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Abstract. The notes are an overview of the theory for pathwise weak solutions to two classes
of scalar fully nonlinear first- and second-order degenerate parabolic stochastic partial differential
equations with rough, a special case being Brownian, time dependence. These are Hamilton-Jacobi
and Hamilton-Jacobi-Isaacs and quasilinear divergence form pde including multidimensional scalar
conservation laws. If the time dependence is “regular”, the weak solutions are respectively the
viscosity and entropy/kinetic solutions. The main results are the well-posedness and qualitative
properties of the solutions. Some concrete applications are also discussed. The development of the
theory for the first class of equations is based on joint work with P.-L. Lions. For the second class
the development is joint work with P.-L. Lions, B. Perthame and B. Gess.

0. Introduction

The notes are an overview of the theory for pathwise weak solutions to two classes of scalar fully

nonlinear first- and second-order degenerate parabolic stochastic partial differential equations with

rough, a special case being Brownian, time dependence. These are Hamilton-Jacobi and Hamilton-

Jacobi-Isaacs and quasilinear divergence form pde including multidimensional scalar conservation

laws. If the time dependence is “regular”, the weak solutions are respectively the viscosity and

entropy/kinetic solutions. The main results are the well-posedness and qualitative properties of the

solutions. Some concrete applications are also discussed. The development of the theory for the

first class of equations is based on joint work with P.-L. Lions. For the second class the development

is joint work with P.-L. Lions, B. Perthame and B. Gess.

Equations of the type discussed here arise in several applied contexts and models for a wide variety

of phenomena and applications including mean field games, turbulence, phase transitions and front

propagation with random velocity, nucleations in physics, macroscopic limits of particle systems,

pathwise stochastic control theory, stochastic optimization with partial observations, stochastic

selection, etc..

The general classes of evolution equations considered here are

(0.1) du = F (D2u,Du, u, x, t)dt+
m∑
i=1

Hi(Du, u, x, t) · dBi in RN × (0, T ] ,
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and

(0.2) du+

N∑
i=1

∂xiAi(u, x) · dBi − div(A(u, x)Du)dt = 0 in RN × (0, T ],

with initial condition

(0.3) u = u0 on RN × {0} .

Here F,H1, . . . ,Hm, A1, . . . , Am and A are (at least) continuous functions of their arguments (exact

assumptions will be shown later), F and A are respectively degenerate elliptic and monotone,

B := (B1, . . . , Bm) is a continuous rough path in time, “·” simply denotes the way B acts on the

Hi and Ai, and, when it is Brownian, it becomes the usual Stratonovich differential ◦, something

justified by the fact that the pathwise solutions to the equations above may be obtained as the

limit of solutions to the equations with B replaced by smooth approximations. Finally, B can be

taken to be a finite approximation of “colored white noise,” that is

B(x, t) =

m∑
i=1

ci(x)Bi,

where the ci’s are smooth in x. Given the notation used here, however, the ci’s are part of the Hi’s.

When B is either smooth or has bounded variation, then “d” is the regular time derivative and (0.1)

and (0.2) are classical “deterministic equations” which are studied using respectively the classical

into viscosity and entropy/kinetic theories.

The theory presented in this notes is a pathwise one and simply treats B as the time derivative of

a continuous function. When the Hi’s and Ai’s are independent of x, the general qualitative theory

does not need any other assumption but continuity. When there is spatial dependence then it is

necessary to use more and the theory of rough paths comes in handy as it will become clear later.

There is a vast literature for linear and quasilinear versions of (0.1) as well as work for some

versions (0.2). Listing all the references is not possible in this preliminary version of the notes. But

connections will be made in the next sections.

0.1. Organization of the notes. In the next section I present some concrete examples where

(0.1) and (0.2) arise. In Section 2 I discuss some of the main difficulties arising and explain

why the Stratonivich formulation is more appropriate. Section 3 is devoted to some special cases

and a classical result about stochastic Hamilton-Jacobi equations in the smooth regime as well as

nonlinear equations with linear rough path dependence. Section 4 is about nonlinear equations with

semilinear rough path dependence. Section 5 is about formulae or the lack thero off for Hamilton-

Jacobi equations with time dependence. Section 6 discusses the simplest possible nonlinear pde

with rough time signals as the limit of regular approximations. Section 7 is about pathwise solutions

to nonlinear first order pde with nonsmooth Hamiltonians and rough signals. Section 8 is devoted

to the second order problems with smooth Hamiltonians.

1. Motivation and some examples

A discussion follows of a number of results that have been proved using the theory presented in

this notes but, it should be noted, that there are many open questions related to the problems



FULLY NONLINEAR FIRST- AND SECOND-ORDER STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS 3

discussed here. I also remark that to keep the presentation simpler in many places the discussion

is somehow informal.

1.1 Motion of interfaces. A well studied question in pde as well as applications like phase

transitions is the understanding of the long time behavior of solutions to reaction-diffusion equations

and the understanding of the properties of the interface developing (for large times) separating the

regions where the solutions approach the different equilibria of the equation.

A classical and well studied problem in this context is the asymptotic behavior of the solutions uε

to the scaled Allen-Cahn equation

uεt −∆uε +
1

ε
W ′(uε) = 0 in RN × (0,∞),

where W : R → R is a double-well potential with wells of equal depth located, for example, at

±1. It is well known that as, ε→ 0, uε → ±1 inside and outside an interface moving with normal

velocity V = −κ, where κ is the mean curvature. The interface is the zero-level set of the solution

of the level-set pde

(1.1) vt − |Dv|div(
Dv

|Dv|
) = 0 in RN × (0,∞).

For the applications, however, it is interesting to consider potentials with wells at locations which

change with the scale ε and to identify the exact scaling at which something nontrivial comes up.

An example of such a problem is

uεt −∆uε +
1

ε
(W ′(uε) + c(t)ε1/2) = 0 in RN × (0,∞),

for some smooth c, which leads, as ε → 0, to an interface moving with normal velocity V =

−κ+ c(t)α, where α > 0 is independent of c.

A natural question is what happens if c is irregular and, in particular, if c = dB, where B is

Brownian. It turns that in this case the oscillations of the location of the wells of W + ε1/2 are

too extreme for the system to stabilize. It is, however, the case that, if B is replaced by a “mild”

approximation Bε, then the asymptotic interface moves with normal velocity

V = −κ+ adB,

and is characterized as a level set of the solution of the “stochastic” level-set pde

(1.2) dv − |Dv|div(
Dv

|Dv|
)dt+ a|Dv| ◦ dB = 0 in RN × (0,∞).

1.2 A stochastic selection principle. A classical question in the theory of level set interfacial

motions is whether interior develops, that is, if there are configurations (initial data) such that the

zero level set of the solution v to (1.1) develops interior. For the motion by mean curvature it is

known that, if the initial datum is two touching balls, then for positive times the evolving front is

a “surface” that looks like the boundary of either two separated shrinking balls or some connected

open set which moves in time, and there are well defined minimal and maximal moving boundaries.

The reason behind such behavior is that the curvature is not well defined at the touching point

and the initial surface can be thought as the boundary of either two balls which are infinitesimally

separated or an open set which is “almost” pinched.
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As it is often the case the introduction of stochasticity resolves this ambiguity and provides a defin-

itive selection principle. Indeed the result is that the solutions v±ε of the stochastically perturbed

level set pde

dv±ε − |Dv±ε|div
( Dv±ε
|Dv±ε|

)
dt± ε|Dv±ε| ◦ dB = 0 in RN × (0,∞),

with initial data two touching balls, never develop interior and, as ε → 0, their zero level sets

converge in the Hausdorff distance to the maximal interface of the unperturbed problem described

above.

1.3 Pathwise stochastic control theory. A typical stochastic control theory problem consists

of a controlled stochastic differential equation

dXt = b(Xt, αt)dt+
√

2σ(Xt)dB X0 = x,

where (αt)t=0 ∈ A, the set of control procesess satisfying appropriate measurability properties and

taking values in some set A, and a pay-off functional, which, to simplify the presentation, here is

taken to be

J(x, t) = g(Xt),

the goal being to minimize the pay-off over A.
If the minimization takes place in a pathwise sense, then the associated value function is

u(x, t) = inf
A
g(Xt),

and it can be shown that it is the pathwise viscosity solution to the nonlinear spde

du+ sup
α∈A

(−b(x, α) ·Du)dt−
√

2σDu ◦ dB = 0 in RN × (0,∞) u(·, 0) = g on RN ,

which is a special case of (0.1) with a nonlinear F and linear H.

The classical stochastic control theory is about the minimization of the mean of the payoff, and

the value function

w(x, t) = inf
A
Eφ(Xt)

is the viscosity solution of the “deterministic” Bellman pde

wt + sup
α∈A

(−b(x, α) ·Dw)− tr(σσTD2w) = 0 in RN × (0,∞) u(·, 0) = g on RN .

Notice that formally it is possible to obtain this pde by taking expectations to the spde satisfied

by v. This argument requires commuting expectations with nonlinearities which is, however, far

from rigorous.

1.3 Mean field games. A typical example of the Lasry-Lions mean field theory is the study of

the asymptotic behavior, as L→∞, of the law L(X1
t , ., ., ., X

L
t ) of the solution of the sde

dXi = σ(Xi,
1

L− 1

∑
j 6=i

δXj ) ◦ dB (i = 1, ..., L).

Here δy is the Dirac mass at y, σ ∈ C0,1(RN ×P(RN );SN ), SN and P(X) being, respectively, the

sets of symmetric N ×N matrices and probability measures on X.
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The result is that, as L→∞ and in the sense of measures and all t > 0,

L(X1
t , ., ., ., X

L
t )→ πt ∈ P(P(RN )).

The density (mt)t≥0 of the evolution in time of (πt)t≥0 given, for all U ∈ C(P(RN )), byˆ
U(m)dπt(m) = E[U(mt)],

solves the stochastic conservation law

dm+ divx(σT (m,x) ◦ dB) = 0,

which is a special case of (0.2).

2. The Main Difficulties and Stratonovich vs Itô’s formulation.

Given that, in general and even without rough signals, (0.1) and (0.2) do not have global smooth

solutions, such solutions will not exist for rough time dependence. It is also not possible to use

directly the standard viscosity and entropy solutions of the “deterministic” theory, since they

depend on inequalities satisfied either at some special points or after integration. For example the

weak entropy inequality dS(u)+Q(u)x ·dB ≤ 0 for all pairs (S,Q) of convex entropy S and entropy

flux Q, where for simplicity it is assumed that N = 1 and A = 0 in (0.2), does not appear to make

sense. Moreover, the lack of regularity does not allow to express the solutions in any form involving

time integration as it is the case for sde.

Another option, at least for N = 1, is to take advantage of the multiplicative noise to change time.

This formally leads to an equation without rough parts. For example, if du + H(Du) · dB = 0,

then, if u(x, t) = U(x,B(t)), U must be a global smooth solution to the forward-backward time

homogeneous Hamilton-Jacobi equation Ut +H(DU) = 0 in RN × (−∞,∞). But it is well known

that such solutions do not exist. Behind this difficulty is the basic fact that the nonlinear problems

develop shocks which are not reversible, while, in general, the changing sign of the rough signals,

in some sense, forces the solutions to move forward and backward in time. More details about this

are given later in the notes.

A natural question is whether it is possible to solve the equations in law. Recall that solving the

sde dX =
√

2σ(Xt)dB in law is equivalent to understanding, for all smooth φ and a ≡ σσT , the

solutions u of the initial value problem

ut = tr(σσTD2u) in RN × (0,∞) u(·, 0) = φ on RN .

For the equations here the state variable would be a function and the corresponding sde is set in

infinite dimensions. Indeed let U : C(RN )× [0,∞)→ R and write U(f, t). The infinite dimensional

equation corresponding to

du =
√

2H(Du) ◦ dB
is, formally,

Ut = D2U(H(Df), H(Df)) .

The problem is that the Hessian D2U is an unbounded operator independently of the choice of

the base space. Such pde are far away from the theory of viscosity solutions in infinite dimensions

developed by Crandall and Lions .
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Solving sde in law is related to the martingale approach, which requires some compactness (tight-

ness). The latter is a problem in infinite dimensions, since it requires estimates on higher derivatives

and, hence, smooth solutions. This difficulty is related to the nonlinear character of (0.1). This

program has been carried out successfully for linear and quasilinear uniformly elliptic pde. There

is also the issue of the use of Stratonovich versus Itô Calculus. This is closely related to the way

solutions are constructed, the nature of the nonlinearity, and well-posedness of the equations.

Indeed consider, for λ = 0, the very simple spde

du =
√

2λuxxdt+ uxdB in R× (0,∞) ,

which is in Itô form and has, in general, smooth solutions for smooth data and is well-posed if and

only if λ > 1. Obviously a smooth solution has the form

v(x, t) = u(x−B(t), t)

with v satisfying the (deterministic) pde

vt = (λ− 1)vxx,

which is ill-posed if λ < 1. Of course this is not an issue if the spde was in Stratonovich form to

begin with.

