinski gasket exits a triangle of order n. Our goal isto alulate Tn indutively.
◮ Denote by A = Tn+1, B and C the expeted exit timesfrom the three rami�ation points.

BB CA
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Random walk on the Sierpinski gasket

◮ Denote by Tn the expeted time a random walk on theSierpinski gasket exits a triangle of order n. Our goal isto alulate Tn indutively.
◮ Denote by A = Tn+1, B and C the expeted exit timesfrom the three rami�ation points.

BB CA
◮ Using the symmetries one getsA = Tn + BB = Tn + 14B + 14A + 14CC = Tn + 12B
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Random walk on the Sierpinski gasket

◮ Denote by A = Tn+1, B and C the expeted exit timesfrom the three rami�ation points.
BB CA

◮ Using the symmetries one getsA = Tn + BB = Tn + 14B + 14A + 14CC = Tn + 12B
◮ Solving one gets Tn+1 = A = 5Tn, B = 4Tn andC = 3Tn. Hene Tn = 5n.
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Sierpinski gasket II

◮ A simple indution shows that the diameter of anorder-n triangle is 2n. Therefore we getD5n ≈ 2nSo
β =

log 5log 2 .
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Sierpinski gasket II

◮ A simple indution shows that the diameter of anorder-n triangle is 2n. Therefore we getD5n ≈ 2nSo
β =

log 5log 2 .
◮ Any �nitely rami�ed fratal an be handled that way.
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De�nitions

◮ In any in�nite graph G one an de�ne a ball B(x , r)with respet to the graph metri. Denote by |B(x , r)| itsvolume, or simply number of verties in it. If for somedf ,
|B(x , r)| = rdf +o(1)(if it holds for one x then it holds for all x) then we saythat G has volume growth dimension df . df is thegraphial analog of the Hausdor� dimension.
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De�nitions

◮ In any in�nite graph G one an de�ne a ball B(x , r)with respet to the graph metri. Denote by |B(x , r)| itsvolume, or simply number of verties in it. If for somedf ,
|B(x , r)| = rdf +o(1)(if it holds for one x then it holds for all x) then we saythat G has volume growth dimension df . df is thegraphial analog of the Hausdor� dimension.

◮ Let pt(x , y) be the probability that random walk startingfrom x will be exatly at y at time t. If G = Z
d thenpt(x , x) ≈ t−d/2. To de�ne a dimension using thisrelation, we say that if for some dspt(x , x) = t−ds/2+o(1)(if it holds for one x then it holds for all x) then we allds the spetral dimension.
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Examples

◮ For Z
d , ds = df = d .
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Examples

◮ For Z
d , ds = df = d .

◮ For any transitive graph, ds = df and the ommon valueis integer (Gromov 81, Tro�mov 85, Delmotte 99).
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Examples

◮ For Z
d , ds = df = d .

◮ For any transitive graph, ds = df and the ommon valueis integer (Gromov 81, Tro�mov 85, Delmotte 99).
◮ Let α > 0 and examine the subset of Z

2 given by
{|y | ≤ |x |α}.Then df = ds = 1 + α.
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Examples

◮ For Z
d , ds = df = d .

◮ For any transitive graph, ds = df and the ommon valueis integer (Gromov 81, Tro�mov 85, Delmotte 99).
◮ Let α > 0 and examine the subset of Z

2 given by
{|y | ≤ |x |α}.Then df = ds = 1 + α.

◮ For the Sierpinski gasket,ds = 2log 3log 5 df =
log 3log 2and in partiular ds < df . (seeing the value of df is easy� a ball of radius 2n around the �root� is simply a leveln triangle whih has volume 3n).
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Regularity results

◮ For any n and d and any onneted subset of
{1, . . . , n}d one an onstrut an in�nite onnetedgraph, the generalized Sierpinski arpet.
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Regularity results

◮ For any n and d and any onneted subset of
{1, . . . , n}d one an onstrut an in�nite onnetedgraph, the generalized Sierpinski arpet.

◮ The usual Sierpinski arpet is reated with d = 2, n = 3and the subset being {1, 2, 3}2 \ {(2, 2)}.
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Regularity results

◮ For any n and d and any onneted subset of
{1, . . . , n}d one an onstrut an in�nite onnetedgraph, the generalized Sierpinski arpet.