Another example, where the use of Stratonovich appears to be necessary, is the application to front

propagation via level set pde. One of the critical elements of the theory is that the moving interfaces

depend only on the initial one and not the particular choice of the initial datum of the pde. This

is equivalent to the requirement that the equations are invariant under increasing changes of the

unknown.

Consider, for example, the pde

ut + |Du| = 0 .

Arguing as if the solution u were smooth (the argument can be made rigorous using viscosity

solutions), it is straightforward to check that, for nondecreasing φ, φ(u) is also a solution (note

that the monotonicity of φ is important when dealing with viscosity solutions).

Consider next the interfacial motion V = dB. The corresponding level set stochastic pde in Itô’s

form is

du+ |Du|dB = 0.

If u is a smooth solution and φ : R→ R is smooth, Itô’s formula yields that

dφ(u) + |Dφ(u)|db+
1

2
φ′′(u)|Du|2dt = 0,

which clearly is not the same equation as the one satisfied by u. This is of course not the case the

pde was written in the Stratonovich sense, which requires a priori regularity, which is not available

here.

In the context of second- and first-order (deterministic) pde the difficulties due to the lack of

regularity are overcome using viscosity solutions required in the Stratonovich form.

Indeed, for B smooth, consider again the equation

ut = H(Du)Ḃ
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and recall that the classical definition of viscosity sub-solutions is equivalent to the requirement

that, for any smooth φ : RN ×R→ R, the map t→ max(u− φ) must satisfy, at least formally, the

differential inequality

d

dt
max(u(·, t)− φ) 5 ut(x̄(t), t) 5 sup

x̄
(H(Dφ(x̄(t)))Ḃ) ,

where x̄(t) denotes a point where max(u(·, t)− φ) is achieved — there may, of course, exist several

such points, etc..

For general x-dependent Hamiltonian H the requirement is that

d

dt
max(u(·, t)− φ) 5 sup

x̄

(
H(Dφ(x̄(t)), x̄(t))Ḃ

)
.

If B is a Brownian motion, then, assuming for simplicity that there exists a unique maximum,

point x̄(t) of u(·, t)− φ, the Stratonovich formulation should be

d

dt
max(u− φ) 5 H(Dφ(x̄(t)), x̄(t)) ◦ dB ,

a fact which completely breaks down due to the lack of regularity in t of the map t 7→ x̄(t).

If Ḃ ∈ L1((0, T )), then the above requirement makes sense, and it has been used to study viscosity

solutions of Hamilton-Jacobi equations with L1-time dependence.

Another way to see, again formally, that Itô’s formulation is not appropriate is to compute the Itô’s

differential of the max of two functions and to compare it to the individual differentials.

Recall that, if u and v are actually differentiable with respect to t, then

∂

∂t
(max(u, v))t = 1{u(·,t)>v(·,t)}ut + 1{u(·,t)5v(·,t)}ut ,

where 1A denotes the characteristic function of the set A, and, if

ut = H(Du) , vt = H(Dv) and H(0) = 0 ,

it follows, at least formally, that

max(u, v)t 5 H(D(max(u, v))) ,

and, hence, max(u, v) is a sub-solution.

Checking the same claim in the Itô’s formulation yields

dI max(u, v) = 1{u(·,t)>v(·,t)}dIu+ 1{u(·,t)5v(·,t)}dIv ,

where dI denotes the Itô differential. The above inequality suggests, always formally, that max(u, v)

is not necessarily a sub-solution, which should be the case for viscosity solutions.

The final justification for considering the Stratonovich formulation

(2.1) du = H(Du, x) ◦ dB

instead of

(2.2) du = H(Du, x)dB

comes from the family of approximate problems

uεt = H(Duε, x)Ḃε ,



8 PANAGIOTIS E. SOUGANIDIS(1,2)

where Bε are smooth approximations of the rough path (Bt)t=0. If uε and u are smooth and, as

ε → 0, uε → u in C2(RN × (0,∞)), it is not difficult to see that u must solve (2.1) and not (2.2).

Even when this smoothness is not available, the initial datum of the approximate pde is bounded

and Lipshitz continuous, the viscosity theory gives that the solutions are uniformly in ε bounded

and Lipshitz continuous in x, and, hence, have a pathwise limit.

3. The difference between single and multiple signals, nonlinear pde with linear

rough dependence on paths and the method of characteristics.

The next simple example illustrates that there is a difference between one single and many signals

and indicates the role that rough paths may play in the theory.

To this end, consider two smooth paths B1 and B2 and the linear stochastic pde

(3.1) ut = uxḂ1 + f(x)Ḃ2 in R× (0,∞) u(·, 0) = u0 on R.

It is immediate that, if v(x, t) = u(x−B1(t), t), then v solves

vt = f(x−B1(t))Ḃ2 in R× (0,∞) v(·, 0) = u0 on R ,

and, hence,

u(x, t) = v(x+B1(t), t) = u0(x+B1(t)) +

ˆ t

0
f(x+B1(t)−B1(s))Ḃ2ds .

To extend this expression to non smooth paths, it is necessary to be able to deal with integrals of

the form ˆ b

a
g(B1(s)) dB2 .

The above calculation suggests, however, a possible way to study general linear/nonlinear equations

with linear rough dependence of the form

(3.2) du = F (D2u,Du, x)dt+ (a(x), Du)ḋB1 + c(x)uḋB2 in RN × (0,∞) u(·, 0) = u0 on RN ,

which is discussed next.

Consider the system

(3.3)


dX = −a(X) ·B1

dP = [(Da(X), P ) ·B1 + (Dc(X), P )U ] ·B2,

dU = c(X)U ·B2,

which, in view of the theory of rough paths, has a solution for any initial datum (x, p, u); the exact

assumptions on the coefficients for this to be true are left as an exercise to the reader.

It can be easily seen that the system, which can be easily recognized as the characteristic equations

for the linear Hamilton-Jacobi equation

du = (a(x), Du) · dB1 + c(x)u · dB2,

with initial condition X(0) = x, P (0) = Du0(x), U(0) = u0(x), is invertible.

The next step is to make the ansatz that

(3.4) u(x, t) = v(X−1(x, t), t),
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and to find the equation satisfied by v.

The following calculation appears formal but can be easily justified using viscosity solutions argu-

ments as long as one can make sense of the solution of the system and the resulting integration.

To simplify the notation, it is more convenient to rewrite (3.4) as

u(·, t) = S(t)v(·, t),

where, for any v0, S(t)v0 is the solution of the linear Hamilton-Jacobi equation with initial datum

v0 and to proceed to identify the equation for v.

It follows that

du = d(S(t)v(·, t)) = (a(x), DS(t)v(·, t))ḋB1 + c(x)S(t)v(·, t) · dB2 + S(t)[vt(·, t)]

= (a(x), DS(t)v(·, t))ḋB1 + c(x)S(t)v(·, t), x)ḋB2

+ F (D2S(t)v(·, t), DS(t)v(·, t), S(t)v(·, t), x) ,

and, hence,

S(t)vt(·, t) = F (D2S(t)v(·, t), DS(t)v(·, t), S(t)v(·, t), x) ,

and

(3.5) vt = S−1(t)F (D2S(t)v(·, t), DS(t)v(·, t), S(t)v(·, t), x) .

This last equation appears to be more complicated than (0.1), but this is only due to the nota-

tion. The main point is that the equation is now simpler since the transformation eliminates the

troublesome term

(a(x), Du) · dB1 + c(x)u · dB2,

and the resulting equation is of the form

vt = F̃ (D2v,Dv, v, x, t) in RN × (0,∞) v(·, 0) = u0 on RN

and can be studied using the viscosity theory as long as F̃ satisfies the appropriate conditions. All

the above give an alternative way to find pathwise solutions to all the equations studied using the

martingale method as well as scalar quasilinear equations of divergence form always with linear

rough time dependence.

The analysis here gives, however, the hint that to handle equations with nonlinear parts with rough

dependence, it will be useful to look at the associated system of characteristics, assuming that the

Hamiltonians H are smooth. Of course when the time signals are smooth this is classical, while in

the stochastic case this was the work of Kunita on stochastic flows. In what follows I will write

things without any assumptions and I will leave the details to the reader for now.

The discussion is about the characteristics of the Hamilton-Jacobi equation

(3.6) du =

m∑
i=1

Hi(Du, u, x, t) · dBi in RN × (0,∞) u(·, 0) = u0 on RN ,
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which are the following system of differential equations

(3.7)



dX = −
m∑
i=1

DpHi(P,U,X, t) · dBi

dP =

m∑
i=1

(DxHi(P,U,X, t) +DuHi(P,U,X, t)P ) · dBi,

dU =
m∑
i=1

(Hi(Du, x, t)− (DpHi(Du, x, t), P ) · dBi,

with initial conditions

(3.8) X(x, 0) = x , P (x, 0) = Du0(x) , U(x, 0) = u0(x) .

The connection between (3.6) and (3.7) and (3.8) is made through the relationship

U(x, t) = u(X(x, t), t) and P (x, t) = Du(X(x, t), t) .

The method of characteristics works provided it is possible to solve (3.7),(3.8) and invert X(x, t).

The latter can always be done for small time provided H satisfies appropriate conditions, although

in general it is very difficult to estimate this time, that is, there is some T ∗ > 0 such that

u(x, t) = U(X−1(x, t), t)

is a smooth solution to (3.6) in RN × (−T ∗, T ∗). The latter means, for all s, t ∈ (−T ∗, T ∗) with

s < t and x ∈ RN ,

u(x, t) = u(x, s) +

ˆ t

s

m∑
i=1

Hi(Du(x, r), u(x, r), x, r) · dBi(r).

If m = 1, it is possible to express the solutions of (3.7) via a time in terms of the characteristics of

the “deterministic” equation

ut = H(Du, u, x, t) in RN × (0,∞) u(·, 0) = u0 on RN .

Indeed if (Xd, Pd, Ud) denote the solution of

(3.9)



Ẋd = −DpH(Pd, Ud, Xd, t)

Ṗd = (DxHi(Pd, Ud, Xd, t) +DuHi(Pd, Ud, Xd, t)Pd),

U̇d = Hi(Pd, Ud, Xd, t)− (DpH(Pd, Ud, Xd, t)Pd),

Xd(x, 0) = x , Pd(x, 0) = Du0(x) , Ud(x, 0) = u0(x),

then

X(x, t) = Xd(x,B(t)), P (x, t) = Pd(x,B(t)) U(x, t) = Ud(x,B(t)),

and the inversion is possible as long as |B(t)| < T ∗d , the maximal time for which Xd is invertible.

This simple expression for the solution of (3.6) is not valid if m = 2 except when the Hamiltonian

H satisfies the involution relationship

{Hi, Hj} := DxHiDpHj −DxHjDpHi = 0 for all i, j = 1, . . . ,m.

In this case

X(x, t) = X1
d(·, B1(t)) • X2

d(·, B2(t)) • · · · • XM
d (·, Bm(t))(x)
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where, for i = 1, . . . ,m, (Xi
d, P

i
d, U

i
d) is the solution of (3.7) with H ≡ Hi and ·Bi = 1 and • stands

for the composition of maps.

For example, if, for all i = 1, . . . ,m, the Hi’s are independent of x, u and t, then the system of

characteristics has the form

dX = −
m∑
i=1

DHi(P ) · dBi, dP = 0 , dU =
m∑
i=1

[Hi(P )− (DpHi(P ), P )]Ḃi

and the X characteristic is given by

X(x, t) = x−
m∑
i=1

DxHi(Du0(x))Bi(t).

We remark that when m = 1 or m = 2 and the Hamiltonians commute the solution is defined for

any continuous B.

4. Fully nonlinear equations with semilinear stochastic dependence

Consider the initial value problem

(4.1)


du = F (D2u,Du, u) +

m∑
i=1

Hi(u) · dBi in RN × (0,∞) ,

u(·, 0) = u0 on RN ,

with u0 ∈ BUC(RN ), the space of bounded uniformly continuous functions on RN , B = (B1, . . . , Bm)

is continuous, and the nonlinearity F ∈ C(SN × RN ) is assumed to be degenerate elliptic. As far

as H is concerned it is assumed that

(4.2) H = (H1, . . . ,Hm) ∈ (C3,1(R))m.

The results presented here also apply to the more general equations

(4.3) du = F (D2u,Du, u, x, t)dt+

m∑
i=1

Hi(u, x, t) · dBi in RN × (0,∞),

in which case it will be necessary to assume that B is a rough path. The exact assumptions will

become clear below.

For v ∈ R consider

(4.4) dΦ =
m∑
i=1

Hi(Φ) · dBi in (0,∞) Φ(v, 0) = v.