◮ The usual Sierpinski arpet is reated with d = 2, n = 3and the subset being {1, 2, 3}2 \ {(2, 2)}.Theorem (Barlow & Bass, 1999)For any generalized Sierpinski arpet, ds , df and β are wellde�ned, and one has ds = 2df /β.
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Regularity results

◮ For any n and d and any onneted subset of
{1, . . . , n}d one an onstrut an in�nite onnetedgraph, the generalized Sierpinski arpet.

◮ The usual Sierpinski arpet is reated with d = 2, n = 3and the subset being {1, 2, 3}2 \ {(2, 2)}.Theorem (Barlow & Bass, 1999)For any generalized Sierpinski arpet, ds , df and β are wellde�ned, and one has ds = 2df /β.Further, one has the following estimatept(x , y) ≈ Ct−ds/2 exp(− ( |x − y |βt )1/(β−1))



Alexander-OrbahGraphial fratalsThe SierpinskiGasketDimensionsGeneralizedSierpinski arpetsPerolationEulidean gridsThe IICThe onjetureThe proofritial exponentsTheorem (Barlow, 2004)Any value of β between 2 and df + 1 is possible.Similarly, any value of ds between 2df /(df + 1) and df ispossible.
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De�nition of p

◮ Let G be any in�nite graph. Let 0 ≤ p ≤ 1. Considerthe random graph Gp that one gets by keeping everyedge of G with probability p, independently for eahedge.
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De�nition of p

◮ Let G be any in�nite graph. Let 0 ≤ p ≤ 1. Considerthe random graph Gp that one gets by keeping everyedge of G with probability p, independently for eahedge.
◮ Let ψ(p) be the probability that Gp has an in�niteomponent. ψ(p) is obviously an inreasing funtion ofp.



Alexander-OrbahGraphial fratalsThe SierpinskiGasketDimensionsGeneralizedSierpinski arpetsPerolationEulidean gridsThe IICThe onjetureThe proofritial exponents
De�nition of p

◮ Let G be any in�nite graph. Let 0 ≤ p ≤ 1. Considerthe random graph Gp that one gets by keeping everyedge of G with probability p, independently for eahedge.
◮ Let ψ(p) be the probability that Gp has an in�niteomponent. ψ(p) is obviously an inreasing funtion ofp.
◮ Changing any �nite set of edges annot destroy or reatean in�nite luster. Therefore ψ(p) is either 0 or 1.
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De�nition of p

◮ Let G be any in�nite graph. Let 0 ≤ p ≤ 1. Considerthe random graph Gp that one gets by keeping everyedge of G with probability p, independently for eahedge.
◮ Let ψ(p) be the probability that Gp has an in�niteomponent. ψ(p) is obviously an inreasing funtion ofp.
◮ Changing any �nite set of edges annot destroy or reatean in�nite luster. Therefore ψ(p) is either 0 or 1.
◮ Therefore there exists some p , depending on G , suhthat ψ(p) = 0 for p < p and ψ(p) = 1 for p > p .
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Perolation on Z

2, p = 0.45
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Perolation on Z

2, p = 0.55
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Perolation on Z

2, p = 0.55
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Simple examples

◮ for G = Z, p = 1 and ψ(p ) = 1 (exerise).
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Simple examples

◮ for G = Z, p = 1 and ψ(p ) = 1 (exerise).
◮ for G a d -regular tree, p = 1d−1 and ψ(p ) = 0. This isequivalent to a Galton-Watson branhing proess.



Alexander-OrbahGraphial fratalsThe SierpinskiGasketDimensionsGeneralizedSierpinski arpetsPerolationEulidean gridsThe IICThe onjetureThe proofritial exponents
Simple examples

◮ for G = Z, p = 1 and ψ(p ) = 1 (exerise).
◮ for G a d -regular tree, p = 1d−1 and ψ(p ) = 0. This isequivalent to a Galton-Watson branhing proess.
◮ The omplete graph on n verties exhibits similarbehvior (even though it is �nite) with �p = 1n � and�ψ(p ) = 0�, Erd®s & Rényi (1959).
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p 6= p

◮ In the subritial ase, omponent sizes deayexponentially in the volume, i.e. for every p < p thereexist some λ > 0 suh that
P(|C| > n) ≤ e−λnwhere C is the luster ontaining the origin. Menshikov(1986), Aizenman & Barsky (1987).
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p 6= p

◮ In the subritial ase, omponent sizes deayexponentially in the volume, i.e. for every p < p thereexist some λ > 0 suh that
P(|C| > n) ≤ e−λnwhere C is the luster ontaining the origin. Menshikov(1986), Aizenman & Barsky (1987).