It is assumed that

(4.5)



there exists a unique solution Φ : R× (0,∞) → R to (4.4) such that, for all T > 0,

Φ(·, ·, ω) ∈ C([0, T ], C3(R))

and

C(T ) = sup0≤t≤T

[
|Φ(0, t)|+

∑3
i=1 ‖Di

vΦ(·, t)‖∞
]
<∞.
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When m > 1, (4.4) is interpreted in the rough path sense and the properties of their theory. When

m = 1, (4.4) yields, for all t > 0,

(4.6) Φ(v, t) = Φ̂(v,B(t)) ,

where Φ̂ solves the ode

(4.7)
˙̂
Φ = H(Φ̂) in R Φ̂(v, 0) = v.

It is then straightforward to obtain (4.5) from the analogous properties of Φ̂. Moreover, it is also

clear that (4.5) and (4.6) also hold, if B is any continuous and not only Brownian path.

Define F̃ : SN × R× [0,∞)× Ω→ R by

(4.8) F̃ (X, p, v, t) =
1

Φ′(v, t)
F (Φ′(v, t)X + Φ′′(v, t)(p⊗ p),Φ′(v, t, )p,Φ(v, t)) ,

where, to simplify the presentation, “′” denotes the partial derivatives of Φ with respect to v, and

the dependence on x is omitted.

It is clear that F̃ depends nontrivially on v if H is nonlinear in which case Φ′(·, t, ) and Φ′′(·, t)
depend on v, while, if H is linear, F̃ is independent of v.

The following definitions are motivated by the strategy described in Section 4 which amounts to

locally inverting the “stochastic” characteristics. For (4.1) the latter are the solutions of (4.4).

For each φ ∈ C2(RN × (0,∞)),

Ψ(x, t) := Φ(φ(x, t), t),

and note that Ψ is smooth in x. The definition of weak solution of (4.1) is:

Definition 4.1. A process u : RN × [0, T ] × Ω → R is a pathwise viscosity sub-solution (resp.

super-solution) of (4.1) if:

(i) u(·, ·, ω) ∈ BUC(RN × [0, T ]) a.s.

(ii) (t, ω)→ u(·, t, ω) ∈ BUC(RN ) is Ft-measurable, and

(iii) for all φ ∈ C2(RN × (0,∞)) and all local maximum (resp. minimum) points (x0, t0) ∈ RN ×
(0,∞) of (x, t)→ u(x, t, ω)− Φ(φ(x, t), t),

(4.9) φt(x0, t0) ≤ F̃ (D2φ(x0, t0), Dφ(x0, t0), u(x0, t0), t0) ,

(resp.

(4.10) φt(x0, t0) ≥ F̃ (D2φ(x0, t0), Dφ(x0, t0), u(x0, t0), t0)
)
.

(iv) A function u is a (stochastic viscosity) solution of (4.1) if it is both sub- and super-solution of

(4.1).

Since the characteristics are globally invertible, a consequence of the semilinear “stochastic” form

of the equation, it is possible to introduce a global change of the unknown without going through

test functions.

The second definition is:

Definition 4.2. A process u : RN × [0, T ] × Ω → R is a (stochastic viscosity) sub-solution (resp.

super-solution) of (4.1) if

(i) u(·, ·, ω) ∈ BUC(RN × [0, T ]) a.s.,

(ii) (t, ω) 7→ u(·, t, ω) ∈ BUC(RN ) is Ft-measurable, and
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(iii) the function v : RN × [0, T ]× Ω→ R defined by

(4.11) u(x, t, ω) = Φ(v(x, t, ω), t, ω)

is a viscosity sub-solution (resp. super-solution) of

(4.12)

{
vt = F̃ (D2v,Dv, v, t, ω) in RN × (0, T ),

v = u0 on RN × {0}.

A function u is a stochastic viscosity solution of (4.1) if it is both sub- and super-solution of (4.1).

The two definitions are equivalent, and, moreover, for smooth B’s, the solutions introduced in

Definitions 4.1 and 4.2 coincide with the classical viscosity solution.

In view of the above, the issue of existence and uniqueness of solutions of (4.1) reduces to the study

of the analogous questions for (4.12). The next two theorems address these issues. To simplify the

presentation for the rest of this section, it is assumed that F is independent of u.

In order to formulate the results, in the case that H is nonlinear, it is needed to assume, that F is

degenerate, that is,

(4.13) F is nondecreasing with respect to the Hessian mattrix,

and

(4.14) F ∈ C0,1(SN × RN ),

and

(4.15)


there exists a constant C > 0 such that either

(i) (DXF (X, p) ·X) + (DpF (X,P ), P )− F 5 C for almost every (X, p),
or

(ii) (DXF (X, p) ·X) + (DpF (X,P ), P )− F = −C for almost every (X, p).

The result is:

Theorem 4.1. Assume (4.13), (4.5), and, if H is nonlinear, (4.14) and (4.15). Then there exists

at most one stochastic viscosity solution of (4.1).

The need for an assumption like (4.15) is discussed next. Two explanations are presented. The

first is based on considerations from the method of characteristics. The second relies on viscosity

solutions arguments.

Consider the following first order versions of (4.1) and (4.12), namely

(4.16) ut = F (Du) +H(u) ◦ dB ,

and

(4.17) vt = F̃ (Dv, v, t, ω) ,

with

(4.18) F̃ (p, v, t, ω) =
1

Φ′(v, t, ω)
F (Φ′(v, t, ω)p),

assume that F , H, B and, hence, F̃ are smooth and there exist smooth solutions of (4.16) and

(4.17), which, for smooth data and up to some T ∗ > 0 are given, in view of the discussion in

Section 3, by the method of characteristics.
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For (4.16) and (4.17) the latter have the form

(4.19)


Ẋ = −DpF (P ) ,

Ṗ = H ′(U)PḂ ,

U̇ = [F (P )− (DF (P ), P )] +H(U)Ḃ ,

and

(4.20)


Ẏ = −DQF̃ (Q,V ) = −DPF (Φ−1(V ), Q) ,

Q̇ = F̃VQ = Φ′′(V )(Φ−1(V ))−2Q[DPF (Φ′(V )Q),Φ′(V )Q))− F (Φ′(V )Q)]

V̇ = F̃ − (DQF̃ (Q,V ), Q) = (Φ′(V ))−1[F (Φ′(V )Q)− (DPF (Φ′(V )Q),Φ′(V )Q)] .

It is, of course, the case that (4.19) and (4.20) are equivalent after a change of variables. Moreover,

it is also clear that some additional hypotheses are needed for (4.19), and, hence, (4.20) to have

unique solutions — see, for example, the P -equation in (4.19) where the right hand side may not

be Lipschitz continuous. On the other hand, the right hand side of the equations for Q and V of

(4.20) contain the quantity (DpF, P )−F appearing in (4.15), which is one-sided Lipschitz condition

necessary to yield existence and uniqueness.

For the second explanation, the comparison principle for the pathwise viscosity solution of (4.1)

will follow from the comparison in BUC(RN × [0, T ]) of viscosity solutions of (4.12). When H

is nonlinear, the latter does not follow directly from the existing theory unless something more is

assumed. Indeed one of the conditions needed to prove comparison results for viscosity solutions

of equations like (4.12) is that, for each R > 0, there exists CR > 0 such that, for all X ∈ SN ,

p ∈ RN , v ∈ [−R,R] and t ∈ (0,∞),

(4.21)
∂F̃

∂v
(X, p, v, t) 5 CR .

A straightforward calculation, using (4.15), yields that, for all X, p, v and t,

(4.22)
∂F̃

∂v
=

Φ′′

(Φ′)2
[DXF · (Φ′X + Φ′′p⊗ p) +DpF,Φ

′p)− F ] + Φ′(
Φ′′

Φ′
)′DXF · p⊗ p;

note that to keep the formula simpler, the explicit dependence of F and its derivatives on its

arguments is omitted.

It is immediate that ∂F̃
∂v does not satisfy (4.21) without assuming something like (4.15) on DXF ·

X − (DpF, p) − F and having control on the size of p unless, for the latter, it is known that

Φ′(Φ′′(Φ′)−I)′ = 0.

It is thus possible to compare sub- and super-solutions provided one of the two is Lipschitz contin-

uous. It turns out, however, that it is possible to compare general bounded uniformly continuous

sub- and super-solutions.

The last point that needs explanation is that (4.22) is nonlocal while the assumed (4.15) is a local

one. This can be handled in the proof by working in uniformly small time intervals and using the

local time behavior of Φ and then iterating in time.

Theorem 4.2. Assume (4.13), (4.5) and, for any nonlinear Hi for i = 1, . . . ,m, (4.14) and

(4.15). For each T > 0 and any rough path B, there exists a constant C = C(T ) > 0 such that,
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if v ∈ BUC(RN × [0, T ]) and v ∈ BUC(RN × [0, T ]) are respectively sub- and super-solution of

(4.12), then, for t ∈ [0, T ],

sup
RN

(v(·, t)− v(·, t))+ ≤ C sup
RN

(v(·, 0)− v(·, 0))+.

Proof. I only sketch the argument when H is nonlinear. In the linear case the result follows from

the classical theory of viscosity solution. To simplify the presentation, I argue as if F were a smooth

function of its arguments. The actual proof follows by writing finite differences instead of taking

derivatives and using regularizations.

Assume that H is nonlinear, recall that Φ(v, 0) = v and the bounds is (4.5), fix δ > 0, choose h > 0

so small that

(4.23) sup
0≤t≤h

[
|Φ(v, t)− v|+ |Φ′(v, t)− 1|+ |Φ′′(v, t)|+ |Φ′′′(v, t))

]
≤ δ,

and consider the new change of variables

v = φ(z) = z + δψ(z) with φ′ > 0 .

If v is a sub- (resp. super-) solution of (4.12), then z is a sub- (resp. super-) solution of

(4.24)


zt =

1

Φ′(φ(z), t)φ′(z)
F
(
Φ′(φ(z), t)[φ′(z)D2z + φ′′(z)(Dz ⊗Dz)]

+Φ′′(φ(z), t)(φ′(z))2(Dz ⊗Dz),Φ′(φ(z), t)φ′(z)Dz
)

=
˜̃
F (D2z,Dz, z).

The comparison result follows from the classical theory of viscosity solutions, if there exists C =

CR > 0, for R = max(‖v̄‖, ‖v‖), such that, for all X, p and z,

(4.25)
∂

∂z
˜̃
F (X, p, z) ≤ C.

But

∂

∂z
˜̃
F (X, p, z) = − (Φ′φ′)′

(Φ′φ′)2
F

+
1

(Φ′φ′)

[
DXF ·

[
(Φ′φ′)′X + [(Φ′φ′′)′ + (Φ′′(φ′)2)′](p⊗ p)

]
+DpF, (Φ

′φ′)′p)
]

=
(Φ′φ′)′

(Φ′φ′)2

[
− F +DXF · (Φ′φ′X + (Φ′φ′′ + Φ′′(φ′)2)(p⊗ p)) + (DpF,Φ

′φ′p)]

+DXF ·
[(Φ′φ′′ + Φ′′(φ′)2)′

Φ′φ′
− (Φ′φ′′ + Φ′′(φ′)2)(Φ′φ′)′′

(Φ′φ′)2

]
(p⊗ p),

where, to simplify the notation, the arguments of F , DpF , D2
XF , Φ′, Φ′′, φ′ and φ′′ are omitted.

In view of (4.13) and (4.14), to obtain (4.25) it suffices to choose φ so that

(4.26)
(Φ′φ′′ + Φ′′(φ′)2)′

Φ′φ′
− (Φ′φ′′ + Φ′′(φ′)2)(Φ′φ′)′′

(Φ′φ′)2
≤ 0

and, if (4.15)(ii) holds,

(4.27)
(Φ′φ′)′

(Φ′φ′)2
≤ 0
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or, if (4.15)(i) holds,

(4.28)
(Φ′φ′)′

(Φ′φ′)2
≥ 0.

Assumption (4.23) and the special choice of φ yield that (4.26) is satisfied if ψ′′′ ≤ −1, and that

(4.27) (resp. (4.28)) holds, if ψ′′ ≤ −1 (resp. ψ′′ ≥ 1). It is a simple exercise to find ψ so that (4.26)

and either (4.27) or (4.28) hold in its domain of definition.

The classical comparison result of viscosity solutions then yields that if v ≤ v on RN × {0}, then

v ≤ v on RN × [0, h]. The same argument then yields the comparison in [h, 2h], etc.. �

Next I discuss the existence of the pathwise viscosity solutions of (4.1). It is based on approximating

(4.1) by

(4.29)

u
ε
t = F (D2uε, Duε) +

M∑
i=1

Hi(u
ε)Ḃε

i in RN × (0, T ],

uε = uε0 on RN × {0},

where uε0 ∈ BUC(RN ), and

(4.30)

B
ε = (Bε

1, . . . , B
ε
m) ∈ C1([0,∞);Rm) ,

and, for all T > 0, as ε→ 0, Bε → B uniformly in [0, T ].

The result is:

Theorem 4.3. Assume (4.13), (4.5), and, if H is nonlinear, (4.14) and (4.15). Let (ζε)ε>0 and

(ξη)η>0 satisfy (4.30) and consider the solutions uε, vη ∈ BUC(RN × [0, T ]) of (4.29) with initial

datum uε0 and vη0 respectively. If, as ε, η → 0, uε0 − v
η
0 → 0 uniformly on RN , then, for all T > 0

and a.s. in ω, as ε, η → 0, uε−vη → 0 uniformly on RN × [0, T ]. In particular, each family (uε)ε>0

is Cauchy in RN × [0, T ] a.s. in ω. Hence, it converges uniformly to u ∈ BUC(RN × [0, T ]), which

is a pathwise viscosity solution of (4.1). Moreover, all approximate families converge to the same

limit.

The proof of Theorem 4.3 follows from the comparison between sub- and super-solutions of (4.12)

for different approximation (ζε)ε>0 and (ξη)η>0. Since a similar theorem will be proved later when

dealing with nonlinear gradient dependent H, the proof is omitted.

I conclude with a result about the Lipschitz continuity of the solutions. Its proof is based on the

comparison estimate obtained in Theorem 4.2 and, hence, it is omitted.

Proposition 4.1. Assume (4.13), (4.5), u0 ∈ C0,1(RN ), and, if H is nonlinear, (4.14), (4.15).

Let u be the unique stochastic viscosity solution of (4.1). Then u(·, t) ∈ C0,1(RN ) for all t > 0.

Moreover, for each T > 0, there exists C = C(T, ω) > 0 such that, for all t ∈ [0, T ],

‖Du(·, t)‖∞ 5 C .
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5. Formulae for solutions of time dependent first-order initial value problems

I address here the question whether there are any simple formulae available for the pathwise viscoisty

solutions. In the deterministic theory the simplest available expressions, when the Hamiltonian

depends only on the gradient, are the so called Lax-Oleinik and Hopf formulae which I recall next

without a proof. It should be noted that if the Hamiltonian depends, even smoothly in time, simple

expressions are not available. Hence, in the setting here it is not possible to simply approximate

the signals and then pass to the limit.

Both formulae are about the viscosity solution of the initial value problem

(5.1) ut = H(Du) in RN × (0,∞) u(·, 0) = u0 on RN .

The Lax-Oleinik formula requires that H is concave and the formula is

(5.2) u(x, t) = inf
y∈RN

[u0(y) +
1

t
H∗(

x− y
t

)],

where H∗ is the dual of H; the connection between H and H∗ is H(p) = inf[(p, q) + H∗(q)].

Similarly if H convex, then H(p) = sup[(p, q)−H∗(q)] and

(5.3) u(x, t) = sup
y∈RN

[u0(y)− 1

t
H∗(

y − x
t

)] .

The Hopf formula is the “dual” of the Lax-Oleinik one. It does not require anything but continuity

on H. Instead the initial datum has to be either convex or concave. For definiteness, here it is

assumed that u0 is convex with Legendre transform u∗0. The the viscosity solution of (??) is given

by the Hopf formula solution

(5.4) v(x, t) = sup
p∈RN

[(p, x) + tH(p)− u∗0(p)].

It is also very natural to ask if it is possible to have a Hopf-type formula for time dependent

problems and, in particular, the initial value problem

(5.5) du = H(Du) · dB in RN × (0,∞) , u = u0 on RN × {0} ,

with H ∈ C(RN ), B ∈ C1 and u0 convex. The natural extension of the classical Hopf formula

sup
p∈RN

[(p, x) +WtH(p)− u∗0(p)] ,

does not yield, in general, a solution of the equation even if H is convex or concave, unless dB has a

fixed sign. The formula provides, of course, a sub-solution since, for each fixed p, (p, x)+WtH(p)−
u∗0(p) is a solution (5.5). The explanation for this that the shocks that develop for positive times

are not reversible. Indeed consider the special case H(p) = |p| and u0(x) = |x|. It follows that

sup
p∈RN

((p, x) +B(t)|p| − | · |∗(p)) = (|x|+B(t))+.

On the other hand, the following is true.

Proposition 5.1. The unique viscosity solution of (5.5) with B ∈ C1, B(0) = 0, H(p) = |p| and

u0(x) = |x| is given by the formula

(5.6) u(x, t) = (|x|+B(t))+ ∨ ( max
05s5t

B(s))+
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Although the regularity of B is used in the proof of (5.6), the actual formula extends by density

to arbitrary continuous B’s.

We present two proofs for (5.6). One is based on dividing [0, T ] into intervals where Ẇ is positive

or negative. In the second we show directly that the function defined by (5.6) is indeed a solution.

6. The simplest nonlinear pde with rough signals as a limit of regular

approximations

In this section we prove, for any T > 0, the existence of u(·, ·) ∈ BUC(RN × [0, T ]) which turns

out to be the unique (pathwise viscosity) solution of the following initial value problem which is

the simplest nonlinear Hamilton-Jacobi pde with rough time signals:

(6.1) du = H(Du) · dB in RN × (0, T ] u(·, 0) = u0 on RN .

As a matter of fact what we show here is that, if H ∈ C1,1
loc , it is possible to extend uniquely, by

continuity and density, the solution, which exists when B ∈ C1, to a general continuous B.

Indeed, given B ∈ C([0,∞)) with B(0) = 0, consider a family (Bε)ε>0 in C1((0,∞)) ∩ C([0,∞))

with Bε(0) = 0 such that, as ε → 0, Bε → B in C([0,∞)) and the unique viscosity solution

uε ∈ BUC(RN × [0, T ]) of

(6.2) uεt = H(Duε)Ḃε in RN × (0, T ] uε(·, 0) = uε0 on RN .

The result is:

Theorem 6.1. Fix B ∈ C([0,∞)) with B(0) = 0. Assume H ∈ C1,1
loc (RN ) and u0 ∈ BUC(RN ).

For all T > 0, there exists u ∈ BUC(RN × [0, T ]) such that, for any regularization (Bε)ε>0 in

C1((0,∞))∩C([0,∞)) of B and any family (uε0)ε>0 in BUC(RN ) such that, as ε→ 0, uε0 → u0 in

BUC(RN ), if uε ∈ BUC(RN × [0, T ]) is the unique solution of (6.2), then, as ε → 0, uε → u in

BUC(RN × [0, T ]).

Proof. Let (Bε)ε>0 and (B̃η)η>0 two C1-approximations of B, that is two families of C1-functions

such that, as ε, η → 0, Bε − B̃η → 0 in C([0,∞)) and consider two approximations uε0 and ũη0 of

u0 of u0 in BUC(RN ), that is uε0, ũ
η
0 ∈ BUC(RN ) and, as ε, η → 0, ‖uε0 − ũ

η
0‖ → 0. Fix T > 0 and

let uε, ũη ∈ BUC(RN × [0, T ] be the viscosity solutions of (6.2). The claim is that, as ε, η → 0,

uε − ũη → 0 uniformly in RN × [0, T ].

A simple density argument implies that it is enough to consider u0, u
ε
0, u

η
0 ∈ C0,1(RN ) with

max(‖Duε0‖, ‖Du
η
0‖) 5 C for some C > 0. Since H is independent of x, it follows that both

uε and uη are actually Lipschitz continuous with respect to x and, for all t = 0,

max(‖Duε(·, t)‖, ‖Duη(·, t)‖) 5 max(‖Duε0‖, ‖Du
η
0‖) ,

and, hence, we may assume that actually H ∈ C1,1(RN ).

For each ε and η, uε and ũη are actually also Lipschitz with respect to t. The Lipschitz constants,

however, depend on |Ḃε| and |̇̃Bη| which are not uniformly bounded. This is, of course, one of the

main reasons behind the difficulties here.

Finally, to keep the arguments simple we assume that u0, uε0 and uη0, and, hence, uε and uη are

periodic in the unit cube TN . This simplification allows not be concerned about infinity, and, more

precisely, the possibility that sup’s below are not achieved. The periodicity can be eliminated as

an assumption by introducing appropriate penalizations that force sups to be actually maxima.
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Following the general strategy in the theory of viscosity solutions, to show that, as ε, η → 0,

uε − uη → 0 uniformly in RN × [0, T ], it is natural to double the variables and to consider the

function

z(x, y, t) = uε(x, t)− uη(y, t) ,
which satisfies the “doubled” equation

(6.3) zt = H(Dxz)Ḃ
ε −H(−Dyz )̇̃B

η in RN × RN × (0,∞) z(·, ·, 0) = z0 in RN × RN ,

with

z0(x, y) = uε0(x)− uη0(y) + sup(uε0 − ũ
η
0) .

Since uε0 and ũη0 are uniformly continuous, it follows that, for λ > 0, there exists θ(λ)→ 0 as λ→
∞, such that

z0(x, y) 5 λ|x− y|2 + θ(λ) .

The key step is to show there exists some U ε,η,λ : RN ×RN × [0, T ]→ R such that, as ε, η → 0 and

λ→∞,

U ε,η,λ(x, x, t)→ 0 uniformly in RN × [0, T ] ,

and

z 5 U ε,η,λ in RN × RN × [0, T ] .

It then follows that

min
ε,η→0

max
RN×[0,T ]

z(x, x, t)→ 0 ,

which is one part of the claim. For the other, we consider uη(x, t)− uε(y, t) and argue similarly.

Following the viscosity theory it is natural to try to use, with a(λ)→ 0 as λ→∞,

U ε,η,λ(x, y, t) = λC|x− y|2 + a(λ).

This is, however, the main difficulty, since both the C and a(λ) will depend on |Ḃε| and |Ḃη| which

are not bounded uniformly in ε and η.

The key new idea to circumvent this real difficulty is to find sharper upper bounds by considering

the solution φ = φλ,ε,η of (6.3) with φ0(x, y) = λ|x− y|2 .
Note that, since H depends only on the gradient and φ0 depends only on x− y, it follows that

φλ,ε,η(x, y, t) = Φλ,ε,η(x− y, t) ,

where Φ = Φλ,ε,η solves

(6.4) Φt = H(DΦ)(Ḃε − Ḃη) in RN × (0,∞) Φ = Φ0 on RN × {0}

with Φ0(z) := λ|z|2.
This initial value problem has, for each ε and η, a unique solution. Moreover, the standard com-

parison principle for viscosity solutions yields, for all x, y ∈ RN , t = 0, λ > 0 and ε and η,

z(x, y, t) 5 φλ,ε,η(x, y, t) + max
x,y∈RN

(z(x, y, 0)− λ|x− y|2) ,

and, hence, in view of (6.3), for all x ∈ RN and t = 0,

uε(x, t)− uη(x, t) 5 φλ,ε,η(x, x, t) + Θ(λ) .
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To conclude it is necessary to show that there exists Θ(λ) > 0 such that, as λ→∞, Θ(λ)→ 0 and

lim
ε,η→0

sup
x∈RN

φλ,ε,η(x, x, t) 5 Θ(λ) ,

a fact that apriori may present a problem since the “usual” viscosity theory yields the existence of

φλ,ε,η but not the desired estimate.

Here comes the second new idea, namely to use the characteristics to construct φ, at least for a

small time, which, of course, depends on ε and η. The aim then will be to show that, as ε, η → 0,

the interval of existence becomes of order one.

The characteristics associated with the doubled equation (6.3) with initial datum λ|x− y|2 are

(6.5)



Ẋ = −DH(P )Ḃε , Ẏ = −DH(Q)Ḃη ,

Ṗ = 0 , Q̇ = 0 ,

U̇ = (H(P )− (DpH(P ), P ))Ḃε − (H(Q)− (DH(Q), Q)Ḃη ,

X(0) = x , Y (0) = y , P (0) = −Q(0) = 2λ(x− y) , U(0) = λ|x− y|2.

Note that to simplify the notation and keep the equations in (6.5) “symmetric” we write the

characteristic for Q instead of −Q.

Recall that the method of characteristics provides a classical solution of the associated pde for some

(short) time T ∗ε,η,λ as long as the characteristic associated with the position — in the case at hand

(x, y) — is invertible. One way to check this is to show that the Jacobian of (X,Y ), which at t = 0

is 1, does not vanish in [0, T ∗ε,η,λ). Finding a sharp estimate for the first time the Jacobian vanishes

is, in general, a difficult problem, while with some work, it is possible to obtain a rough one. This

is one of the major technical difficulties we encounter when trying to study equations which depend

on x and have multiple B’s.

The problem at hand is, however, simpler, since the special structure allows for many simplifications.

Indeed, it follows from (6.5) that P and Q are constant in time and, in view of the choice of the

initial datum,

P = −Q = 2λ(x− y) .

Then

Ẋ − Ẏ = −DH(2λ(x− y))(Ḃε − ˙̃
B
η

) ,

and, hence, for t = 0,

(X − Y )(t) = (x− y)−DH(2λ(x− y))(Bε
t − B̃

η
t ) .

To simplify the notation we let z = x− y and Z = X − Y in which case the above equation can be

rewritten as

Z(t) = z −DH(2λz)(Bε
t − B̃

η
t ) .