◮ In the superritial ase there exists one in�nite luster(Burton & Keane, 1989). The sizes of the �nite lustersdeay exponentially in the surfae area, i.e. for everyp > p there exists some λ suh that
P(n < |C| <∞) ≤ e−λn(d−1)/dGrimmett & Marstrand (1990), Kesten & Zhang (1990).
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p 6= p

◮ In the subritial ase, omponent sizes deayexponentially in the volume, i.e. for every p < p thereexist some λ > 0 suh that
P(|C| > n) ≤ e−λnwhere C is the luster ontaining the origin. Menshikov(1986), Aizenman & Barsky (1987).

◮ In the superritial ase there exists one in�nite luster(Burton & Keane, 1989). The sizes of the �nite lustersdeay exponentially in the surfae area, i.e. for everyp > p there exists some λ suh that
P(n < |C| <∞) ≤ e−λn(d−1)/dGrimmett & Marstrand (1990), Kesten & Zhang (1990).

◮ In most senses, the superritial luster �looks like astrethed-out grid�. In neither ase is it reasonable tolaim that lusters are �fratal�.



Alexander-OrbahGraphial fratalsThe SierpinskiGasketDimensionsGeneralizedSierpinski arpetsPerolationEulidean gridsThe IICThe onjetureThe proofritial exponents
p = pSome onjetures oming from the physis literature:
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p = pSome onjetures oming from the physis literature:(a). For d > 1 there is no in�nite luster at the ritial p.
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p = pSome onjetures oming from the physis literature:(a). For d > 1 there is no in�nite luster at the ritial p.(b). The size of the ritial luster deays polynomially*, i.e.

P(|C| > n) ≈ n−1/δfor some δ.
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p = pSome onjetures oming from the physis literature:(a). For d > 1 there is no in�nite luster at the ritial p.(b). The size of the ritial luster deays polynomially*, i.e.

P(|C| > n) ≈ n−1/δfor some δ.(). Universality: δ depends only on the dimension, and noton the spei� grid (unlike, say, p ).
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p = pSome onjetures oming from the physis literature:(a). For d > 1 there is no in�nite luster at the ritial p.(b). The size of the ritial luster deays polynomially*, i.e.

P(|C| > n) ≈ n−1/δfor some δ.(). Universality: δ depends only on the dimension, and noton the spei� grid (unlike, say, p ).(d). 915 = δ2 > δ3 > · · · > δ6 = δ7 = · · · = 2.
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p = pSome onjetures oming from the physis literature:(a). For d > 1 there is no in�nite luster at the ritial p.(b). The size of the ritial luster deays polynomially*, i.e.

P(|C| > n) ≈ n−1/δfor some δ.(). Universality: δ depends only on the dimension, and noton the spei� grid (unlike, say, p ).(d). 915 = δ2 > δ3 > · · · > δ6 = δ7 = · · · = 2. *In d = 6there are logarithmi orretions.
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p = pSome onjetures oming from the physis literature:(a). For d > 1 there is no in�nite luster at the ritial p.(b). The size of the ritial luster deays polynomially*, i.e.

P(|C| > n) ≈ n−1/δfor some δ.(). Universality: δ depends only on the dimension, and noton the spei� grid (unlike, say, p ).(d). 915 = δ2 > δ3 > · · · > δ6 = δ7 = · · · = 2. *In d = 6there are logarithmi orretions. The onjeture for thevalue 915 is related to a onjeture that the distributionof large �nite lusters is onformally invariant.
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p = pSome onjetures oming from the physis literature:(a). For d > 1 there is no in�nite luster at the ritial p.(b). The size of the ritial luster deays polynomially(). Universality: δ depends only on the dimension.(d). 915 = δ2 > δ3 > · · · > δ6 = δ7 = · · · = 2.
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p = pSome onjetures oming from the physis literature:(a). For d > 1 there is no in�nite luster at the ritial p.(b). The size of the ritial luster deays polynomially(). Universality: δ depends only on the dimension.(d). 915 = δ2 > δ3 > · · · > δ6 = δ7 = · · · = 2.What has been proved?
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p = pSome onjetures oming from the physis literature:(a). For d > 1 there is no in�nite luster at the ritial p.(b). The size of the ritial luster deays polynomially(). Universality: δ depends only on the dimension.(d). 915 = δ2 > δ3 > · · · > δ6 = δ7 = · · · = 2.What has been proved?