Note that Z is actually the position characteristic associated with the simplified initial value prob-

lem (6.4). Actually this is the only characteristic that needs to be inverted. Hence the aim is to

estimate the time during which z 7→ Z is a one-to-one map. A straightforward computation yields

that the gradient of this map is

I + 2λD2H(2λz)(Bε − B̃η) ,
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and clearly the Jacobian does not vanish and, hence z 7→ Z is invertible, as long as

sup
t∈[0,T ]

|Bε
t − B̃

η
t | ‖D2H‖∞ < (2λ)−1 .

This is, of course, possible for large T and λ as long as ε and η are small, since, as ε, η → 0,

Bε − B̃η → 0 in C([0,∞)).

The above estimates depend on having H ∈ C2. Since the interval of existence depends only on

the C1,1 norm of H, it can be assumed that H has the (C2) needed regularity and then conclude

introducing yet another level of approximations. If H is less regular than C1,1, then there is a

nontrivial interaction between the regularities of H and W . This is described and analyzed in

detail in the next section.

Next observe that the characteristics yield

φλ,ε,η(X(t), Y (t), t) = λ|X(0)− Y (0)−DpH(2λ(X(0)− Y (0)))|2(Bε
t − B̃

η
t )

+ [H(2λ(X(0)− Y (0)))−DpH(2λ(X(0)− Y (0)))2λ(X(0)− Y (0))](Bε
t − B̃

η
t ) .

Since |Bε
t − B̃η

t | ‖D2H‖∞ < (2λ)−1 is is now immediate that, for an appropriate C > 0 which

depends on ‖H‖C2 ,

|φλ,ε,η(X(t), Y (t), t)− λ|X(0)− Y (0)|2| ≤ λC sup
05t5T

|Bε
t − B̃

η
t | .

Returning to x, y variables, the above estimate gives that, for each fixed λ > 0 and T > 0 and as

ε, η → 0,

sup
x,y∈RN

t∈[0,T ]

(φλ,ε,η(x, y, t)− λ|x− y|2)→ 0.

�

Since the argument was long, it may be helpful present next a brief summary of the main points

and the strategy presented above so that it is possible to refer to it later in the notes.

The conclusion of the theorem is that it is possible to construct, using the classical theory of

viscosity solutions, a (unique) u ∈ BUC(RN × [0, T ]) which is the candidate for the solution of the

spde (6.1) for any B continuous as long as H ∈ C1,1
loc .

The key technical step in the proof was the fact that, if, as ε, η → 0, Bε − Bη → 0 in C([0,∞)),

then, for each λ > 0 and T > 0, as ε, η → 0

sup
x,y∈RN

t∈[0,T ]

∣∣vλε,η(z, t)− λ|z| ∣∣→ 0 ,

where v = vλε,η is the solution of

vt = H(Dv)(Ḃε − ˙̃
B
η

) in RN × (0,∞) v = λ| · | on RN × {0}.

The proof presented earlier used a penalization of the form λ|z|2. It is not hard to see, however, that

the same argument will work for initial datum λ|z|. Indeed it is enough to consider regularizations

like (θ+ |z|2)1/2 and to observe that the estimate on uε(·, t)− vη(·, t) is uniform on θ in view of the

assumption that H ∈ C2. The conclusion for λ|z| follows from the stability properties of viscosity

solutions.
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The estimate can be recast in the following way. Let Bn ∈ C1([0,∞)) be such that, as n → ∞,

Bn → 0 in C([0,∞)) and consider the solution vλn

vλnt
= H(Dvλn)Ḃn in RN × (0,∞) vλn(·, 0) = λ| · | on RN .

Then, as n→∞ and λ→∞ and for all T > 0,

sup
(z,t)∈RN×[0,T ]

(vλn(z, t)− λ|z|)→ 0 .

The assumed regularity (C1,1
loc ) of H is, however, rather restrictive. For example, the typical Hamil-

tonian H(p) = |p| arising in front propagation does not have this regularity. On the other hand

the only assumption made on B is continuity. It turns out that it is actually possible to relax the

regularity of H, if more is assumed about W .

7. Pathwise solutions for nonlinear first order stochastic pde with nonsmooth

Hamiltonians and rough signals.

This section is about results similar to Theorem 6.1 when H is not in C1,1
loc . In view of the discussion

in the previous section, the issue is to identify the classes of Hamiltonians for which it is possible

to have a unique extension of the solution operator, which is well behaved for B smooth, to merely

continuous paths.

It turns out that there is a nontrivial interplay between the regularities of H and B which has

very much the flavor of interpolation. Indeed it is shown that a necessary and sufficient condi-

tion to have a unique extension for all continuous B is that H is the difference of two convex

functions. Formal interpolation suggests that, if B ∈ C0,α for some α ∈ (0, 1), then one needs

H ∈ C [2(1−α)], 2(1−α)−[2(1−α)], where [x] denotes the greatest integer part of x ∈ R.

Here we only prove the existence of an extension if H ∈ C [β], β−[β] for β > 2(1−α). The extensions

to B ∈ C0,1 and H ∈ C0,1 and B Brownian motion and H ∈ C1 or H ∈ C0,1 are still an open

problem, while it is possible to have a theory for B ∈ C0,1 and H ∈ C1.

A discussion follows for the case that H is the difference of two convex functions. This is equivalent,

when N = 1, to H ′ ∈ BV , while no such necessary and sufficient property is known in higher

dimensions. Of course, if H = H1 − H2 with H1, H2 convex, then, as for N = 1, DH ∈ BV .

Functions with gradients in BV do not have directional derivatives at every point, while differences

of convex functions do.

Finally, if H ∈ C1,1, then H is the difference of convex functions. Indeed since, for some c > 0,

D2H = −cIN (IN is the N ×N identity matrix), then H = H1 −H2 with H1(p) = H(p) + 1
2c|p|

2

and H2(p) = 1
2c|p|

2.

The claim discussed next is that in order to have a unique extension for merely continuous paths

B it is necessary and sufficient to have

(7.1) H = H1 −H2 with H1, H2 convex.

Following the strategy outlined after the proof of Theorem 6.1, it suffices to consider the initial

value problems

vn,t = H(Dvn) ·Bn in RN × (0,∞) vn(·, 0) = λ| · | on RN ,
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with Bn smooth and to show that, if, as n→∞ and for each T > 0, Bn → 0 in C([0,∞)), then,

(7.2) sup
(z,t)∈RN×[0,T ]

∣∣vn(z, t)− λ|z|
∣∣→ 0 .

The first result is that (7.1) is necessary.

Proposition 7.1. For (7.2) to hold for an arbitrary sequence Bn ∈ C([0,∞)) of such that Bn(0) =

0 and Bn
0 → 0 in C([0,∞)), H must be the difference of two convex functions.

The proof is based on constructing a sequence of piecewise linear functions Bn as in the claim with

the additional property that ·Bn = ±µ in 2n successive intervals of length 1/2n; for definiteness it

is assumed that Ḃn = µ in the first interval. It follows that

sup
t∈[0,1]

|Wn| 5 µ

2n
,

and, hence,

Wn → 0 if µ/2n→ 0 .

The conclusion follows if it is shown that if, for some δ > 0,

µ = 2nδ ,

then the solutions vn actually blow up as n→∞ if H is not the difference of two convex functions

in a ball of radius λ.

To investigate the behavior of the vn’s, as n→∞, observe that in each time interval of length 1/2n

the equations are

either U̇n,t = H(Dvn)(2nδ) or U̇n,t = −H(Dvn)(2nδ)

or, after rescaling,

either Unt = δH(DUn) in [0, 1] or Unt = −δH(DUn) in [0, 1] .

The solutions are then constructed by a repeated iteration of Hopf’s formula. This procedure yields

sequences (V ∗2k+1)∞k=0 and (V ∗2k)
∞
k=0 which, as k →∞, either blow up or converge (uniformly in Bλ)

to V̄ ∗1 and V̄ ∗2 respectively. In the latter case it follows that

V̄ ∗2 = (V̄ ∗1 − δH)∗∗ and V̄ ∗1 = (V̄ ∗2 + δH)∗∗ ,

and, hence,

V̄ ∗1 = V̄ ∗2 + δH ,

and

δH = V̄ ∗1 − V̄ ∗2 ,

which yields that H is the difference of two convex functions.

If the (V ∗2k+1)∞k=0 and (V ∗2k)
∗
k=0 blow up then a diagonal argument, in the limit δ → 0, shows that

(7.2) cannot hold.

Indeed, since, for each δ > 0 and as k →∞,

V ∗2k+1 → −∞ and V ∗2(k+1) → −∞ in Bλ,

choosing δ = 1/m along a sequence km →∞, yields V ∗2(km+1) 5 −1.
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Going back to the original scaled problem, it follows that Vkm 5 −1, while Bkm → 0 in C([0,∞))

and Vkm(0, 0) = 0.

To conclude the discussion about the necessary and sufficient condition, it needs to be shown that,

if (7.1) holds, then there exists a unique extension of the solution operators for B smooth to the

class of merely continuous B.

In addition to the difficulty that Ḃ may not be defined, it is also important to control the oscillation

of the solutions with respect to time. This is what we was done in the argument outlined above.

The issue is very much related to the fact that, due to the formation of shocks, the equations are

not reversible. In other words, solving the problem backwards does not give the same function. On

the other hand, “some memory” remains and there is some form of cancellations taking place as it

can be seen in the next result, which is about initial value problems of the form

(7.3) ut =
m∑
i=1

Hi(Du)Ḃi in RN × (0,∞) u(·, 0) = u0 on RN ,

and

(7.4) vit = Hi(Dv
i)Ḃi in RN × (0,∞) vi(·, 0) = vi0 on RN

where, for each i = 1, . . . ,m,

(7.5) Hi ∈ C(RN ) , Bi ∈ C1([0,∞)) and u0, v
i
0 ∈ BUC(RN ) .

It follows from the theory of viscosity solutions that the initial value problems (7.3) and (7.4) have

unique viscosity solutions. In the statement below, SHi(t)v is the solution of (7.4) with Ḃi ≡ 1 at

time t > 0.

Proposition 7.2. Assume, in addition to (7.5), that, for each i = 1, . . . ,m, Hi is convex and

pi ∈ RN is such that DHi(pi) exists. Let u ∈ BUC(RN × [0,∞)) be the viscosity solution of (7.3).

Then, for all (x, t) ∈ RN × [0,∞),

m∏
i=1

SHi( max
05s5t

Bi,−(s))u0(x−
m∑
i=1

DHi(pi)( max
05s5t

Bi,−(s)−Bi(t)))

−
m∑
i=1

Hi(pi)( max
05s5t

Bi,−(s)−Bi(t)) 5 u(x, t)

5
m∏
i=1

SHi( max
05s5t

Bi,+(s))u0(x−
m∑
i=1

DHi(pi)( max
05s5t

Bi,+(s)−Bi(t)))

−
m∑
i=1

Hi(pi)( max
05s5t

Bi,+((s)−Bi(t)) .

(7.6)

The proof of (7.6) is complicated and is based on repeated use of the Lax-Oleinik formula. The

details are not presented here.

It is, however, interesting to check that in the particular case

H(p) = |p| , u0(x) = |x| and m = 1 ,
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it was already shown that the solution of (7.3) is given by

u(x, t) = max[(|x|+ (B(t))+, max
05s5t

B+(s))].

Evaluating the formula at x = 0 yields that the upper bound in Proposition 7.2 is sharp, since, in

this case,

SH( max
05s5t

B+(s))u0(0) = max
05s5t

B+(s)

and

max(B+(t), max
05s5t

B+(s)) = max
05s5t

B+(s).

A consequence is the following theorem.

Theorem 7.1. Assume that, for each i = 1, . . . ,m, Hi ∈ C(RN ) is the difference of two convex

functions H1
i , H

2
i ∈ C(RN ) and Bi ∈ C([0,∞)). Then the solution operator S of (7.3) has a unique

extension.

Proof. As discussed earlier, the claim follows, if it shown that, if

φλ,ε,ηt =
m∑
i=1

Hi(Dφ
λ,ε,η)(Ḃε

i −
˙̃
B
η

i ) in RN × (0,∞) φλ,ε,η(z, 0) = φ0(z) = λ|z|

then, as ε, η → 0 and for each λ > 0 and T > 0,

max
z∈RN , t∈[0,T ]

|φλ,ε,η(z, t)− λ|z| | → 0 ,

where (Bε
i )ε>0 and (B̃η

i )η>0 are smooth approximations in C([0,∞)) of the given B ∈ C([0,∞)).

To simplify the presentation it is assumed that the H1
i ’s and H2

i ’s are nonnegative with minH1
i =

minH=
i 0, in which case (7.6) takes the form

(7.7)
m∏
i=1

SHi( max
05s5t

B−i (s))u0(x) 5 u(x, t) 5
m∏
i=1

SHi( max
05s5t

B+
i (s))u0(x) .