◮ d = 2: a, Kesten (1980), �b, d� Smirnov (2001); Lawler,Shramm & Werner (2001).
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p = pSome onjetures oming from the physis literature:(a). For d > 1 there is no in�nite luster at the ritial p.(b). The size of the ritial luster deays polynomially(). Universality: δ depends only on the dimension.(d). 915 = δ2 > δ3 > · · · > δ6 = δ7 = · · · = 2.What has been proved?

◮ d = 2: a, Kesten (1980), �b, d� Smirnov (2001); Lawler,Shramm & Werner (2001).
◮ d > 6: �a, b, , d� Hara & Slade (1990).
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p = pSome onjetures oming from the physis literature:(a). For d > 1 there is no in�nite luster at the ritial p.(b). The size of the ritial luster deays polynomially(). Universality: δ depends only on the dimension.(d). 915 = δ2 > δ3 > · · · > δ6 = δ7 = · · · = 2.What has been proved?

◮ d = 2: a, Kesten (1980), �b, d� Smirnov (2001); Lawler,Shramm & Werner (2001).
◮ d > 6: �a, b, , d� Hara & Slade (1990).
◮ d = 3, 4, 5, 6: not even a.
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De�nitionsWe want �ritial perolation onditioned to have an in�niteluster�.
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De�nitionsWe want �ritial perolation onditioned to have an in�niteluster�. Suggestions:(a). (Kesten, 1986). Take p > p . Condition on 0 being inthe in�nite luster. Take p → p .
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De�nitionsWe want �ritial perolation onditioned to have an in�niteluster�. Suggestions:(a). (Kesten, 1986). Take p > p . Condition on 0 being inthe in�nite luster. Take p → p . The limit here is inthe spae M({0, 1}E(Zd )) i.e. the spae of measures onon�gurations.
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De�nitionsWe want �ritial perolation onditioned to have an in�niteluster�. Suggestions:(a). (Kesten, 1986). Take p > p . Condition on 0 being inthe in�nite luster. Take p → p . The limit here is inthe spae M({0, 1}E(Zd )) i.e. the spae of measures onon�gurations.(b). (Kesten, 1986). Take ritial perolation. Condition on0 ↔ ∂B(0, r). Take r → ∞.
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De�nitionsWe want �ritial perolation onditioned to have an in�niteluster�. Suggestions:(a). (Kesten, 1986). Take p > p . Condition on 0 being inthe in�nite luster. Take p → p . The limit here is inthe spae M({0, 1}E(Zd )) i.e. the spae of measures onon�gurations.(b). (Kesten, 1986). Take ritial perolation. Condition on0 ↔ ∂B(0, r). Take r → ∞.(). (van der Hostad & Járai, 2004). Take ritialperolation. Condition on 0 ↔ x for some x ∈ Z

d . Takex → ∞.
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De�nitionsWe want �ritial perolation onditioned to have an in�niteluster�. Suggestions:(a). (Kesten, 1986). Take p > p . Condition on 0 being inthe in�nite luster. Take p → p . The limit here is inthe spae M({0, 1}E(Zd )) i.e. the spae of measures onon�gurations.(b). (Kesten, 1986). Take ritial perolation. Condition on0 ↔ ∂B(0, r). Take r → ∞.(). (van der Hostad & Járai, 2004). Take ritialperolation. Condition on 0 ↔ x for some x ∈ Z

d . Takex → ∞.(d). Condition on the size of the luster being > n. Taken → ∞.
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De�nitionsWe want �ritial perolation onditioned to have an in�niteluster�. Suggestions:(a). (Kesten, 1986). Take p > p . Condition on 0 being inthe in�nite luster. Take p → p . The limit here is inthe spae M({0, 1}E(Zd )) i.e. the spae of measures onon�gurations.(b). (Kesten, 1986). Take ritial perolation. Condition on0 ↔ ∂B(0, r). Take r → ∞.(). (van der Hostad & Járai, 2004). Take ritialperolation. Condition on 0 ↔ x for some x ∈ Z

d . Takex → ∞.(d). Condition on the size of the luster being > n. Taken → ∞.We will use (). This objet is alled the inipient in�niteluster, or IIC for short.
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◮ d = 2Kesten (1986) showed that random walk on the IIC of