Rewriting the equation satisfied by φλ,ε,η as

φλ,ε,ηt =
m∑
i=1

H1
i (Dφλ,ε,η)(ξ̇εi − ζ̇

η
i ) +

m∑
i=1

H2
i (Dφλ,ε,η)(ξ̇εi − ζ̇

η,
i )

and using (7.7) yields, for all x ∈ RN ,

m∏
i=1

SH1
i
( max
05s5t

(Bε
i − B̃

η
i )−(s))

m∏
i=1

SH2
i
( max
05s5t

(Bε
i − B̃

η
i )+(s))φ0(x)

5 φλ,ε,η(x, t) 5
M∏
i=1

SH1
i
( max
05s5t

(Bε
i − B̃

η
i )+(s))

m∏
i=1

SH2
i
( max
05s5t

(Bε
i − B̃

η
i )−(s))φ0(x) .

It is immediate that the left and right hand sides of the above inequality converge, and as ε, η → 0,

to φ0 for T > 0 and λ fixed, uniformly in RN × [0, T ]. �
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Another consequence of the “cancellation” estimats of Proposition 7.2 is an explicit error estimate

for uε − uη where uε and uη are the solutions of

(7.8)


uεt =

∑m
i=1Hi(Du

ε)Ḃε
i in RN × (0,∞) uε(·, 0) = u0 in RN ,

and

uηt =
∑m

i=1Hi(Du
η)

˙̃
Bi

η

in RN × (0,∞) uη(·, 0) = u0 in RN .

Theorem 7.2. Assume that, for each 1, . . . ,m, Hi ∈ C(RN ) is the difference of two convex non-

negative functions H1
i , H

2
i ∈ C2(RN ), (Bε

i )ε>0 and (B̃η
i )η>0 are two approximations in C([0,+∞))

of Bi ∈ C([0,∞)), and u0 ∈ C0,1(RN ). Let uε, uη ∈ BUC(RN × [0,∞)) be the solutions of (7.8).

There exists M > 0 depending on ‖u0‖0,1 and the growth of Hi’s such that, for all t > 0, with

u0 ∈ C0,1(RN ),

sup
x∈RN

|uε(x, t)− uη(x, t)| 5M max
i=1,...,m

max
05s5t

|Bε
i (s)− B̃

η
i (s)|.

Moreover, if for u0 ∈ C0,1(RN ) and B1
i , B

2
i ∈ C([0,+∞)), u1, u2 ∈ BUC(RN × [0,∞)), are the

extensions obtained by Theorem 7.1, then,

sup
x∈RN

|u1(x, t)− u2(x, t)| 5M max
i

max
05s5t

|B1
i (s)−B2

i (s)| .

Proof. Only the estimate for uε − uη is shown here. The other direction follows similarly.

Let L be the Lipschitz constant of u0. Since the Hamiltonians are x-independent, it is immediate

from the contraction property that, for all t = 0, uε(·, t), uη(·, t) ∈ C0,1(RN ) and

max(‖Duε(·, t)‖, ‖Duη(·, t)‖) 5 L.

The comparison argument in the proof of Theorem 7.1 implies that, for all x ∈ RN and t = 0,

uε(x, t)− uη(x, t)− φL,ε,η(x, x, t) 5 sup
x,y∈RN

[u0(x)− u0(y)− λ|x− y] 5 0

In view of the above assumption on the Hi’s, basic estimates from the theory of viscosity solutions

yield, for any τ > 0 and w ∈ C0, 1(RN ) with ‖Dw‖ ≤ L,,

‖SHi(τ)w − w‖ 5 (max
i

max
|p|5L

|Hi(p)|)τ .

This implies that

φL,ε,η(x, x, t) 5 L|x− x|+M max
15i5m

[max
|p|5L

|Hi(p)| max
05s5t

|Bε
i (s)− B̃

η
i (s)|]

= M max
15i5m

[max
|p|5L

|Hi(p)| max
0≤s≤t

|Bε
i (s)− B̃

η
i (s)|].

Combining the upper bounds for uε(x, t)− uη(x, t) and φL,ε,η(x, x, t) gives the claim. �

A very natural question concerning the class of Hamilton-Jacobi equations under consideration here

is whether there is a finite domain of dependence, a property otherwise known as finite speed of

propagation. In the context of the (deterministic) viscosity solutions this property says that, if H

and u0 are Lipschitz continuous with constant L, then the solution at (x0, t0) depends only on u0

in the ball B(x0, L(t0 − t)) for all t ∈ [0, t0].

The answer to this question is not known for equations with rough signals even in the very special

case of H(p) = |p|. There is only a partial result which is formulated next.
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Consider the equation

(7.9) ut = (H1(Du)−H2(Du))Ḃ in RN × (0,∞),

with

(7.10) H1, H2 convex and bounded from below.

Corollary 7.1. Let u ∈ BUC(RN × [0,∞)) be a solution of (7.9) such that, for some A ∈ R and

R0 > 0, u(·, 0) = A in B(0, R0) and assume that (7.10) holds. Let L > 0 be the Lipschitz constant

of H1 and H2 in B(0, 2R0). Then

u(x, t) = A for |x| 5 R0 − L max
05s5t

|B(s)| .

Proof. Without loss of generality, the problem is reduced to Hamiltonians with the additional

condition

(7.11) H1, H2 nonnegative and H1(0) = H2(0) = 0.

As long as R0 > Lmax05s5t |B(s)|, and, since H1(0) = H2(0) = 0, the finite speed of propagation

of the “deterministic” equation yields

SH1( max
05s5t

B±(s))u0 = SH2( max
05s5t

B±(s))u0 = A,

and the claim then follows using the estimate in Proposition 7.2. �

It is an open problem whether a general domain of dependence property holds for (7.9). For

example, if u, v are two solutions of (7.9) such that u(·, 0) = v(·, 0) on BR0 , is it true that u(·, t) =

v(·, t) in BR(t) where Ṙ = (R0 − Lmax05s5t(B(s))+) or something similar?

Another open question is whether it is possible to control the cancelation for spatially depending

Hamiltonians. An important step towards such a conclusion is to show that, if H is convex and

nonnegative, then

SH(a)S−H(a)u 5 u 5 S−H(a)SH(a)u,

where S±H are the solution operators of the “deterministic” problems with Hamiltonians ±H.

Using the control interpretation of the problems, it turns out that, if H∗(x, 0) ≡ 0, the claim is

true. However, it is not clear what to do if this last condition does not hold, and it is also not

obvious how to reduce to this because of the x-dependence. A summary follows of what is known

so far about the interplay between the regularity of H and the paths in order to have a unique

extension.

The theory of viscosity solutions applies when H ∈ C and W ∈ C1. As a matter of fact it is

possible to consider W ∈ C1,1 or even discontinuous W as long as Ẇ ∈ L1. When H ∈ C1,1 or,

more generally, if H is the difference of two convex (or half-convex) functions, it was shown that

there exists a unique extension for any B ∈ C([0,∞)). Recall that H is called half-convex, if for

some C > 0, D2H = −cI, a fact which is equivalent to saying that p→ H(p) + (c/2)|p|2 is convex.

Arguments similar to the ones presented next yield a unique extension for B ∈ C0,α([0,∞)) with

α ∈ (0, 1) and H ∈ C2(1−α)+ε(RN ) for ε > 0. It is not clear if the the additional (ε) regularity is

necessary; recall that, for any β ∈ [0,∞), Cβ(RN ) is the space C [β],β−[β](RN ).
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The conclusion resembles nonlinear interpolation. Indeed consider the solution mapping T (W,H) =

u, which is a bounded map from C1 × C0 into C and C0 × C2 into C. Typically, if T is bi-

linear, abstract interpolation results would imply that T must be a bounded map from C0,α ×
C [2(−1−α)],2(1−α)−[2(1−α)] into C. But T is far from being bilinear.

Next it is shown that, in the particular case α = 1/2, it is possible to have a unique extension if

H ∈ C1,δ for δ > 0. Of course, the goal is to show that is enough to have H ∈ C1 or even better

H ∈ C0,1. This is another open problem.

Recall that a sequence (Bn)n∈N in C1([0,∞)) is said to approximate B ∈ C([0,∞)) in C0, 1/2 if, as

n→∞,

Bn → B in C([0,∞)) and sup
n
‖Ḃn‖ ‖Bn −B‖ <∞ .

Given B ∈ C0,1/2([0,∞)), it is possible to find at least two classes of such approximations. The

first uses convolution with a suitable smooth kernel, while the second relies on finite differences.

Let ρn(t) = nρ(nt) with ρ a smooth nonnegative kernel with compact support in [−1, 1] such thatˆ
zρ(z)dz = 0 and

ˆ
ρ(z)dz = 1,

and consider the smooth function Bn = B ∗ ρn. If C = (‖ρ′‖+ ‖ρ‖+ 1)[B]0, 1/2, then

‖Ḃn‖ 5 C
√
n and ‖Bn −B‖ 5 C/

√
n .

For the second approximation, subdivide [0, T ] into intervals of length ∆ = T/n and construct Bn

by a linear interpolation of (Bk∆)k=1,...,n. Then

|Ḃn| =
|B(k+1)∆ −Bk∆|

∆
5

[B]0, 1/2√
∆

= C
√
n

and

‖B −Bn‖ 5 [B]0, 1/2
√

∆ =
C√
n
.

The next result says that C0, 1
2 -approximations of C0, 1

2 paths yield a unique extension for H ∈
C1,δ(RN ) with δ > 0. As a matter of fact the result not only gives an extension but also an

estimate.

Theorem 7.3. Assume that B ∈ C0,1/2([0,∞)) and, for some δ > 0, H ∈ C1,δ(RN ), and consider

two general C0,1/2-approximations (Bn)n∈N and (B̃m)m∈R of B and the solutions (un)n∈N and

(ũm)m∈N of the corresponding initial value problems. If, as n,m→∞, u0,n − ũ0,m → 0 uniformly

in RN , there exists u ∈ BUC(RN× [0, T ]) such that, as n→∞ and m→∞, un, ũm → u uniformly

in RN × [0, T ]. If, in addition, |u0,n− u0| 5 Cn−β for some C, β > 0, then there exists γ > 0, such

that |un − u| 5 Cn−γ in RN × [0, T ].

The proof, which is rather long and technical, is omitted. The basic idea, however, is to consider

the behavior, as n→∞, m→∞ and λ→∞, of

sup
z∈RN , t∈[0,T ]

[φn,m(z, t)− λ|z|],
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where φn,m is the solution of

φn,mt = H(Dφλ,n,m)(Ḃn − ˙̃
Bm) in RN × (0,∞) φn,m(z, 0) = λ|z| for z ∈ RN .

A discussion follows about the need to have conditions on H. The key step in the proof of Theo-

rems 7.3 can be reformulated as follows. Let (Bn)n∈N be a sequence of C1-functions such that, as

n→∞,

(7.12) Bn → 0 and sup
n
‖Bn‖ ‖Ḃn‖ <∞ ,

and consider the solution vn to

vnt = H(Dvn)Ḃn in RN × (0,∞) vn(x, 0) = λ|z| for x ∈ RN .

Then, as n→∞, T > 0 and for all (x, t) ∈ RN × [0, T ], it suffices to have

sup
(x,t)∈RN×[0,T ]

[vn(x, t)− λ|x|]→ 0 .

Next let Ḃ be piecewise constant such that, for ti = T
k i,

Ḃ = ∆1 in [t2k, t2k+1] and Ḃ = −∆2 in [t2k+1, t2k],

and, for simplicity, take λ = 1. Arguments similar to the ones earlier in this section and the fact

that vk is convex, since vk(·, 0) is, yield a decreasing sequence wn = v∗k such that

w0 =

{
0 if |p| 5 1 ,

+∞ if |p| = 1 ,

and

w2k+1 = (w2k + ∆2kH)∗∗ and w2k = (w2k−1 −∆2k−1H)∗∗ ,

where

∆i = k[W (
(i+ 1)T

k
)−W (

iT

k
)] .

Convergence will follow if there is a lower bound.

Consider next the particular case

H(p) = |p|θ

and assume that

∆i =
√
k for all i .

If w̃k is constructed similarly to wk but with ∆i ≡ 1, it is immediate that

wk = k−1/2w̃k,

and, since w̃k+1 = ((w̃k ± |p|θ)∗∗ ∓ |p|θ)∗∗, it follows that w̃k+1 5 w̃k and w̃k = +∞ if |p| > 1.

Let mk = − inf |p|<1wk(p). Since H is not the difference of two convex functions if θ ∈ (0, 1/2), it

must be that

mk →∞ as k →∞.
It turns out, and this is tedious computation, that there exists c > 0 such that

w̃k 5 −ck1−θ .

It follows that, if θ < 1/2,

wk = k−1/2w̃k 5 −ck1/2−θ → −∞ as k →∞ .