Z
2 is subdi�usive in the sense that E|R(t)| ≤ t1/2−eps .
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◮ d = 2Kesten (1986) showed that random walk on the IIC of

Z
2 is subdi�usive in the sense that E|R(t)| ≤ t1/2−eps .Note that this is not subdi�usive in the same sense asabove beause we measure distane by |x | (�the extrinsidistane�) rather than by d(0, x) (�the intrinsidistane�).
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Z
2 is subdi�usive in the sense that E|R(t)| ≤ t1/2−eps .Note that this is not subdi�usive in the same sense asabove beause we measure distane by |x | (�the extrinsidistane�) rather than by d(0, x) (�the intrinsidistane�).It is known that βext (if it exists) is between 23148 and3 748 . This uses SLE theory. Even physiists do not havea good guess what is the orret value.
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◮ d = 2Kesten (1986) showed that random walk on the IIC of

Z
2 is subdi�usive in the sense that E|R(t)| ≤ t1/2−eps .Note that this is not subdi�usive in the same sense asabove beause we measure distane by |x | (�the extrinsidistane�) rather than by d(0, x) (�the intrinsidistane�).It is known that βext (if it exists) is between 23148 and3 748 . This uses SLE theory. Even physiists do not havea good guess what is the orret value.

◮ TreeKesten (1986) showed that random walk on the IIC of aregular tree has β = 3, df = 2 and ds = 43 .
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At last,Conjeture (Alexander & Orbah, 1982)For every d > 1, the IIC exhibits ds = 43 .
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At last,Conjeture (Alexander & Orbah, 1982)For every d > 1, the IIC exhibits ds = 43 .For d < 6 this was based on rough orrespondane withnumerial results, and better simulations �disproved� it.
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At last,Conjeture (Alexander & Orbah, 1982)For every d > 1, the IIC exhibits ds = 43 .For d < 6 this was based on rough orrespondane withnumerial results, and better simulations �disproved� it.For d ≥ 6 this was based on various onjetures that wereonsidered proven in the physis literature. Hene this wasalso onsidered to be a proven fat. In the mathematialommunity this beame known as the Alexander-Orbahonjeture.
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At last,Conjeture (Alexander & Orbah, 1982)For every d > 1, the IIC exhibits ds = 43 .For d < 6 this was based on rough orrespondane withnumerial results, and better simulations �disproved� it.For d ≥ 6 this was based on various onjetures that wereonsidered proven in the physis literature. Hene this wasalso onsidered to be a proven fat. In the mathematialommunity this beame known as the Alexander-Orbahonjeture.We prove it under the same onditions of Hara & Slade i.e. dsu�iently large or d > 6 and a su�iently spread-out lattie.
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Eletri resistane

◮ Let G be a �nite onneted graph, and let x and y beverties of G . onsider G as an eletri network, whereevery vertex of G is a node, and every edge is a 1-ohmresistor. Denote the e�etive resistane between x andy by Re�(x , y).
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Eletri resistane

◮ Let G be a �nite onneted graph, and let x and y beverties of G . onsider G as an eletri network, whereevery vertex of G is a node, and every edge is a 1-ohmresistor. Denote the e�etive resistane between x andy by Re�(x , y).
◮ One way to onnet random walk properties to theresistane is the ommute time identity. It states thatHit(x , y) + Hit(y , x) = 2Re�(x , y) · |E (G )|where Hit(x , y) is the expeted time a random walkerstarting from x will �rst visit (�hit�) y .We use this for G being a ball B(0, r) in the IIC, withthe entire boundary ∂B(0, r) identi�ed to one point,whih we all ∂. If we knew that |E (G )| ≈ r2 andRe�(0, ∂) ≈ r we would get thatHit(0, ∂) + Hit(∂, 0) ≈ r3
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Eletri resistane ont.Hit(0, ∂) + Hit(∂, 0) ≈ r3immediately gives the bound Hit(0, ∂B(0, r)) ≤ Cr3. Thebound in the other diretion uses that the graph is stronglyreurrent. This also follows from the resistane estimate.Hene β = 3 would follow if we ould prove that