30 PANAGIOTIS E. SOUGANIDIS(1,2)

The above calculations show that, if H ∈ C0,α(RN ) with α ∈ (0, 1
2) and supn ‖Wn‖

C0, 12
<∞, then

there is blow up, and, hence, not a good solution.

On the other hand if H ∈ C0, 1
2 (RN ) then there is no blow up.

It is also possible to construct an example of a Hamiltonian H, which is not the difference of two

convex functions, has better regularity than mere continuity and still there is no extension unless

more regularity is assumed.

8. Pathwise solutions for fully nonlinear, second-order PDE with rough signals

and smooth, spatially homogeneous Hamiltonians

Consider the initial value problem

(8.1)


du = F (D2u,Du, u, x, t) dt+

m∑
i=1

Hi(Dui) ◦ dBi in RN × (0, T ) ,

u(·, 0) = g in RN ,
with

(8.2) Hi ∈ C2(RN ) and Bi ∈ C([0,∞)) for i = 1, . . . ,m ,

and F degenerate elliptic, that is, for all (p, r, x, t) ∈ RN ×R×RN × [0,∞) and all X,Y ∈ SN such

that X 5 Y ,

(8.3) F (X, p, r, x, t) = F (Y, p, r, x, t) .

The case of “irregular” Hamiltonians is discussed in the following sections. Spatially dependent

regular Hamiltonians are also discussed later.

An important question is if the Hamiltonian’s can depend on u and Du at the same time. The

theory for Hamiltonians depending only on u was developed in Section 5. The case where H

depends both on u and Du is an open problem with the exception of a few special cases, like, for

example, linear dependence on u and p, which are basically an exercise.

The (deterministic) theory of viscosity solutions for equations like (8.1) with H ≡ 0 is based on

using smooth test functions to test the equation at appropriate points. As already discussed in

Section 1 this can not be applied directly to (8.1).

Finally, recall local in time smooth solutions for (6.1) using characteristics were constructed in

Section 7. These solutions, for special initial data, play the role of the smooth test functions for

(8.1).

Definition 8.1. Fix B ∈ C([0,∞);Rm), T > 0 and u(·, ·) ∈ BUC(RN × [0, T ]). (i) u is a pathwise

sub-solution to (8.1) if, for any maximum (x0, t0) ∈ RN ×(0, T ) of u−Φ−ψ, where ψ ∈ C1((0,∞))

and Φ is a smooth solution of dΦ =
∑m

i=1Hi(DΦ) ◦ dW i in RN × (t0 − h, t0 + h) for some h > 0,

then

(8.4) ψ′(t0) 5 F (D2Φ(x0, t0), DΦ(x0, t0), u(x0, t0), x0, t0) .

(ii) u is a super-solution of (8.1) if, for any minimum (x0, t0) ∈ RN × (0, T ) of u− Φ− ψ, where

ψ ∈ C1((0,∞)) and Φ is a smooth solution of Φt =
∑m

i=1Hi(DΦ) ◦ dWi in RN × (t0 − h, t0 + h)

for some h > 0, then

(8.5) ψ′(t0) = F (D2Φ(x0, t0), DΦ(x0, t0), u(x0, t0), x0, t0) .
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(iii) u is a solution of (8.1) if it is both sub- and super-solution.

Although somewhat natural the definition introduces several difficulties at the technical level. One

of the advantages of the theory of viscosity solutions is the flexibility associated with the choice of

the test functions. This is not, however, the case here. As a result it is necessary to work very hard

to obtain facts which were almost trivial in the deterministic setting. For example, in the definition

it is often useful to assume that the max/min is strict. Even this fact, which is trivial for classical

viscosity solutions, in the current setting requires a bit more work.

It is also useful to point out the relationship between the approach used for equations with linear

dependence on Du and the above definition. Heuristically in Definition 8.1 one inverts locally

the characteristics in an attempt to “eliminate” the bad term involving Ẇ . Since the problem is

nonlinear and u is not regular, it is, of course, not possible to do this. In a way consistent with the

spirit of the theory of viscosity solutions, this difficulty is overcome by working at the level of the

test functions, where, of course, it is possible to invert locally the characteristics. The price to pay

for this construction is that the test functions used here are very robust and not as flexible as the

ones used in the classical deterministic theory. Recall that instead of quadratics here it is needed

to use short time smooth evolution of quadratics. This leads to several technical difficulties, since

all the theory has to be revisited.

The fact that Definition 8.1 is good in the sense that it agrees with the classical (deterministic)

one, if W ∈ C1 is left as an exercise. There are also several other preliminary facts about short

time behavior, etc., which are omitted.

The emphasis here is on establishing a comparison principle and some stability properties. The

existence follows either by a density argument or by Perron’s method. The latter was established

lately in a very general setting by Seeger for m = 1.

The next result is about the stability properties of the pathwise viscosity solutions. Although

it can be stated in much more general form using “half relaxed limits” and lower- and upper-

semicontinuous envelopes, here it is presented in a simplified form.

Proposition 8.1. Let Fn, F be degenerate elliptic, Hi,n, Hi ∈ C2(RN ), Bn,W ∈ C([0, T ];Rm) and

u0,n, u0 ∈ BUC(RN ) be such that supi,n ‖D2Hi,n‖ <∞ and, as n→∞, Fn → F locally uniformly,

Hi,n → Hi in C2(RN ), Bn → B in C([0, 1]) and u0,n → u0 in C(RN ). If un ∈ BUC(RN × [0, T ]) is

a pathwise viscosity of (8.1) with initial datum u0,n, nonlinearity Fn, Hamiltonian Hn and path Bn
and assume that un → u in C(RN × [0, T ]) for some u ∈ BUC(RN × [0, T ]), then u is a pathwise

viscosity solution of (8.1).

The assumptions that Hn → H in C2(RN ) instead of just in C(RN ) and supn ‖D2Hn‖ <∞ are not

necessary for the “deterministic” theory. Here they are dictated by the nature of the test functions.

Proof of Proposition 8.1. Let (x0, t0) ∈ RN × (0,∞) be a strict maximum of u − Φ − ψ where

ψ ∈ C1((0,∞)) and Φ is a smooth solution of (6.1) in (t0 − h, t0 + h) for some h > 0, given by the

characteristics.

Let Φn be the smooth solution of

Φnt = Hn(DΦn)Ḃn in RN × (t0 − hn, t0 + hn) Φn(·, t0) = Φ(·, t0) in RN .
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The assumptions on the Hn and Bn imply that, as n→∞, Φn → Φ, DΦn → DΦ and D2Φn → D2Φ

in C(RN × (t0 − h′, t0 + h′)), for some, uniform in n, h′ ∈ (0, h); note that this the place where

Hn → H in C2(RN ) and supn ‖D2Hn‖ <∞ are used.

Let (xn, tn) be a maximum point of un −Φn − ψ in RN × [t0 − h′, t0 + h′]. Since (x0, t0) is a strict

maximum of u − Φ − ψ, there exist a subsequence such that (xn, tn) → (x0, t0). The definition of

viscosity solution then gives

ψ′(tn) 5 F (D2Φn(xn, tn), DΦn(xn, tn), un(xn, tn), xn, tn) .

Letting n→∞ yields the claim. �

The next result is about the comparison principle for pathwise solutions viscosity solutions for the

first-order initial value problem (6.1) with x-independent smooth Hamiltonians.

Proposition 8.2. Assume that, for i = 1, . . .m,Hi ∈ C2(RN ) and B ∈ C([0,∞);Rm) with B(0) =

0. The initial value problem (6.1) has a unique pathwise viscosity solution

u ∈ BUC(RN × [0, T ]) for all T > 0.

Proof. If u, v ∈ BUC(RN × [0, T ]) are two stochastic viscosity solutions (as before we assume that

u and v are periodic in space) of (6.1), then

z(x, y, t) = u(x, t)− v(y, t)

is a stochastic viscosity solution of the “doubled” stochastic equation

(8.6) dz = Σm
i=1Hi(Dxz) · dBi −Hi(−Dyz) · dBi in RN × RN × (0, T ) .

This is a simple consequence of the discussion in the previous sections about local time smooth

solutions and the commutation of the characteristics.

The conclusion now follows arguing as in the proof of the unique extension since it is immediate

that, for λ > 0,

z(x, y, t) = λ|x− y|2

is a smooth solution of (8.6) with initial data λ|x− y|2. �

The next result is about the extension operator for (8.1). As before, it is assumed that, as ε→ 0,

(8.7) Bε → B in C([0,∞);Rm), uε0 → u0 uniformly on RN , as ε→ 0 and Hi ∈ C2(RN ).

Consider the viscosity solutions uε ∈ BUC(RN × [0, T ), for all T > 0, to

(8.8) duε = F (D2uε, Duε, uε, x, t)dt+

m∑
i=1

Hi(Du
ε) · dBε

i in RN × (0,∞) uε(·, 0) = uε0 in RN .

The claim is that, as ε→ 0, the uε’s have the same limit.

To this end, assume that Bε, B̃η ∈ C([0,∞);Rm) and ue0p, ũ
η
0 ∈ BUC(RN ) are such that, as

ε, η → 0, Bε − B̃η → 0 in C([0,∞);Rm0 and ‖uε0 − ũ
η
0‖to0 and consider the solutions to the initial

value problems

(8.9) uεt = F (D2uε, Duε)dt+

m∑
i=1

Hi(Du
ε)Ḃε

i in RN × (0,∞) uε(·, 0) = uε0 in RN ,
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and

(8.10) ũηt = F (D2uη, Duη)dt+

m∑
i=1

Hi(Dũ
η)

˙̃
B
η

i in RN × (0,∞) ũη(·, 0) = ũη0 in RN .

The next result provides an extension from smooth to arbitrary continuous paths B.

Theorem 8.1. Assume that F is degenerate elliptic, H ∈ C2(RN ), (Bε)ε>0, (B̃η)η>0 are two fami-

lies of approximations in C([0,∞);Rm) of B ∈ C([0,∞);Rm) and (uε0)ε>0, (ũη0)η>0 ∈ BUC(RN ) are

such that, as ε, η → 0 and uniformly in RN , uε0− ũ
η
0 → 0. Let (uε)ε>0, (ũ

η)η>0 ∈ BUC(RN × [0, T ])

be the unique viscosity solutions of (8.9) and (8.10). Then, for all T > 0, as ε, η → 0, uε− ũη → 0

uniformly in RN × [0, T ]. In particular, the family (uε)ε>0 is Cauchy in BUC(RN × [0, T ]) and all

approximations converge to the same limit.

Proof. Consider the “doubled” initial value problem

(8.11)

dZλ,ε,η = Σm
i=1H(DxZ

λ,ε,η)Ḃε
i − Σm

i=1H(−DyZ
λ,ε,η)

˙̃
B
η

i in RN × RN × (0, T ) ,

Zλ,ε,η(x, y, 0) = λ|x− y|2 .

It is immediate that

(8.12) Zλ,ε,η(x, y, t) = Φλ,ε,η(x− y, t) ,

where

(8.13) Φλ,ε,η
t = Σm

i=1H(DzΦ
λ,ε,η)(Ḃε

i −
˙̃
B
η

i ) in RN × (0, T ) Φλ,ε,η(z, 0) = λ|z|2.

As discussed earlier, there exists T λ,ε,η > 0 such that Φλ,ε,η is given by the method of characteristics

in RN × [0, T λ,ε,η] and, as ε, η → 0, T λ,ε,η → +∞ and, for all T > 0,

(8.14) sup
(z,t)∈RN×[0,T ]

|Φλ,ε,η(z)− λ|z|2| → 0.

The conclusion will follow as soon as it established that

(8.15) lim
λ→0

lim
ε,η→0

sup
(x,y)∈R2N ,t∈[0,T ]

(uε(x, t)− ũη(y, t)− λ|x− y|2) = 0 .

Consider next the function

Ψλ,ε,η(x, y, t) = uε(x, t)− uη(y, t)− Φλ,ε,η(x− y, t) .

The classical theory of viscosity solutions yields that the map

t 7−→Mλ,ε,η(t) = sup
x,y∈RN

[uε(x, t)− ũη(y, t)− Φλ,ε,η(x− y, t)]

is nonincreasing in [0, T λ,ε,η).

Hence, for x, y ∈ RN and t ∈ [0, T λ,ε,η),

uε(x, t)− uη(y, t)− Φλ,ε,η(x− y, t) 5 sup
x,y∈RN

(uε0(x)− uη0(y)− λ|x− y|2) .

The claim now follows from the assumptions on uε0 and uη0. �
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The uniqueness of the stochastic viscosity solutions of (8.1) is considerably more complicated than

the one for (6.1). This is consistent with the deterministic theory, where the uniqueness theory of

viscosity solutions for second-order degenerate, elliptic equations is by far more complex than the

one for Hamilton-Jacobi equations. For the same reasons as for the existence, we will present the

argument only for (8.9). The proof follows the general strategy outlined in the “User’s Guide”. The

actual arguments are, however, different and more complicated. We recall that in the background

of the “deterministic” proof are the so-called sup- and inf-convolutions. These are particular regu-

larizations that yield approximations which have parabolic expansions almost everywhere and are

also sup- and super-solutions of the nonlinear pde.