|B(0, r)| ≈ r2 Re�(0, ∂B(0, r)) ≈ r(Barlow, Járai, Kumagai & Slade, 2008).
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Eletri resistane ont.Hit(0, ∂) + Hit(∂, 0) ≈ r3immediately gives the bound Hit(0, ∂B(0, r)) ≤ Cr3. Thebound in the other diretion uses that the graph is stronglyreurrent. This also follows from the resistane estimate.Hene β = 3 would follow if we ould prove that

|B(0, r)| ≈ r2 Re�(0, ∂B(0, r)) ≈ r(Barlow, Járai, Kumagai & Slade, 2008).The estimate of the resistane would follow if we ould showthat there exists ≥ r pivotal edges, i.e. edges whose removalwould disonnet 0 from ∂B(0, r). Whih will follow,more-or-less, if we show that
P(0 ↔ ∂B(0, r)) ≈ 1r(Nahmias & Peres, 2008)
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Volume growth exponent

◮ On a tree,
E(∂B(0, 2r)) = (E(∂B(0, r)))2.
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Volume growth exponent

◮ On a tree,
E(∂B(0, 2r)) = (E(∂B(0, r)))2.

◮ We would like to show something similar for Z
d , butthere are loal interations so the best we an hope for is

E(∂B(0, 2r)) ≥ (E(∂B(0, r)))2. (∗)
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◮ On a tree,
E(∂B(0, 2r)) = (E(∂B(0, r)))2.

◮ We would like to show something similar for Z
d , butthere are loal interations so the best we an hope for is

E(∂B(0, 2r)) ≥ (E(∂B(0, r)))2. (∗)
◮ If we ould show that, we would be �ne, sine theminute E(∂B(0, r)) rosses some onstant, it will startexploding.
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Volume growth exponent

◮ On a tree,
E(∂B(0, 2r)) = (E(∂B(0, r)))2.

◮ We would like to show something similar for Z
d , butthere are loal interations so the best we an hope for is

E(∂B(0, 2r)) ≥ (E(∂B(0, r)))2. (∗)
◮ If we ould show that, we would be �ne, sine theminute E(∂B(0, r)) rosses some onstant, it will startexploding.
◮ We ould not show (∗) either, beause the boundary ofB(0, r) is too fragile. We instead showed

E(B(0, 2r)) ≥ r (E(B(0, r)))2.whih works just as well.
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Resistane exponent

◮ A ruial point is the determination of δ by Barsky &Aizenman (1991),
P(|C0| > n) ≈ C√n .
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Resistane exponent

◮ A ruial point is the determination of δ by Barsky &Aizenman (1991),
P(|C0| > n) ≈ C√n .

◮ This means we an restrit our attention to the asethat |B(0, r)| ≤ Cr2, and hene for some j ∈ [13 r , 23 r ],
|∂B(0, j)| ≤ Cr .



Alexander-OrbahGraphial fratalsThe SierpinskiGasketDimensionsGeneralizedSierpinski arpetsPerolationEulidean gridsThe IICThe onjetureThe proofritial exponents
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◮ A ruial point is the determination of δ by Barsky &Aizenman (1991),
P(|C0| > n) ≈ C√n .

◮ This means we an restrit our attention to the asethat |B(0, r)| ≤ Cr2, and hene for some j ∈ [13 r , 23 r ],
|∂B(0, j)| ≤ Cr .

◮ Sine, to get to distane r , we need to survive to 13 r ,and then one of the ≤ Cr verties in ∂B(0, j) mustsurvive another 13 r , we get (roughly)
P(0 ↔ ∂B(0, 3r)) ≤ Cr + Cr · (P(0 ↔ ∂B(0, r)))2where the �rst term omes from Barsky & Aizenman.
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Resistane exponent

◮ A ruial point is the determination of δ by Barsky &Aizenman (1991),
P(|C0| > n) ≈ C√n .

◮ This means we an restrit our attention to the asethat |B(0, r)| ≤ Cr2, and hene for some j ∈ [13 r , 23 r ],
|∂B(0, j)| ≤ Cr .

◮ Sine, to get to distane r , we need to survive to 13 r ,and then one of the ≤ Cr verties in ∂B(0, j) mustsurvive another 13 r , we get (roughly)
P(0 ↔ ∂B(0, 3r)) ≤ Cr + Cr · (P(0 ↔ ∂B(0, r)))2where the �rst term omes from Barsky & Aizenman.

◮ An indution then shows (roughly) the requiredestimate.
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