This is exactly where the stochastic case becomes different. The “classical” sup- and inf-convolutions

of stochastic viscosity solutions do not have parabolic expansions. In accordance with the general

strategy about stochastic viscosity solutions, we change these sup- and inf-convolutions by replac-

ing the quadratic weights by short time smooth solutions of the stochastic parts of (8.8). The

new regularizations have now parabolic expansions—the reader should think that the new weights

remove the “singularities” due to the roughness of B. The rest of the argument follows then the

proof of the deterministic uniqueness, although the details are more intrigued!

Theorem 8.2. Let u, v ∈ BUC(RN × [0, T ]) be respectively viscosity sub- and super-solutions of

(8.9) and assume that H = (H1, . . . ,Hm) ∈ C3(RN ;RM ) and F is degenerate elliptic. Then, for

all t ∈ [0, T ],

(8.16) sup
x∈RN

(u− v)(x, t) 5 sup
x∈RN

(u− v)(x, 0) .

To simplify the presentation below assume that m = 1. Moreover, for any φ ∈ C3(RN × RN ) ∩
C0,1(RN × RN ), there exists some a > 0 such that the doubled initial value problem

dU = [H(DxU)−H(−DyU)] ◦ dW in RN × (t0 − a, t0 + a) U(·, ·, t0) = φ(·, ·) in RN × RN .

has a smooth solution SφH(t− t0, t0)φ.

If φ is of separated form, that is, φ(x, y) = φ1(x) + φ2(y), it is immediate by making, necessary,

the interval of existence smaller, that

Sd(t− t0, t0)φ(x, y) = S+
H(t− t0, t0)φ1(x) + S−H(t− t0, t0)φ2(y) ,

where, as before, S±H
± denote the smooth short time solutions of du = ±H(Du) · dB.

Moreover, for any λ > 0 and t, t0 ∈ R, it is obvious that

Sd(t− t0, t0)(λ| · − · |2)(x, y) = λ|x− y|2 .

Finally, again for smooth solutions,

S−H(t− t0, t0)φ2(y) = −S+
H(t− t0, t0)(−φ2)(y).

Fix µ > 0. The claim is that We show that

Φ(x, y, t) = u(x, t)− u(y, t)− λ|x− y|2 − µt

cannot have, as λ → ∞, a maximum (xλ, yλ, tλ) ∈ RN × RN × (0, T ]. This leads to the desired

conclusion as in the classical proof of the maximum principle.
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Arguing by contradiction it assumed that there exists (xλ, yλ, tλ) ∈ RN × RN × (0, T ) such that,

for all (x, y, t) ∈ RN × RN × [0, T ],

(8.17) Φ(x, y, t) = u(x, t)− v(y, t)− S(t− tλ, tλ)(λ| · − · |2)(x, y)− µt 5 Φ(xλ, yλ, tλ) .

To handle the behavior at infinity and assert the existence of a max, it is necessary to consider

S̃(t− tλ, tλ)[λ| · − · |2 + βν(·)](x, y) instead of S̃(t− tλ)[λ · − · |2] in (8.17), for t− tλ small, β → 0,

and a smooth approximation ν(x) of |x|. Since this adds some tedious details which may obscure

the main ideas of the proof, below it is assumed that a max exists and obtain a contradiction.

Elementary computations and a straightforward application of the Cauchy-Schwarz inequality yield,

for all ε > 0 and ξ, η ∈ RN ,

|x− y|2 − |xλ − yλ|2 5 2(xλ − yλ, x− xλ − ξ)− 2(xλ − yλ, y − yλ − η)

+ (2 + ε−1)(|x− xλ − ξ|2 + |y − yλ − η|2) + (1 + 2ε)|ξ − η|2 .
(8.18)

Let

pλ = λ(xλ − yλ) , λε = λ(2 + ε−1) and βε = λ(1 + 2ε) .

The comparison of local in time smooth solutions of stochastic Hamilton-Jacobi equations, which

is easily obtained by the method of characteristics and the facts introduced before the beginning

of the proof yield that the function

Ψ(x, y, ξ, η, t) = u(x, t)− v(y, t)− S+
H(t− tλ, tλ)(+2λ(pλ, · − xλ − ξ) + λε| · −xλ − ξ|2)(x)

− S−H(t− tλ, tλ)(2λ(pλ, · − yλ − η) + λε| · −yλ − η|2)(y)− βε|ξ − η|2 − µt

achieves, for h ≤ h0 = h0(λ, ε−1), its maximum in RN × RN × RN × RN × (tλ − h, tλ + h) at

(xλ, yλ, 0, 0, tλ).

Note that here it is necessary to take t− tλ sufficiently small so that to have local in time smooth

solutions for the doubled as well as the H and −H(−) equations given by the characteristics.

For t ∈ (tλ − h, tλ + h) define the modified sup- and inf-convolutions

ū(ξ, t) = sup
ξ∈RN

[u(x, t)− S+
H(t− tλ, tλ)(2λ(pλ, · − xλ − ξ) + λε| · −xλ − ξ|2)(x)]

and

v(η, t) = inf
η∈RN

[v(y, t) + S−H(t− tλ, tλ)(−ελ(pλ, · − xλ − η) + λε| · −yλ − η|2)(y)] .

It follows that, for δ > 0,

G(ξ, η, t) = ū(ξ, t)− v(η, t)− (βε + δ)|ξ − η|2 − µt

attains it maximum in RN × RN × (tλ − h, tλ + h) at (0, 0, tλ).

Observe next that there exists a constant Kε,λ > 0 such that, in RN × (tλ − h, tλ + h),

(8.19) D2
ξ ū ≥ −Kε,λ and D2

ηv ≤ Kε,λ, and ūt ≤ Kε,λ and vt ≥ −Kε,λ .

with the inequalities understood both in the viscosity and distributional sense.

The one sided bound on D2
ξ ū (D2

ηv) is an immediate consequence of the definition of ū (v) and the

regularity of the kernels, which imply that, for some Kε,λ > 0 and in RN × (tλ − h, tn + h),

|D2
ξS

+
H(· − tλ, tλ)(2λ(pλ, · − xλ − ξ) + λε| · −xλ − ξ|2)|
+ |D2

ηS
−
H(· − tλ, tλ)(2λ(pλ, · − yλ − η) + λε| · −yλ − η|2)| 5 Kε,λ .
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The bound for ūt is shown next. The argument for vt is similar. Note, by the way, that such a

bounds cannot be expected to hold for ut where, in view of the behavior of dB, it is not possible

to have anything of that form. Indeed take F ≡ 0 and H ≡ 1 in which case u(x, t) = Bt.

Assume that for some smooth function g and for ξ fixed the map (ξ, t)→ ū(ξ, t)− g(t) has a max

at t̂. It then follows that

(x, t) 7→ u(x, t)− S+
H(t− tλ, tλ)2(pλ, · − xλ − ξ) + (λε| · −ξ|2)(x)− g(t)

has a max at (x̂, t̂), where x̂ is a point where that sup in the definition of ū(ξ, t) is achieved, i.e.,

ū(ξ, t̂) = u(x̂, t̂)− S+
H(t̂− tλ, tλ)2(pλ, · − xλ − ξ) + (λε| · −ξ|2)(x̂) .

In view of the definition of the pathwise viscosity sub-solution, it follows that there exists some

K̂ε,λ depending on Kε,λ and H, such that g(t̂) ≤ K̂ε,λ, and, hence, the claim.

The one-sided bounds (8.19) yield the existence of pn, qn, ξn, ηn ∈ RN and tn > 0 such that, as

n→∞,

(i) (ξn, ηn, tn)→ (0, 0, tλ), pn, qn → 0,

(ii) the map (ξ, η, t) → ū(ξ, t) − v(η, t) − βε|ξ − η|2 − (pn, ξ) − (qn, η) − µt has a maximum at

(ξn, ηn, tn),

(iii) ū and v have parabolic second-order expansions at (ξn, tn) and (ηn, tn), i.e.,

ū(ξ, t) = ū(ξn, tn) + ūt(ξn, tn)(t− tn) + (Dξū(ξn, tn), ξ − ξn)

+
1

2
(D2

ξ ū(ξn, tn)(ξ − ξn), ξ − ξn) + o(|ξ − ξn|2 + |t− tn|) ,

and

v(η, t) = v(ηn, tn) + vt(ηn, tn)(t− tn) + (Dηv(ηn, tn), η − ηn)

+
1

2
(D2

ηv(ηn, tn)(η − ηn), η − ηn) + o(|η − ηn|2 + |t− tn|) ,

and, finally,

(iv) ūt(ξn, tn) = vt(ηn, tn) +µ, Dξū(ξn, tn) = pn + 2βε(ξn−µn), Dηv(ξn, tn) = −qn + 2βε(ξn− ηn)

and D2
ξ ū(ξn, tn) ≤ Dηv(ηn, tn).

It follows that, for some θ > 0 fixed and t < tn (ξ, t) near (ξn, tn) and (η, t) near (ηn, tn), the maps

(x, ξ, t)→ u(x, t)− S(t− tλ, tλ)(2λ(pλ, · − xλ − ξ) + λε| · −xλ − ξ|2)(x)− Φ(ξ, t), and

(y, η, t)→ v(y, t) + S−H(−)(t− tλ, tλ)(2λ(pλ, · − yλ − η) + λε| · −η|2)(y)− Ψ̂(η, t) ,

attain respectively a maximum at (xn, ξn, tn) and a minimum at (yn, ηn, tn), where

Φ(ξ, t) = ū(ξn, tn) + (ūt(ξn, tn)− θ)(t− tn) + (Dξū(ξn, tn), ξ − ξn)

+
1

2
((D2

ξ ū(ξn, tn) + θI)(ξ − ξn), ξ − ξn)

and

Ψ(η, t) = v(ηn, tn) + (vt(ηn, tn) + θ)(t− tn) + (Dηv(ηn, tn), η − ηn)

+
1

2
((D2

ηv(ηn, tn) + δI)(η − ηn), η − ηn) .

Next, for sufficiently small r > 0, let

Φ(x, t) := inf[Φ(ξ, t) +S(t− tλ, tλ)(2λ(pλ, · −xλ− ξ) +λε| · −ξ|2)(x) : (ξ, t) ∈ B(ξn,r)× (tn− r, tn)],
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and

Ψ(y, t) := sup[ψ(η, t)−S−H(t−tλ, tλ)(2(pλ, ·−yλ−η)+λε|·−yλ−η|2)(x) : (ξ, t) ∈ B(ξn,r)×(tn−r, tn)].

It follows that u− Φ̄ and v−Ψ attain a local max at (xn, tn) and a local min at (yn, tn). Moreover,

Φ̄ and Ψ are smooth solutions of du = H(Du) ·dB for (x, t) near (xn, tn) and dv = −H(−Dyv) ·dB
for (y, t) near (yn, tn). This last assertion for Φ̄ and Ψ follows, by the inverse function theorem,

from the fact that at (xn, tn) and (yn, tn) there exists a unique minimum in the definition of Φ̄ and

Ψ. This in turn comes from the observation that for λ > λ0, at (ξn, xn, tn) and (ηn, yn, tn)

D2Φ(ξn, tn) + λεI > 0 and D2Ψ(ηn, tn) + λεI < 0 .

Finally, elementary calculations also yield that

D2
ξΦ(ξn, tn) = D2

xΦ̄(xn, tn) and D2
ηΨ(ηn, tn) 5 Dy2Ψ(yn, tn) .

Applying now the definitions of the pathwise viscosity sub- and super-solution to u and v respec-

tively, yields

ūt(ξn, tn)− θ ≤ F (D2
xΦ̄(xn, tn), DxΦ̄(xn, tn))

≤ F (D2
ξΦ(ξn, tn), DξΦ(ξn, tn)) = F (D2

ξ ū(ξn, tn) + δI,Dξū(ξn, tn))

and

vt(ηn, tn) + θ ≥ F (−D2
ξv(ξn, tn)− δI,Dηv(ηn, tn)) .

Hence

µ− 2θ = ūt(ξn, tn)− vt(ηn, tn)− 2θ

≤ sup[F (A+ δI, p+ pn)− F (A− δI, p+ qn) : |pn|, |qn| ≤ n−1, |A| ≤ Kε,λ] .

The conclusion now follows choosing ε = (2λ)−1 and letting λ→∞ and δ → 0.

It is worth remarking that in the course of the previous proof it was shown that, for 0 < h ≤ ĥ0,

with ĥ0 = ĥ0(λ, ε) ≤ h0, ū (resp. v) is a viscosity sub-solution (resp. super-solution) of

ūt ≤ F (D2
ξ ū, Dξū) (resp. vt ≥ F (D2

ηv,Dηv)) in RN × (tλ − h, tλ + h).


